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Abstract

With motivation from Molchanov and Stucki [1] we study Poisson particle systems
generated by componentwise scaling of vector-valued random processes. We characterise
stationarity in terms of the generating process. For finite mixtures of log-Gaussian and
log-Lévy marks on the real line, we show that the mixture system is stationary if and
only if (iff) every component system is stationary. We also construct stationary systems
from clusters and establish a converse representation under suitable integrability assump-
tions. These representations yield formulas for the maximal index, with applications to
multivariate Pickands constants.

Keywords: Poisson particle systems; multihomogeneous measures; stationarity; finite mix-
tures; cluster representations; Pickands constants; maximal index.

1 Introduction

Fix q ∈ N and put

G = (0,∞)q, χ(r) =

q∏
i=1

ri, ϑ(dr) =

q∏
i=1

r−2
i dri.

We equip G with componentwise multiplication and let

Π̃ =
∑
j≥1

δRj ∼ PRM(ϑ)

be a Poisson random measure on G, where Rj = (Rj1, . . . , Rjq) ∈ G are its atoms. In-
dependently of Π̃, let Z(j), j ≥ 1, be independent copies of an Rq-valued random process
Z = (Z(t))t∈T, where T = R. We call Z the generic mark and Z(j) the mark attached to
Rj . All these random objects are defined on a common probability space (Ω,F ,P). The jth
particle follows the trajectory

Fj(t) = Rj ⊙ Z(j)(t), t ∈ T,

where
r ⊙ x = (r1x1, . . . , rqxq), r ∈ G, x ∈ Rq.

At time t ∈ T the corresponding particle system of Z is defined as

NZ(t) =
∑
j≥1

δRj⊙Z(j)(t). (1)

∗Department of Actuarial Science, University of Lausanne, UNIL-Dorigny, 1015 Lausanne, Switzerland,
Email: Enkelejd.Hashorva@unil.ch

1



To retain the identity of each particle at several time points t1, . . . , tn ∈ T consider further

NZ(t1, . . . , tn) =
∑
j≥1

δ(Fj(t1),...,Fj(tn)).

These sums are understood as extended counting measures with laws defined on the σ-field
generated by the counting maps. Of particular interest are finite-dimensionally stationary
NZ ’s, i.e., for all n ≥ 1 and u, t1, . . . , tn ∈ T

NZ(t1 + u, . . . , tn + u)
d
= NZ(t1, . . . , tn),

where d
= denotes equality in distribution. This construction is the componentwise multiplica-

tive analogue of the additive particle systems studied in [2, 1]. For instance, in [1, Sec. 2]
particles have trajectories

xj + ξ(j)(t), xj ∈ Rq, t ∈ R.

On strictly positive trajectories, componentwise logarithms transform our construction into
this additive form, with the points logRj having intensity

e−⟨1,x⟩ dx, x ∈ Rq,

where ⟨·, ·⟩ is the standard inner product in Rq and 1 = (1, . . . , 1)T ∈ Rq. The system NZ

may be stationary even when Z is not.
Put X = (Rq)T and equip it with Ecyl = σ{f 7→ f(t) : t ∈ T}. For r ∈ G and u ∈ T set

(Srf)(t) = r ⊙ f(t), (Buf)(t) = f(t− u).

A nonzero measure ν on (X , Ecyl) is called χ-homogeneous if

ν(SrA) = χ(r)−1ν(A), r ∈ G, A ∈ Ecyl, (2)

which is abbreviated as ν ∈ M(X ); we write ν ∈ Mσ(X ) when ν is also σ-finite. The same
notation will be used for measures on the regular cylindrical path carriers (C, EC) introduced
in Definition 2.2 below.
Our primary object is the multihomogeneous Poisson particle system (mPps)

Πν =
∑
j≥1

δFj ∼ PRM(ν), ν ∈Mσ(X ). (3)

All Poisson laws are understood on the counting-map σ-field. Whenever an atomic sum is
displayed, we choose a proper Poisson realisation without changing its law; see [3, Thm. 3.6
and Cor. 3.7]. Nonzero homogeneity forces ν(X ) = ∞, so Πν has infinitely many particles
almost surely. Multiplicities are retained and no argument depends on the enumeration.
For an (X , Ecyl)-valued random element Z, define the corresponding intensity measure

νZ(A) = E
{∫

G
I{SrZ∈A} ϑ(dr)

}
, A ∈ Ecyl. (4)

We call Z a stochastic representer of a measure ν on (X , Ecyl) when ν = νZ . When νZ is
σ-finite, the marking and mapping theorems [3, Thms. 5.1 and 5.6] imply∑

j≥1

δSRj
Z(j)

d
= ΠνZ .
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Thus the particle-system law depends on Z only through νZ .
Here and below (T#µ)(A) = µ(T−1A) denotes the pushforward of a measure µ under a mea-
surable map T .
The simplest case is Z = (Z1, . . . , Zq) with independent coordinates. Let X1 = RT have its
cylindrical σ-field and identify X with X q

1 . If every measure νZi is σ-finite, then

νZ =

q⊗
i=1

νZi .

If every νZi is shift-invariant, then

(Bu)#νZ =

q⊗
i=1

(Bu)#νZi =

q⊗
i=1

νZi = νZ , u ∈ T.

It turns out that (see Theorem 3.1 below)

(Bu)#Πν
d
= Πν ⇐⇒ (Bu)#ν = ν, u ∈ T. (5)

We call the mPps Πν stationary when the identity on the left holds for every u ∈ T. In
particular it implies the finite-dimensional stationarity of

(πt1,...,tn)#Πν , πt1,...,tn(f) = (f(t1), . . . , f(tn)).

By [4, Thm. 2.2], every ν ∈ Mσ(X ) has a stochastic representer. For ν ∈ Mσ(C) on a
regular carrier, a representer can be chosen in C and is jointly measurable as a field; see
Lemma 2.3. The stationarity identities are cylindrical. Regular carriers provide measurable
compact windows and path integrals, while the log-Gaussian and maximal-index results use
continuous paths. Henceforth T is a locally compact second-countable Hausdorff (lcscH) group
with identity e, shifts (9) and ν = νZ .

Q1: How can stationarity of Πν be recognised from a stochastic representer Z of ν ∈Mσ(X )?

Theorem 3.1 characterises stationarity by shift invariance of ν and the identity (25) for ho-
mogeneous functionals. The main examples considered below for which the stationary criteria
can be checked directly are:

(i) Matrix transforms Z = eA logZ∗ , A ∈ Rq×q, componentwise, of strictly positive marks
with Z∗(e) = 1. If νZ∗ is shift-invariant and AT1 = 1, then νZ is shift-invariant, see
Example 3.4; Proposition 3.3 gives an exact criterion for a fixed input.

(ii) Log-Lévy marks Z specified in Equation (32) below; Proposition 3.5 characterises shift
invariance; the vector coordinates need not be independent.

(iii) Log-Gaussian marks, i.e., strictly positive marks whose logarithms are Gaussian fields
already investigated in [2, 1]. For instance, for T = (R,+) and κ ∈ (0, 2] set

Zi(t) = exp
{
Yκ,V,i(t)−

(
Sκ,V (t)1

)
i

}
, i = 1, . . . , q, (6)

where V ∈ Rq×q is such that

Rκ,V (t, s) = Sκ,V (t) + Sκ,V (−s)− Sκ,V (t− s), s, t ∈ T

is the covariance kernel of a continuous centred Gaussian process Yκ,V (t), t ∈ T, where

Sκ,V (t) = |t|κ
(
V I{t≥0} + V TI{t<0}

)
, t ∈ T.

Then in view of [1] νZ is shift-invariant since (37)–(38) below are valid.
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(iv) Product-cluster marks. Example 5.6 starts from a deterministic bivariate product cluster
and yields a continuous non-log-Gaussian representer with shift-invariant intensity and
explicit simultaneous-hit intensities.

For q = 1 and T = R, a jointly measurable Z with shift-invariant νZ and E{|Z(0)|} < ∞ is
L1-continuous, see [5]. For nonnegative spectral processes in the max-stable setting see also
[6, 7]. The following question for q > 1 and T a general lcscH group arises naturally:

Q2: What regularity properties of Z are forced by stationarity of Πν?

In the light of Theorem 3.7 below, stationarity of Πν implies stochastic continuity of every
jointly measurable representer Z of a σ-finite shift-invariant cylindrical intensity νZ .

A finite mixture of marks with shift-invariant intensities has a shift-invariant intensity.
For log-Gaussian and log-Lévy marks we ask:

Q3: When does stationarity of ΠνZ , where Z is a finite mixture of representers Zk, imply
stationarity of every component system ΠνZk

?

For continuous log-Gaussian marks Theorem 4.1 presents an exact criterion in terms of per-
mutations of the canonically normalised weighted component laws, after merging coincident
laws. On a connected index group, stationarity holds iff every component system is stationary.
On T = R, the same componentwise conclusion holds for finite mixtures of log-Gaussian and
log-Lévy marks, including matrix transforms of log-Lévy inputs.

For q = 1, cluster random fields yield shift-invariant tail measures and mixed moving maxima
representations; see e.g., [8, 9, 10]. The role of cluster random fields in our general setting
leads to the following question:

Q4: How can stationary multihomogeneous particle systems be constructed and represented by
clusters?

Section 5 constructs stationary systems from product clusters. Proposition 5.4 reconstructs
a cluster from a C-valued representer satisfying (46) whose intensity is shift-invariant and
satisfies (19).
Scalar cluster fields give representations of classical Pickands constants, see [11, 10]. Vector-
valued Gaussian extremes lead to related constants appearing in [12]. For Z in (6) with
c := 1TV 1 > 0 a limiting constant of the form studied in the aforementioned contribution, up
to normalisation, is given by (vector inequalities are understood componentwise)

H := lim
S→∞

1

S

∫
Rq

e⟨1,x⟩P {∃t ∈ [0, S] : Yκ,V (t)− Sκ,V (t)1 > x} dx. (7)

In view of the maximal-index framework of [8, Section 2.6] and [11] for q = 1 Pickands
constants are closely related to maximal indices. We formulate now the following question for
q ≥ 1 and T an amenable unimodular group:

Q5: Can the maximal index be expressed directly through a stochastic representer or a product
cluster?

The answer is affirmative and our result shows that the maximal index is the limiting hit
intensity per Haar volume along a suitable Folner sequence. Corollary 6.2 specialises them to
the Gaussian constant in (7).

4



Organisation of the paper: Section 2 introduces cylindrical measures, a practical sigma-
finiteness criterion, path carriers and stochastic representers. Section 3 treats stationarity
and automatic continuity, Section 4 finite log-Gaussian and log-Lévy mixtures and Section 5
product clusters and reconstruction, with a non-Gaussian example. Section 6 presents the
maximal-index representations and their Gaussian specialisation. Auxiliary lemmas and proofs
are collected in Section 7.

2 Preliminaries

In this section we discuss cylindrical measures, σ-finiteness, regular carriers and stochastic
representers. We also introduce compact windows which define important homogeneous maps.
For notational simplicity, hereafter we do not consider characters χα(r) =

∏q
i=1 r

αi
i with

α = (α1, . . . , αq) ∈ (0,∞)q; since these can be reduced to χ by componentwise signed-power
changes of the trajectories and the corresponding power changes of the radial variables.

2.1 Cylindrical measures and σ-finiteness

Let T be an lcscH group with identity e, set

X = (Rq)T, Ecyl = σ{πt : t ∈ T}, πt(f) = f(t), f ∈ X (8)

and define
(Srf)(t) = r ⊙ f(t), (Baf)(t) = f(a−1t). (9)

The scaling map (r, f) 7→ Srf is jointly measurable into (X , Ecyl), since each of its evaluations
is r⊙f(t). For fixed a ∈ T, the shift Ba is a measurable bijection with measurable inverse Ba−1 .
Thus (4) defines a measure for every (X , Ecyl)-valued random element Z, without assuming
joint measurability of (t, ω) 7→ Z(t, ω). For f ∈ X set

Wf (t) =

q∏
i=1

|fi(t)|, t ∈ T. (10)

We call Wf the common-character field of f .
When T is uncountable, Ecyl is not countably generated and universal evaluation on T × X
is not jointly measurable. In particular, path integrals, uncountable suprema and pathwise
nonzero-component events need not be cylinder measurable. Nevertheless, sigma-finiteness
and homogeneity provide the following countable detection property.

Lemma 2.1. Let E = X or a regular cylindrical path carrier as in Definition 2.2, equipped
with its cylindrical or trace cylindrical σ-field, respectively. If ν ∈Mσ(E), there is a nonempty
countable set D ⊂ T such that

VD =

q⋂
i=1

⋃
h∈D

{f ∈ E : fi(h) ̸= 0}

is measurable and ν-conull. If ν = νZ , then P{Z ∈ VD} = 1.

Since σ-finiteness is used throughout, we give next a simple criterion for νZ ∈ Mσ(X ) when
Z is an (X , Ecyl)-valued random element. First note that since ϑ(G) = ∞, every measurable
set A in X , or in a regular carrier such that SrA = A for all r ∈ G satisfies

νZ(A) = 0 ⇐⇒ P{Z ∈ A} = 0. (11)
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Now suppose that for a countable D ⊂ T

P{for i = 1, . . . , q there is h ∈ D with Zi(h) ̸= 0} = 1 (12)

and for all h = (h1, . . . , hq) ∈ Dq

ph := E

{
q∏

i=1

|Zi(hi)|

}
<∞. (13)

Since V c
D is scale invariant, (12) and (11) yield νZ(V c

D) = 0. The countable family

A
(n)
h = {f ∈ X : |fi(hi)| > 1/n, i = 1, . . . , q}, h ∈ Dq, n ≥ 1

covers VD, and radial integration implies νZ(A
(n)
h ) = nqph < ∞ and hence νZ ∈ Mσ(X ). In

particular, a single anchor D = {e} suffices whenever P{WZ(e) > 0} = 1 and E{WZ(e)} <
∞; this includes Zi(e) = 1 almost surely for i = 1, . . . , q. Condition (12) is necessary by
Lemma 2.1, but (13) is not.

2.2 Regular carriers and compact windows

For path integrals and compact windows we use the following carriers.

Definition 2.2. A regular cylindrical path carrier over T is a set C ⊂ X which is stable under
all shifts Ba and componentwise scalings Sr, is equipped with the trace cylindrical σ-field

EC := Ecyl|C = {A ∩ C : A ∈ Ecyl} = σ{πt|C : t ∈ T} (14)

and has the following properties.

(a) The evaluation map

ev :
(
T× C,B(T)⊗ EC

)
−→

(
Rq,B(Rq)

)
, ev(t, f) = f(t)

is measurable.

(b) For every nonempty compact K ⊂ T, there is a nonempty countable set DK ⊂ K chosen
independently of f such that

ρK,i(f) := sup
t∈DK

|fi(t)| = sup
t∈K

|fi(t)| <∞, f ∈ C, i = 1, . . . , q.

Fix such sets DK . Their countability makes every ρK,i EC-measurable. Condition (a) and
stability make the actions in (9) jointly measurable on C, with measurable inverses Sr−1 and
Ba−1 for fixed parameters.
By condition (a) and the countable-support property of generated σ-fields, the inverse images
under evaluation of a countable base of Rq all belong to B(T) ⊗ σ{πt|C : t ∈ D0} for one
countable D0 ⊂ T. Taking sections at each t ∈ T gives

EC = σ{πt|C : t ∈ D0}. (15)

The map f 7→ (f(t))t∈D0 is injective because (15) generates EC , which separates points. Scaling
a nonzero coordinate by two changes the path, so injectivity also implies

fi ̸≡ 0 ⇐⇒ fi(t) ̸= 0 for some t ∈ D0, i = 1, . . . , q. (16)
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Fix one such D0 throughout the rest of the paper.
The continuous path space C(T,Rq) is a basic example: any countable dense subset of K is
norming. The definition also allows discontinuous path classes as considered in [13].
For T = (R,+), the càdlàg path space D(R,Rq) is another example, with D0 = Q. For a
compact K, add to a countable dense subset of K all its right-isolated points

RK = {t ∈ K : K ∩ (t, t+ ε) = ∅ for some ε > 0}.

These points are countable, since their right gaps are disjoint. The resulting DK is norming by
right-continuity, and càdlàg paths are locally bounded. Joint evaluation in the two examples
follows by approximating t with Borel maps of countable range: use the first point of a
dense sequence within distance 1/n in a compatible metric for continuous paths, and sn(t) =
2−n(⌊2nt⌋ + 1) ↓ t for càdlàg paths, then limn→∞ f(sn(t)) = f(t). The skeleton D0 and the
norming sets DK serve different purposes; in particular, D0 ∩ K need not be norming for
discontinuous paths.
For every non-negative Borel H : T×Rq → [0,∞] and left Haar measure λ, condition (a) and
Tonelli’s theorem make the map

f 7−→
∫
T
H(t, f(t))λ(dt)

EC-measurable.
On (C, EC), use M(C), Mσ(C) and νZ with the same definitions. For the inclusion ι : C →
X , ι#νZ is the cylindrical intensity of the same field. Since every EC-set is a cylindrical
trace, equality and fixed-shift invariance of carrier measures are equivalent to those of their
pushforwards.
Next, for a C-valued random element Z, consider the condition

P{Zi ̸≡ 0 for i = 1, . . . , q} = 1. (17)

The event in (17) is measurable by (16).
Choose a cofinal increasing exhaustion (Kn)n≥1 of T by nonempty compact sets and write

ρn,i = ρKn,i,

with ρK,i as in Definition 2.2(b). For n = (n1, . . . , nq) ∈ Nq and ε ∈ (0,∞)q define the product
window

Un,ε =

q⋂
i=1

{f : ρni,i(f) > εi}. (18)

For a measure ν on (C, EC) suppose that

ν(Un,ε) <∞, n ∈ Nq, ε ∈ (0,∞)q. (19)

The identity
∫∞
0 I{rρ>1}r

−2 dr = ρ, ρ ≥ 0 and coordinatewise radial integration yield

νZ(Un,ε) = E

{
q∏

i=1

ρni,i(Z)

εi

}
, n ∈ Nq, ε ∈ (0,∞)q. (20)

Since (Kn) is increasing (19) for ν = νZ is equivalent to

E

{
q∏

i=1

ρn,i(Z)

}
<∞, n ≥ 1. (21)
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If ν is σ-finite and satisfies (19), then Πν ∼ PRM(ν) has finitely many particles in every
product window on one probability-one event. Indeed, the counts are Poisson with finite
means, first simultaneously for the countable family with rational thresholds, and then for all
thresholds by inclusion. For q ≥ 2 this locality does not imply finiteness on sets that constrain
only one component.
To this end, we establish the existence of a stochastic representer for a given measure ν.

Lemma 2.3. (i) If ν ∈ Mσ(X ), there exist a probability space (Ω,F ,P) and an (X , Ecyl)-
valued random element Z such that ν = νZ .

(ii) If ν ∈ Mσ(C) for a regular cylindrical path carrier C, there exists a C-valued random
element Z with ν = νZ and the field (t, ω) 7→ Z(ω)(t) is jointly measurable.

3 Stationarity of mPps and representer’s continuity

For the structural results let E = X or E = C with respective σ-field EE = Ecyl or EC . For an
E-valued random element Z shifts commute with scaling and hence

νBaZ = (Ba)#νZ = νZ ◦ (Ba)−1, a ∈ T. (22)

We write shift invariance as

νZ ◦ (Ba)−1 = νZ , a ∈ T. (23)

Let H(E) consist of the non-negative measurable functionals F : E → [0,∞] satisfying

F (Srf) = χ(r)F (f), r ∈ G, f ∈ E. (24)

For scalar stationarity criteria see [8, 9, 13].

Theorem 3.1. Let Z be an E-valued random element with ν = νZ ∈ Mσ(E) and let Πν ∼
PRM(ν). For each a ∈ T the following conditions are equivalent:

(i) (Ba)#Πν
d
= Πν .

(ii) (Ba)#ν = ν.

(iii) For every F ∈ H(E)
E{F (BaZ)} = E{F (Z)}. (25)

The equivalence of (i) and (ii) holds for any sigma-finite measure ν on (E, EE). Moreover for
every E-valued random element W

νW = νZ ⇐⇒ E{F (W )} = E{F (Z)}, F ∈ H(E). (26)

Assume next that

P{WZ(e) > 0} = 1, pe := E{WZ(e)} ∈ (0,∞) (27)

and define the law of an E-valued random element Θ (for a random element U its law is
abbreviated as L(U)) by

E{Γ(Θ)} =
1

pe
E
{
WZ(e)Γ

(
Z

|Z(e)|

)}
, Γ ≥ 0 measurable on E, (28)

where absolute values and quotients are componentwise (so |Z(e)| = (|Z1(e)|, . . . , |Zq(e)|)).
Clearly, |Θ(e)| = 1 almost surely; for q = 1 this is the local process, see [8, 13].
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Corollary 3.2. In the setting of Theorem 3.1 if (27) holds, then νZ = peνΘ and (pe,L(Θ))
depends only on νZ . Moreover Πν is stationary iff for every h ∈ T and non-negative measurable
H on E (set the whole term to zero when WΘ(h

−1) = 0)

E
{
WΘ(h

−1)H

(
BhΘ

|Θ(h−1)|

)}
= E{H(Θ)}. (29)

For positive paths on (R,+), compare (29) with [1, Thm. 4.1], with vector parameter λ = 1
under the logarithmic correspondence.
Next we apply the above criteria to the first two examples in the Introduction.

Proposition 3.3. Let X be an Rq-valued random field with X(e) = 0 and shift-invariant νeX .
For A ∈ Rq×q setting Z̃ = eAX and GA = σ{AX(t) : t ∈ T} we have that ν

Z̃
is shift-invariant

iff
E
{
e⟨1,X(h)⟩ | GA

}
= e⟨1,AX(h)⟩ almost surely for every fixed h ∈ T. (30)

If A is invertible, this is equivalent to

⟨AT1− 1, X(h)⟩ = 0 almost surely for every fixed h. (31)

The matrix condition need not be necessary for singular A: A = diag(1, 0) applied to two
independent positive scalar representers with unit anchors and shift-invariant intensities gives
(Z1, 1), whose intensity is shift-invariant.

Example 3.4. Under the assumptions of Proposition 3.3 assuming AT1 = 1 we have with
Z = eX

Z̃i(t) =

q∏
j=1

Zj(t)
aij ,

q∏
i=1

Z̃i(t) =

q∏
j=1

Zj(t)

and ν
Z̃

is shift-invariant. The pointwise map ΦA(x) = eA log x on (0,∞)q, with any Borel
extension to Rq, induces a cylinder-measurable map on X . On positive paths it preserves the
coordinate product and commutes with shifts and reanchoring, so the assertion also follows
from (29) with H ◦ ΦA.
If X has continuous paths, or càdlàg paths on (R,+), then so does AX. If further A is
entrywise nonnegative and νZ satisfies (19), then so does ν

Z̃
. Indeed, for compact K1, . . . ,Kq

and K =
⋃q

i=1Ki

q∏
i=1

sup
t∈Ki

Z̃i(t) ≤
q∏

j=1

(
sup
t∈K

Zj(t)

)∑q
i=1 aij

=

q∏
j=1

sup
t∈K

Zj(t).

For q = 2 on (R,+), take

A =

(
3/4 1/4
1/4 3/4

)
.

Let N1, N2 be independent Poisson processes with rates λ1, λ2 > 0, and set L+
j (t) = Nj(t) −

λj(e − 1)t, j = 1, 2. Complete the scalar marks independently using Proposition 3.5. Their
matrix transform has dependent non-Gaussian logarithmic components: for t > 0

Cov
(
log Z̃1(t), log Z̃2(t)

)
=

3t

16
(λ1 + λ2) > 0.
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On (R,+), call Z = eX a log-Lévy mark if

X(t) =

{
L+(t), t ≥ 0,

−L−((−t)−), t < 0,
(32)

where L+ and L− are independent Rq-valued Lévy processes starting at zero.

Proposition 3.5. For a log-Lévy mark Z

νZ is shift-invariant ⇐⇒ P{L−(1) ∈ dx} = e⟨1,x⟩P{L+(1) ∈ dx}. (33)

The proposition gives the following construction. For any vector Lévy process L with cumulant
ψ(u) = logE{e⟨u,L(1)⟩} and ψ(1) <∞, choose b with ⟨1, b⟩ = ψ(1), set L+(t) = L(t)− bt and
let L− be an independent Lévy process with

P{L−(t) ∈ dx} = e⟨1,x⟩P{L+(t) ∈ dx}.

The choice of b makes the right-hand side a probability convolution semigroup, and (33) holds.
For the scalar construction and duality, see [14, Sec. 1.2 and Thm. 1.2]. If (33) holds, applying
it to AL+ and AL− reduces (30) to

E
{
e⟨1,Y ⟩ | AY

}
= e⟨1,AY ⟩, Y = L+(1),

which remains valid for singular A.

Example 3.6. Take q = 2 and independent Poisson processesN0, N1, N2 with rates λ0, λ1, λ2 >
0. In Proposition 3.5, set

Li(t) = N0(t) +Ni(t), bi = λi(e− 1) +
λ0
2
(e2 − 1), i = 1, 2.

The common process N0 creates dependence. For the negative half, take independent Poisson
processes N̂0, N̂1, N̂2, independent also of N0, N1, N2, with rates λ0e2, λ1e, λ2e, and put

Xi(−t) = −N̂0(t−)− N̂i(t−) + bit, t > 0.

It follows easily that (21) and (46) hold.

3.1 Stochastic continuity of the representer

For continuity we additionally require joint measurability of (t, ω) 7→ Z(t, ω) on (T×Ω,B(T)⊗
F). We keep the cylindrical represented measure and shift-invariance condition (23).

Theorem 3.7. Let Z be a jointly measurable Rq-valued random field on T. If its cylindrical
represented measure νZ is σ-finite and satisfies (23), then Z is stochastically continuous.

Conditions (12) and (13) suffice for σ-finiteness.
For a C-valued representer, joint evaluation gives joint field measurability, and inclusion ι :
C → X preserves shifts and σ-finiteness. Indeed, a finite-measure trace cover An = C ∩ Ãn

lifts to the cylindrical cover (Ãn) together with the ι#νZ-null set X \
⋃

n≥1 Ãn. The theorem
therefore applies when the carrier measure is sigma-finite and satisfies (23).
For q = 1, joint measurability, (23) and E{|Z(e)|} < ∞ already imply L1-continuity, without
σ-finiteness. Radial integration identifies E{|Z(s) − Z(t)|} with νZ{f : |f(s) − f(t)| > 1}
and makes E{|Z(t)|} constant. Thus the increment L1-distance is translation invariant and
Lemma 7.2 applies. For related scalar results, see e.g., [6, Lem. 2], [7, Thm. 3.1] and [15,
Thm. A.1 and Cor. A.3].
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Example 3.8. Let T = (R,+), q ≥ 2 and take C = C(R,Rq). Let W be a continuous
stationary Gaussian field with Var(Wi(0)) > 0 for i = 1, . . . , q. Choose c ∈ Rq \ {0} with
⟨1, c⟩ = 0 and put Zi(t) = exp(cit)Wi(t). Then Z is Gaussian and

BhZ
d
= S(exp(−hci))

q
i=1
Z, νBhZ = exp(−h⟨1, c⟩)νZ = νZ .

Radial integration and Fernique’s theorem imply νZ ∈Mσ(C) and (19). Thus ΠνZ is stationary
by Theorem 3.1, although Z is not: Var(Zi(t)) = exp(2cit)Var(Wi(0)) varies with t whenever
ci ̸= 0.

4 Finite mixtures

For continuous marks we use C = C(T,Rq) with its compact-open Borel sigma-field, which
equals EC . When log-Lévy marks are included, we take T = (R,+) and C = D(R,Rq) with its
trace cylindrical σ-field. Logarithms and quotients of positive paths are taken componentwise.
A continuous mark is called log-Gaussian if it has strictly positive paths and its logarithm is
a Gaussian field. On R we also use log-Lévy marks Z = exp(X) with X as in (32), without
assuming (33).
After merging equal laws, let Z1, . . . , Zn be strictly positive C-valued random elements with
distinct laws. Fix pk > 0 with

∑n
k=1 pk = 1, and let Z have the finite mixture law

L(Z) =
n∑

k=1

pkL(Zk), νZ =

n∑
k=1

pkνZk
. (34)

Theorem 4.1. Suppose each Zk is log-Gaussian or log-Lévy, the latter case requiring T = R
and Zk(e) = 1 almost surely. If T is connected, then

ΠνZ is stationary ⇐⇒ ΠνZk
is stationary for k = 1, . . . , n. (35)

If all marks are log-Gaussian, then νZ satisfies (19). If also Zk(e) = 1, k = 1, . . . , n, almost
surely, then on an arbitrary T stationarity is equivalent to the existence of a unique continuous
homomorphism ϖ : T → Sn, with ϖh = ϖ(h) and Sn discrete, such that

pkE
{
WZk

(h−1)H

(
BhZk

Zk(h−1)

)}
= pϖh(k)E{H(Zϖh(k))}, k = 1, . . . , n, h ∈ T, (36)

for every non-negative measurable H on C.

Condition (19) is not automatic for log-Lévy marks. For example, take q = 2 in (32), with
L+, L− independent copies of (J,−J), where J is an increasing compound Poisson process
with E{eJ(1)} = ∞. Since the coordinate sum vanishes, (33) holds and Proposition 3.5 implies
shift-invariance of νZ , but

E

{
sup
t∈[0,1]

Z1(t) sup
t∈[0,1]

Z2(t)

}
= E{eJ(1)} = ∞.

11



Single Gaussian marks. For a single log-Gaussian mark Z with Z(e) = 1, put X = logZ,
m(t) = E{X(t)}, and Σ(s, t)ij = Cov{Xi(s), Xj(t)}, i, j = 1, . . . , q. With b(t) = m(t) +
1
2Σ(t, t)1, the Gaussian case n = 1 of Theorem 4.1 says that ΠνZ is stationary iff ⟨b(t),1⟩ = 0
and

Σ(hs, ht)− Σ(hs, h)− Σ(h, ht) + Σ(h, h) = Σ(s, t), (37)

b(t)− b(s) + 1
2{Σ(t, s)− Σ(s, t)}1 = b(s−1t), (38)

for all h, s, t ∈ T. Indeed, the Gaussian transfer at s−1 has mass exp{⟨1, b(s)⟩}; its covariance
equality is (37), and its mean equality is

m(s−1t) = m(t)−m(s) + (Σ(t, s)− Σ(s, s))1.

By (37), Σ(s−1t, s−1t) = Σ(t, t)+Σ(s, s)−Σ(t, s)−Σ(s, t), so this mean equality is equivalent
to (38). For q ≥ 3, (37) is not determined by the matrix-variogram conditions in [1, Thm. 4.4].

Example 4.2. Connectedness cannot be omitted in general. Let T = Z/2Z and q = 1.
Let Z1, Z2 be log-Gaussian marks with Zk(0) = 1, k = 1, 2. If logZ1(1) and logZ2(1) have
distributions N(0, 2) and N(−2, 2), respectively, then for every non-negative measurable H,

E
{
Z1(1)H

(
B1Z1

Z1(1)

)}
= eE{H(Z2)}, E

{
Z2(1)H

(
B1Z2

Z2(1)

)}
= e−1E{H(Z1)}.

Consequently, the mixture L(Z) = {L(Z1) + eL(Z2)}/(1 + e) generates a stationary particle
system, although neither component system is stationary.

Example 4.3. The componentwise conclusion can fail outside the two classes in Theorem 4.1,
even for two bounded marks on T = R. Indeed, let q = 1, set

zϕ(t) =
2 + cos(t+ ϕ)

2 + cosϕ
,

and let Φ have density (2 + cosϕ)/(4π) on [0, 2π). Set Z = zΦ, and let Z1, Z2 have the
conditional laws of Z given Φ ∈ [0, π) and Φ ∈ [π, 2π), respectively. Both conditioning events
have probability 1/2, so L(Z) = {L(Z1) + L(Z2)}/2.
With phases read modulo 2π, we have

Bhzϕ
zϕ(−h)

= zϕ−h.

Consequently, for every non-negative measurable H

E
{
Z(−h)H

(
BhZ

Z(−h)

)}
=

1

4π

∫ 2π

0
(2 + cos(ϕ− h))H(zϕ−h) dϕ = E{H(Z)}

implying νZ is shift-invariant by (29). However direct integration gives

E{Z1(t)} = 1− sin t

π
, E{Z2(t)} = 1 +

sin t

π
.

Since Zi(0) = 1, neither component satisfies (29) with H = 1.
All paths are smooth and satisfy 1/3 ≤ Zi(t) ≤ 3, so (21) holds. The bounded, nonconstant
logZi(π) shows that neither component is log-Gaussian.
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Example 4.4. The finiteness assumption in the Gaussian mixture result cannot be omitted,
even for T = (R,+). Let q = 1, let X ∼ N(0, 1), and let Φ be uniform on [0, 2π) and
independent of X. For θ ∈ [0, 2π) define

aθ(t) = cos(θ + t)− cos θ, Zθ(t) = exp{aθ(t)X − 1
2aθ(t)

2}, Z = ZΦ.

Conditionally on Φ = θ, this is a log-Gaussian mark with Zθ(0) = 1. Gaussian tilting of the
logarithm and normalisation at −h, h ∈ R, give

E{Zθ(−h)} = 1, LPθ,h

(
BhZθ

Zθ(−h)

)
= L(Zθ−h), (39)

where dPθ,h = Zθ(−h) dP and the phase is read modulo 2π. Indeed, under Pθ,h the variable
X − aθ(−h) is standard Gaussian, and

log
Zθ(t− h)

Zθ(−h)
= aθ−h(t){X − aθ(−h)} − 1

2aθ−h(t)
2.

Consequently, for every non-negative measurable H : C → [0,∞]

E
{
Z(−h)H

(
BhZ

Z(−h)

)}
=

1

2π

∫ 2π

0
E{H(Zθ−h)} dθ = E{H(Z)}.

Thus (29) shows that νZ is shift-invariant.
No fixed-phase component is stationary. If νZθ

were shift-invariant, (29) and (39) would give
L(Zθ−h) = L(Zθ) for every h. This contradicts

Var{logZθ−h(π)} = 4 cos2(θ − h).

Thus every conditional particle system ΠνZθ
is nonstationary.

Moreover, logZ is not a finite mixture of Gaussian laws. Indeed, put L = logZ(π) and
vθ = 4 cos2 θ. Conditionally on Φ = θ, the variable L has distribution N(−vθ/2, vθ), so

M(r) := E{erL} = E{e(r2−r)vΦ/2}.

Since ess sup vΦ = 4 and P{vΦ = 4} = 0, the essential-supremum property and dominated
convergence give

lim
|r|→∞

2 logM(r)

r2
= 4,

e−2(r2−r)M(r) = E{e−(4−vΦ)(r
2−r)/2} −→ 0, r → ±∞.

If L were a finite Gaussian mixture, the first limit would force a component of variance 4,
with some mean µ and weight p > 0. Its contribution pe(µ+2)r to e−2(r2−r)M(r) cannot tend
to zero at both ends, a contradiction.
More strongly, no finite mixture of log-Gaussian marks generates νZ , even if the component
marks are not normalised at zero. Otherwise, Corollary 3.2 would identify the canonical
spectral law of the common intensity with L(Z). For each log-Gaussian component, the tilt
and normalisation in (28) preserve Gaussianity of the logarithm. The same canonical law would
therefore be a finite mixture of log-Gaussian laws, contradicting the preceding paragraph.
Finally, Z(t) ≤ e2|X| and E{e2|X|} <∞ give (21) for Z.
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Example 4.5. Example 4.3 also yields a matrix counterexample with independent nondegen-
erate input coordinates. Let U1, U2 have its two component laws, and independently let

W (t) = exp{
√
2B(t)− |t|}, t ∈ R,

where B is standard two-sided Brownian motion. Then νW is shift-invariant by (37)–(38), and
E{W (t)} = 1. For k = 1, 2, put

Vk = (Uk,W ), Ṽk = eA log Vk , A =

(
3/4 1/4
1/4 3/4

)
.

Independence and (29) give shift-invariance for the intensity of the equally weighted mixture
of V1, V2. By Example 3.4, the same holds for the mixture of Ṽ1, Ṽ2, but product preservation
gives

E
{
Ṽ1,1(t)Ṽ1,2(t)

}
= 1− sin t

π
, E

{
Ṽ2,1(t)Ṽ2,2(t)

}
= 1 +

sin t

π
.

Neither transformed component satisfies (29) with H = 1. All paths are continuous, and for
compact K1,K2 and K = K1 ∪K2,

2∏
i=1

sup
t∈Ki

Ṽk,i(t) ≤ 3 sup
t∈K

W (t),

whose expectation is finite and hence the intensities satisfy (19).

5 Stationary systems from product clusters

Throughout this section, T is an lcscH group with identity e and left Haar measure λ, and C
is a regular cylindrical path carrier over T. Further Z is a C-valued random element and for
f ∈ C define

SΠ(f) =

∫
T
Wf (t)λ(dt). (40)

The map SΠ is EC-measurable by joint evaluation and Tonelli’s theorem. Moreover, we have

SΠ(Srf) = χ(r)SΠ(f), SΠ(B
af) = SΠ(f).

Definition 5.1. A C-valued random element Q is a product cluster field if it satisfies (17)
and, for every tuple K = (K1, . . . ,Kq) of nonempty compact subsets of T

ΛK(Q) :=

∫
T
E

{
q∏

i=1

ρKi,i(B
vQ)

}
λ(dv) <∞. (41)

By monotonicity and cofinality of the increasing compact exhaustion, it is enough in (41) to
check K = (Kn, . . . ,Kn), n ≥ 1.
For any C-valued random element Q, the formula

νclQ(A) :=

∫
T
E
{∫

G
I{SrBvQ∈A} ϑ(dr)

}
λ(dv), A ∈ EC (42)

defines an extended-valued measure on C.
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If Q is a product cluster field, let

Π̃Q =
∑
j≥1

δ(Vj ,Rj ,Qj) ∼ PRM
(
λ⊗ ϑ⊗ L(Q)

)
and map its atoms to trajectories by

Πcl
Q =

∑
j≥1

δ
SRj

BVjQj
. (43)

Lemma 5.2. If Q is a product cluster field, then Πcl
Q is stationary, νclQ ∈ Mσ(C) and this

intensity satisfies (19) with

νclQ(Un,ε) =

(
q∏

i=1

ε−1
i

)
Λ(Kn1 ,...,Knq )

(Q). (44)

Remark 5.3. Let the random variable N be T-valued independent of the product cluster field
Q, with a strictly positive density pN with respect to λ and define

ZQ,N = pN (N)−1/qBNQ. (45)

Then νZQ,N = νclQ: the scaling vector in (45) has character pN (N)−1, which cancels the density
ofN in the radial integral. For the scalar random-shift construction, see [10, Def. 1.2, Eq. (1.8),
and Thm. 3.4].

Proposition 5.4. Let Z be a C-valued random element, and suppose that ν = νZ is shift-
invariant and satisfies (19). If

P{SΠ(Z) ∈ (0,∞)} = 1, (46)

then 0 < p := E{WZ(e)} < ∞. Define P∗ by dP∗

dP = WZ(e)
p . Under P∗, with expectation E∗,

define

Qcom =

(
p

SΠ(Z)

)1/q

Z. (47)

Set Qcom = Z where SΠ(Z) /∈ (0,∞). Then Qcom is a product cluster field under P∗,
SΠ(Q

com) = p P∗-almost surely, and
ν = νclQcom . (48)

The law of Qcom may depend on the representer. For c ∈ kerχ, replacing Z by ScZ leaves ν
and P∗ unchanged and replaces Qcom by ScQcom.

Remark 5.5. Proposition 5.4 assumes (46). For q ≥ 2, condition (17) may hold even when
E{WZ(h)} = 0 for every h. The hypothesis (46) is intrinsic to the represented intensity: the
set {f : SΠ(f) /∈ (0,∞)} is scale invariant, so (11) makes (46) equivalent to this set having
zero ν-mass.

Related scalar moving-maximum profiles appear in [16, eq. (1.4)].

Example 5.6. Take T = (R,+) with λ = Leb1, q = 2. Further set C = C(R, [0,∞)2) and

Q1(t) = Q2(t) = (1 + t2)−1/2, t ∈ R.
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Each component has infinite integral, whereas SΠ(Q) = π. If K1,K2 ⊂ [−B,B], then

2∏
i=1

ρKi,i(B
vQ) ≤ 1

1 + ((|v| −B)+)2
, v ∈ R.

This integrable bound makes Q a product cluster field. Hence ν := νclQ/π is shift-invariant,
belongs to Mσ(C) and satisfies (19).
For a standard Cauchy variable N , define next

Zi(t) =

√
1 +N2

1 + (t−N)2
, i = 1, 2.

The scaling character 1 + N2 cancels the same factor in the denominator of the density of
N , so νZ = ν. Moreover, Z(0) = 1 and SΠ(Z) = π(1 + N2) ∈ (0,∞) almost surely. For
each fixed t ̸= 0, logZi(t) is bounded and nonconstant, so this normalized representer is not
log-Gaussian. Radial integration also gives the explicit hit intensity

ν{f : ∃t ∈ [0, S], f(t) > 1} =
1

π

∫
R

dv

1 + dist(v, [0, S])2
= 1 +

S

π
, S ≥ 0. (49)

Thus the maximal index introduced below is Hν = 1/π.

6 The maximal index on amenable unimodular groups

Throughout this section T is an amenable unimodular lcscH group with identity e and Haar
measure λ, and C = C(T, [0,∞)q) has its compact-open Borel sigma-field. Choose nonempty
compact windows Fn, n ≥ 1 with λ(Fn) > 0 such that for every compact C ⊂ T containing e

lim
n→∞

λ(FnC)

λ(Fn)
= 1. (50)

Such sequences exist in this setting, see [17, Remarks 5.6–5.7]. For compact T one may take
Fn = T. Unimodularity makes both right translations and inversion preserve λ.
For f ∈ C, y ∈ (0,∞)q and nonempty compact K ⊂ T put

Ey(f) = {t ∈ T : f(t) > y}, Rsup,K(f) =

∫
(0,∞)q

I{Ey(f)∩K ̸=∅} dy

and set further
Rsup(f) =

∫
(0,∞)q

I{Ey(f)̸=∅} dy, τ(f) = λ(E1(f)). (51)

Thus Rsup(f) is the volume of
⋃

t∈T
∏q

i=1(0, fi(t)); for q = 1 it is the usual supremum. Con-
tinuity, separability and Tonelli’s theorem make these functionals measurable.
For a C-valued random element Z and ν = νZ set

Hν(K) := ν{f : ∃t ∈ K, f(t) > 1} = E{Rsup,K(Z)} =

∫
(0,∞)q

P{∃t ∈ K : Z(t) > y} dy.

(52)
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Define the maximal index of ν with respect to Fn, n ≥ 1 by

Hν := lim
n→∞

Hν(Fn)

λ(Fn)

whenever the limit exists. Below Θ has the law of Z/Z(e) under P∗ and R is independent of
Θ with independent 1-Pareto components satisfying P{Ri > r} = r−1 for r ≥ 1.

Theorem 6.1. Suppose that ν := νZ is shift-invariant, (19) holds and Z satisfies (46). If p,
P∗ and Qcom are as in Proposition 5.4, then Hν exists, lies in (0,∞), and is independent of
the chosen windows satisfying (50). It has the representations

Hν = E∗{Rsup(Q
com)} = E

{
WZ(e)

Rsup(Z)

SΠ(Z)

}
, (53)

=

∫
{f :f(e)>1}

ν(df)

τ(f)
= pE

{
1

τ(SRΘ)

}
. (54)

Here 0 · ∞ = 0 and 1/∞ = 0.

For q = 1 and T = Z with counting Haar measure, Hν/p is the maximal index for exceedance
at the origin in [8, Section 2.6 and Proposition 2.20].

Corollary 6.2. Let T = (R,+) with λ = Leb1, and let Z be the log-Gaussian representer in
(6), under the covariance assumption there, with c := 1TV 1 > 0. Then the constant H in (7)
exists and satisfies

H = HνZ = E
{
Rsup(Z)

SΠ(Z)

}
= E

{
1

τ(SRZ)

}
∈ (0,∞), (55)

where R is as in Theorem 6.1 and independent of Z. In particular,

τ(SRZ) = Leb1{t ∈ R : Yκ,V (t)− Sκ,V (t)1+ logR > 0} ∈ (0,∞) almost surely.

7 Further results and proofs

Lemma 7.1. Let C be a regular cylindrical path carrier and let ν ∈M(C).

(i) If ν is σ-finite, then

ν{f ∈ C : fi ≡ 0} = 0, i = 1, . . . , q. (56)

(ii) If (19) and (56) hold, then ν is σ-finite.

For a C-valued Z, σ-finiteness of νZ implies (17); the converse holds under (19).

Proof of Lemma 7.1. The sets Fi = {f ∈ C : fi ≡ 0} are measurable by (16), and part (i)
follows from Lemma 2.1 on C. Conversely, the windows U(n,...,n),(1/n,...,1/n), n ≥ 1, cover
C \
⋃q

i=1 Fi and have finite mass under (19). Adding the null set
⋃q

i=1 Fi proves σ-finiteness.
Finally, (11) applied to Fi gives νZ(Fi) = 0 exactly when P{Zi ≡ 0} = 0.
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Lemma 7.2. Let H be an lcscH group with left Haar measure λH, and let U : H× Ω → R be
jointly measurable. If∫

K
E{|U(t)|}λH(dt) <∞ for every compact K ⊂ H (57)

and
E{|U(as)− U(at)|} = E{|U(s)− U(t)|}, a, s, t ∈ H (58)

hold, then
E{|U(s)− U(t)|} −→ 0 as s→ t. (59)

Proof of Lemma 7.2. Put dU (h) = E{|U(eH) − U(h)|}, so (58) gives E{|U(s) − U(t)|} =
dU (s

−1t). Right translations RhF (t, ω) = F (th, ω) are strongly continuous on L1(λH ⊗ P).
Indeed, with the modular function defined by∫

H
f(th)λH(dt) = ∆H(h)

−1

∫
H
f(t)λH(dt),

we have ∥RhF∥1 = ∆H(h)
−1∥F∥1. Continuity first follows for finite sums

∑m
j=1 φj(t)IAj (ω)

with φj ∈ Cc(H), then for all F ∈ L1 by density and continuity of ∆H. Choose a compact K
of positive Haar measure and a compact identity neighbourhood V . By (57), F = IKV U ∈
L1(λH ⊗ P), and for h ∈ V

λH(K)dU (h) =

∫
K
E{|F (t)− F (th)|}λH(dt) ≤ ∥F −RhF∥1 −→ 0 as h→ eH.

Since s−1t→ eH as s→ t, the claim follows.

Proof of Lemma 2.1. Choose a countable measurable cover (An) of E with ν(An) <∞. Every
trace cylindrical set depends on countably many restricted evaluations, so all the An belong
to σ{πh|E : h ∈ D} for one nonempty countable D. For i = 1, . . . , q, put Ni = {f : fi(h) =
0 for all h ∈ D}. Scaling coordinate i leaves all evaluations on D unchanged on Ni. Hence
An ∩Ni is invariant under this scaling, and homogeneity gives

ν(An ∩Ni) =
1
2ν(An ∩Ni) = 0.

Thus ν(Ni) = 0 for i = 1, . . . , q proving the first assertion. The set V c
D is scale invariant. If

ν = νZ , its zero mass and (11) imply P{Z ∈ V c
D} = 0.

Proof of Lemma 2.3. Let E = X or E = C, with its respective σ-field EE . Use the countable
set D supplied by Lemma 2.1. The evaluations gh,i(f) = |fi(h)|, h ∈ D, are measurable,
satisfy gh,i(Srf) = righ,i(f) and form countable detectors on the ν-conull set VD. Thus [4,
Thm. 2.2(iv)⇒(i)], applied directly on (E, EE), yields an E-valued Z with ν = νZ . For E = C,
Definition 2.2(a) implies joint measurability.

Proof of Theorem 3.1. In view of the mapping theorem

(Ba)#Πν ∼ PRM((Ba)#ν)

and thus (ii) implies (i). Conversely, equal laws of Poisson random measures have equal mean
measures, so (i) implies (ii). This argument uses only σ-finiteness of ν.
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It remains to prove (26). For h ∈ Tq, put

A◦
h = {f : 1 < |fi(hi)| ≤ 2, i = 1, . . . , q}, Eh = {f : fi(hi) ̸= 0, i = 1, . . . , q}.

If Y is any E-valued random element, F ∈ H(E) and A ⊂ Eh is measurable and invariant
under all componentwise scalings, radial integration gives∫

A◦
h

F (f)IA(f) νY (df) = (log 2)qE{F (Y )IA(Y )}. (60)

Suppose that νW = νZ . Lemma 2.1 supplies one countable D for which the sectors Eh,
h ∈ Dq, cover a conull set under both laws. Enumerate Dq and disjointify these invariant
sectors. Equality of the measures on the left of (60), followed by summation over the disjoint
pieces, gives E{F (W )} = E{F (Z)} for every F ∈ H(E). Conversely, for A ∈ EE the orbit
functional

FA(f) =

∫
G
I{Srf∈A} ϑ(dr)

belongs to H(E). The assumed moment equality applied to FA gives the same expectation
under W and Z, hence νW (A) = νZ(A). This proves (26). Taking W = BaZ and using (22)
proves the equivalence of (ii) and (iii).

Proof of Corollary 3.2. With

Ae = {f ∈ E : |fi(e)| > 1, i = 1, . . . , q}

coordinatewise radial integration gives, for every non-negative measurable Γ on E

peE{Γ(Θ)} =

∫
Ae

Γ

(
f

|f(e)|

)
νZ(df). (61)

Taking Γ = 1 shows that pe = νZ(Ae), and (61) shows that L(Θ) is determined by νZ . The
substitution s = r ⊙ |Z(e)| in the radial integral yields νZ = peνΘ, while |Θ(e)| = 1 almost
surely. For t ∈ T set

Et = {f ∈ E : Wf (t) > 0}.

For a non-negative measurable H on E, define on Ee

FH(f) = Wf (e)H

(
f

|f(e)|

)
and extend it by zero elsewhere. Then FH ∈ H(E) and

FH(BhΘ) = I{WΘ(h−1)>0}WΘ(h
−1)H

(
BhΘ

|Θ(h−1)|

)
, FH(Θ) = H(Θ)

hence (25) implies (29).
Conversely, assume (29). For t ∈ T, take h = t and H = IEc

t
. On Et−1 , the path BtΘ/|Θ(t−1)|

belongs to Et. Hence (29) gives P{Θ /∈ Et} = 0. It follows that for every fixed h ∈ T,
WΘ(h

−1) > 0 almost surely. Every F ∈ H(E) therefore satisfies

F (BhΘ) = WΘ(h
−1)F

(
BhΘ

|Θ(h−1)|

)
almost surely. Taking H = F in (29) gives (25). Since multiplication of an intensity by pe
does not affect shift invariance, Theorem 3.1 completes the proof.
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Proof of Proposition 3.3. Both exponentiated fields have unit anchor, so their represented in-
tensities are σ-finite. For fixed h set

Rhf(t) = f(ht)− f(h), Uh = e⟨1,X(h)⟩, Vh = e⟨1,AX(h)⟩.

On paths anchored at zero, Rh is a measurable bijection with inverse Rh−1 and commutes
with A. Hence σ(ARhX) = GA. Applying (29) with shift h−1 to eX gives

E{UhK(ARhX)} = E{K(AX)}

for every non-negative cylinder-measurable K on X ; logarithms in the test functional may be
extended measurably off positive values. In particular, E{Uh} = 1. The same criterion for
exp(AX) requires this identity with Vh in place of Uh. Since Vh is GA-measurable, equality of
the weighted tests is exactly (30); necessity also gives E{Vh} = 1 by K = 1. If A is invertible,
GA = σ{X(t) : t ∈ T}, so the conditional identity reduces to (31).

Proof of Proposition 3.5. The unit anchor gives sigma-finiteness. If νZ is shift-invariant, apply
(29) with h = −1 and H(f) = g(− log f(−1)), extended measurably off positive values. For
every non-negative Borel g on Rq, this gives

E{g(L−(1))} = E
{
e⟨1,L

+(1)⟩g(L+(1))
}
,

since a Lévy process agrees almost surely with its left limit at a fixed positive time. This is
(33).
Conversely, the unit-time measure identity includes E{e⟨1,L+(1)⟩} = 1. The Esscher-transformed
Lévy semigroup is therefore a probability semigroup; uniqueness of Lévy semigroups from their
unit-time laws gives

P{L−(t) ∈ dx} = e⟨1,x⟩P{L+(t) ∈ dx}, t ≥ 0.

Let Pt and P ∗
t be the kernels of x+ L+(t) and x− L−(t), then

e−⟨1,x⟩ dxPt(x, dy) = e−⟨1,y⟩ dy P ∗
t (y, dx).

This duality and independent increments give a stationary two-sided Poisson system with
starting intensity e−⟨1,x⟩ dx. Exponentiation identifies its trajectory intensity with νZ .

Proof of Theorem 3.7. Write ν = νZ and choose a finite, strictly positive measurable density
g on G with

∫
G g dϑ = 1. On the auxiliary space with measure dP(ω)g(r)ϑ(dr), let R be the

radial coordinate and put µ = L(SRZ). For a real, finite-valued F ∈ L1(ν) set

TaF (f) = F (Ba−1
f), UF (a, ω, r) = g(r)−1TaF (SrZ(ω)).

The field UF is jointly measurable: each coordinate of (a, ω, r) 7→ Ba−1
SrZ(ω) is riZi(at, ω),

so this map is measurable into (X , Ecyl). Utilising (23) we have

Eaux|UF (a)| = ∥F∥L1(ν), Eaux|UF (a)− UF (c)| = ∥TaF − TcF∥L1(ν).

Since TvaF = (TaF ) ◦Bv−1 , (57)–(58) hold for UF . Lemma 7.2 implies further

∥TaF − F∥L1(ν) −→ 0 as a→ e. (62)
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The radial representation and strict positivity of g give µ ∼ ν. In particular, L1(ν) convergence
implies convergence in µ-probability, by Markov’s inequality and absolute continuity of the
finite measure µ with respect to ν.
σ-finiteness provides a finite, everywhere strictly positive measurable w ∈ L1(ν). Fix u ∈ T
and i ∈ {1, . . . , q}, and put

ψ(x) =
x

1 + |x|
, ψi,u(f) = ψ(fi(u)).

Apply (62) to w and wψi,u. Taking the ratio, whose limiting denominator is strictly positive
yields

ψ(fi(au)) =
Ta(wψi,u)(f)

Taw(f)
−→ w(f)ψi,u(f)

w(f)
= ψ(fi(u)) in µ-probability.

The continuous inverse of ψ : R → (−1, 1) therefore yields RiZi(au) → RiZi(u) in auxiliary
probability. Dividing by the same finite positive random variable Ri gives Zi(au) → Zi(u) in
probability. Since there are finitely many coordinates, Z(au) → Z(u) in probability. Finally,
for s→ t, take u = t and a = st−1 → e.

Proof of Theorem 4.1. We first treat normalised log-Gaussian marks on C(T,Rq). Write Pk =
L(Zk). For measures µ concentrated on strictly positive paths f ∈ C with f(e) = 1, write

Ahµ(G) =

∫
C
Wf (h

−1)I{Bhf/f(h−1)∈G} µ(df), h ∈ T, G ∈ B(C).

Gaussian exponential moments give ck(h) := E{WZk
(h−1)} ∈ (0,∞), and the laws P [h]

k :=
ck(h)

−1AhPk are again log-Gaussian with value 1 at e. Indeed, writingXk = logZk, the weight
is exp{⟨1, Xk(h

−1)⟩}. Gaussian tilting leaves the covariance unchanged and shifts the mean
at t by Cov{Xk(t), Xk(h

−1)}1, while the log-field after normalisation is Xk(h
−1t)−Xk(h

−1).
Direct substitution gives AhAg = Ahg and Ae = id. Consequently, for log-Gaussian probability
laws with the same anchor normalisation, the normalised transforms P [h] = AhP/(AhP )(C)
satisfy (P [g])[h] = P [hg] and (P [h])[h

−1] = P . In particular, the laws P [h]
k , k = 1, . . . , n, are

distinct for every fixed h.
We first verify finite log-Gaussian identifiability on C. Given a finite family of distinct log-
Gaussian laws Q1, . . . , Qℓ, choose finitely many log evaluations whose joint Gaussian laws
distinguish every pair. This is possible because the evaluations generate B(C) and the laws
are concentrated on strictly positive paths. Write aj and Vj for the means and covariance
matrices of these joint laws. A vector v can be chosen so that all pairs (µj , σ2j ) = (v⊤aj , v

⊤Vjv)
are distinct: the exceptional vectors lie in a finite union of proper polynomial zero sets. If∑ℓ

j=1 djQj = 0, the moment generating functions of these scalar projections give

ℓ∑
j=1

dje
rµj+r2σ2

j /2 = 0, r ∈ R.

Choose the largest variance and, among terms with that variance, the largest mean. Dividing
by its exponential and letting r → ∞ shows that its coefficient is zero. Repeating proves
linear independence. The argument also permits singular or zero covariance matrices for the
Gaussian log-fields.
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Condition (29) makes stationarity equivalent to

n∑
k=1

pkck(h)P
[h]
k =

n∑
k=1

pkPk, h ∈ T. (63)

Linear independence, applied to the union of the two finite families, and positivity of the
coefficients give a unique permutation ϖh with P [h]

k = Pϖh(k) and pkck(h) = pϖh(k). These are
precisely the weighted identities in the statement. Their converse follows by summing over k
and applying (29).
Sample continuity and Gaussianity imply continuity of the means and covariance kernels of
the log-fields: Gaussian increments tending to zero in probability have means and covariances
tending to zero. The tilting and normalisation formulas above therefore show that the log-
means and log-covariances under P [h]

k depend continuously on h. Choose a finite log-evaluation
map and a scalar projection distinguishing P1, . . . , Pn as above. Under (63), its mean–variance
pair under P [h]

k is continuous in h and ranges over a finite set of distinct pairs. Hence h 7→ ϖh

is continuous. The identity (P
[g]
k )[h] = P

[hg]
k gives ϖhg = ϖh ◦ϖg by distinctness, and ϖe = id.

Thus ϖ is a continuous homomorphism. If T is connected, continuity gives ϖh = id for every
h. The weighted identities and (29) then give stationarity of every component system; the
converse follows by linearity.
For unnormalised log-Gaussian components put γk = E{WZk

(e)} ∈ (0,∞) and let Z0
k have

the canonical law (28). Then Z0
k is log-Gaussian with Z0

k(e) = 1 almost surely, and the
single-anchor criterion and Corollary 3.2 give

νZk
= γkνZ0

k
, k = 1, . . . , n.

After dividing the weights pkγk by
∑n

j=1 pjγj and merging equal laws, the normalised result
applies. Since νZ =

∑n
k=1 pkγkνZ0

k
, this proves (35).

For (21), fix m ≥ 1. Each logZk has continuous mean, bounded on Km, and its centred
restriction is a Gaussian random element of the separable Banach space C(Km,Rq). Fernique’s
theorem gives

E

{
q∏

i=1

ρm,i(Zk)

}
= E

{
exp

{
q∑

i=1

sup
t∈Km

logZk,i(t)

}}
<∞, k = 1, . . . , n.

A finite sum with weights pk proves (21), and hence (19), completing the Gaussian case.
Now let T = R and first suppose all marks are log-Lévy. We may work on the regular carrier
D+ = {expx : x ∈ D(R,Rq)}, since all component intensities are concentrated there. Write
L±
k for the processes in (32) for Zk, and φ±

k for the characteristic functions of L±
k (1). The

unit-time laws determine the Lévy laws and, by independence of the halves, the law of Zk.
Thus the pairs (φ+

k , φ
−
k ) are distinct. For u ∈ Qq and f ∈ D+ put

gu(f, s) = exp{i⟨u, log f(s+ 1)− log f(s)⟩}.

For N ∈ N define

A+
N (f, u) =

1

N

∫ N

0
gu(f, s) ds, A−

N (f, u) =
1

N

∫ 0

−N
gu(f, s) ds.

Joint evaluation makes these maps measurable. For fixed r ∈ [0, 1), the unit increments
at n + r are independent and identically distributed on either half, apart from the single
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interval crossing zero. The strong law, Fubini’s theorem and bounded convergence in r imply
simultaneously for u ∈ Qq

A±
N (Zk, u) −→ φ±

k (u) almost surely.

Let Ek be the measurable set on which these limits hold with the pair (φ+
k , φ

−
k ). These sets

are disjoint and scale invariant. They are also invariant under every shift: translating an
integration interval by h changes its average by at most 2|h|/N . By (11), νZk

is concentrated
on Ek, so

νZ |Ek
= pkνZk

.

If νZ is shift-invariant, its restriction to the invariant set Ek is shift-invariant. This proves the
necessity in (35); sufficiency follows by linearity.
Finally, allow both log-Gaussian and log-Lévy marks on the càdlàg carrier. The set of contin-
uous paths is measurable and invariant under shifts and scalings. A log-Lévy mark whose two
halves have zero Lévy measures is log-Gaussian; every other log-Lévy mark is discontinuous
somewhere on R almost surely. Restricting a stationary mixture to discontinuous paths and
then to the sets Ek isolates each such log-Lévy component. The continuous restriction, if
nonzero, is a finite log-Gaussian mixture; the connected Gaussian case proves (35).

Proof of Lemma 5.2. Radial integration gives (44) and χ-homogeneity. Since Qi ̸≡ 0 almost
surely for i = 1, . . . , q, the measure νclQ satisfies (56); its total mass is

∫
T ϑ(G)λ(dv) = ∞.

Condition (19) and Lemma 7.1 therefore give νclQ ∈ Mσ(C). The marking and mapping theo-
rems identify (43) as a Poisson random measure with this intensity. Finally, BaBv = Bav and
left invariance of λ make the intensity shift-invariant, so Theorem 3.1 proves stationarity.

Proof of Proposition 5.4. Condition (46) implies that no component of Z is an identically zero
path. Thus (16) gives (17), and Lemma 7.1(ii) gives ν ∈Mσ(C). Choose n with e ∈ Kn. Radial
integration and (19) give

p = ν{f ∈ C : |fi(e)| > 1, i = 1, . . . , q} ≤ ν(U(n,...,n),1) <∞.

Shift invariance gives E{WZ(h)} = p for every h ∈ T. If p = 0, Tonelli’s theorem would give
E{SΠ(Z)} = 0, contrary to (46). Thus p > 0 and P∗ is well defined.
Since P∗ ≪ P, condition (46) holds also under P∗. Moreover, WZ(e) > 0 P∗-almost surely, so
Qcom is a well-defined C-valued random element satisfying (17). The scaling vector in (47) has
character p/SΠ(Z), hence SΠ(Q

com) = p P∗-almost surely.
Write Q = Qcom. For F ∈ H(C), put GF = F/SΠ on {0 < SΠ < ∞} and GF = 0 elsewhere.
This is measurable and scale invariant. We use 0 · ∞ = 0. For fixed v, the functional
f 7→ Wf (e)GF (B

vf) belongs to H(C). Applying (25) with shift v−1 and then Tonelli’s theorem
gives ∫

T
E∗F (BvQ)λ(dv) =

∫
T
E{WZ(e)GF (B

vZ)}λ(dv)

=

∫
T
E{WZ(v)GF (Z)}λ(dv)

= E{SΠ(Z)GF (Z)} = E{F (Z)}.

Taking F =
∏q

i=1 ρKi,i and using (21) and cofinality yields (41). Taking F (f) =
∫
G I{Srf∈A} ϑ(dr),

A ∈ EC , yields (48) by (42).
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Proof of Theorem 6.1. By Proposition 5.4, Q = Qcom under P∗ is a product cluster, SΠ(Q) = p
almost surely, and ν = νclQ. A shifted cluster hits K at level y precisely when its shift belongs
to KEy(Q)−1. If DK ⊂ K is countable and dense, continuity gives

{v ∈ T : v ∈ KEy(Q)−1} =
⋃

d∈DK

q⋂
i=1

{v ∈ T : Qi(v
−1d) > yi},

which also establishes the required joint measurability in (v, y,Q). Hence

Hν(K) = E∗

{∫
(0,∞)q

λ(KEy(Q)−1) dy

}
. (64)

Choose a compact symmetric identity neighbourhood V and put U = V 2. Condition (41)
implies

E∗

{∫
(0,∞)q

λ(UEy(Q)−1) dy

}
≤ Λ(U,...,U)(Q) <∞. (65)

Indeed, v ∈ UEy(Q)−1 implies yi < ρU,i(B
vQ) for i = 1, . . . , q; integrate this inclusion first

over y and then over v. If Ey(Q) were not relatively compact, it would contain points tj for
which the sets Ut−1

j are pairwise disjoint. Unimodularity makes every such set have measure
λ(U) > 0 contradicting (65). Thus Ey(Q) is relatively compact for dy⊗P∗-almost every (y,Q).
For a nonempty relatively compact open set E, fix t ∈ E and a compact C ⊃ E−1∪{e}. Right
invariance and (50) give

1 =
λ(Fnt

−1)

λ(Fn)
≤ λ(FnE

−1)

λ(Fn)
≤ λ(FnC)

λ(Fn)
−→ 1.

The ratio is zero for E = ∅. For domination, choose a maximal disjoint family (ajV )Nn
j=1 with

aj ∈ Fn. Then Fn ⊂
⋃Nn

j=1 ajU and Nnλ(V ) ≤ λ(FnV ), so

λ(FnE
−1)

λ(Fn)
≤ λ(FnV )

λ(Fn)λ(V )
λ(UE−1) ≤ cV λ(UE

−1),

where cV < ∞ follows from (50). Dominated convergence in (64), using (65), yields Hν =
E∗{Rsup(Q)} < ∞. Since SΠ(Q) = p > 0, there is common positivity somewhere, so
Rsup(Q) > 0 almost surely. This proves strict positivity as well as independence of the
windows. Finally, Rsup(Srf) = χ(r)Rsup(f). The definition of Qcom and the density of P∗

therefore give the second equality in (53).
For the reciprocal representation, write A = {f : f(e) > 1}. Under the substitution yi = r−1

i ,
the excursion set of SrBvQ is vEy(Q), whose Haar measure is λ(Ey(Q)). Moreover, SrBvQ ∈
A exactly when v−1 ∈ Ey(Q). Inversion preserves Haar measure, and each nonempty Ey(Q)
has positive finite measure: positivity follows from continuity, while

λ(Ey(Q)) ≤ SΠ(Q)∏q
i=1 yi

<∞.

Consequently, radial substitution and Tonelli’s theorem give∫
A

ν(df)

τ(f)
= E∗

{∫
(0,∞)q

λ(Ey(Q)−1)

λ(Ey(Q))
dy

}
= E∗{Rsup(Q)},
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where the fraction is zero for the empty excursion. By the definition of Θ, Θ(e) = 1 almost
surely. For every nonnegative measurable G, radial substitution gives∫

A
G(f) ν(df) = pE

{∫
(1,∞)q

G(SrΘ)ϑ(dr)

}
= pE{G(SRΘ)}.

Taking G = 1/τ proves the last equality in (54).

Proof of Corollary 6.2. Write S = Sκ,V and c = 1TV 1 > 0. The singleton Gaussian criterion
has Σ(t, s) = S(t) + S(−s) − S(t − s) and b(t) = 1

2{S(−t) − S(t)}1. Since S(−t) = S(t)T,
direct substitution verifies ⟨b(t),1⟩ = 0 and (37)–(38). Thus νZ is shift-invariant, and the
Gaussian part of Theorem 4.1 gives (19). Moreover we have

WZ(t) = exp{1TYκ,V (t)− c|t|κ}.

The Gaussian process 1TYκ,V has the law of
√
2cBκ/2, where Bκ/2 is two-sided fractional

Brownian motion, with the linear Gaussian interpretation for κ = 2. Gaussian tail bounds at
integer times and on unit increments, followed by Borel–Cantelli, give Bκ/2(t) = o(|t|κ) almost
surely as |t| → ∞. Hence 0 < SΠ(Z) <∞ almost surely. For every positive sequence Tn → ∞,
the windows Fn = [0, Tn] satisfy (50). Applying Theorem 6.1 and substituting yi = exi in (52)
yields (7), with H = HνZ . Since Z(0) = 1, (53) and (54) give (55). Finally, continuity and
Ri > 1 give τ(SRZ) > 0, while τ(SRZ) ≤ χ(R)SΠ(Z) <∞ almost surely.
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