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Abstract. We study simultaneous exceedance of heterogeneous linear barri-
ers on Brownian metric trees with several terminal groups. A fixed finite skele-
ton is completed by independent finite genealogies whose edges lie on the u−2

excursion scale. The sharp asymptotic is a skeleton Gaussian tail multiplied by
a common-time grouped Brownian functional. The terminal coefficient factor-
izes over the active genealogies. The formulas retain reversed-trunk crossings,
the covariance-loss correction, and binding constraints with zero quadratic-
programming multipliers. Singleton groups recover the fixed-tree result with
coordinatewise drifts and shifts. For two leaves with zero drifts and a common
barrier we also obtain a transition formula valid at every shrinking terminal-
edge rate, including the correction to the Gaussian exponent. Further results
give computable bounds and examples, the network obstacle interpretation, a
finite active-set procedure, and one-branch and largest-distance asymptotics.
These reference models identify the estimates needed for changing genealogies,
growing trees and general Gaussian trends.

1. Introduction

Brownian decision trees describe trajectories that share a Brownian history until
deterministic branching times and then evolve independently. Dębicki, Ievlev and
Kriukov [1] obtain exact finite-horizon exceedance asymptotics for level-synchronous
trees: all particles in a generation split at the same time into the same number of
children. Their results cover exceedance by at least one branch, the largest distance
between branches, and simultaneous exceedance by all branches.

We study simultaneous ruin when several groups of leaves branch inside the
terminal excursion window. A fixed finite Brownian tree supplies the skeleton.
Its leaf j is continued, from time T − κ/u2, by a fixed finite genealogy Gj whose
times and spatial increments are scaled by u−2 and u−1, respectively. Denote its
descendant set by Bj and the resulting paths by X(u)

ji , i ∈ Bj . All descendants in
group j have the common barrier qju + cjt − xj , whereas these parameters may
differ between groups. The main probability is

ΨB(u) = P{∃t ∈ [0, T ] : X
(u)
ji (t)− cjt+ xj > qju, j = 1, . . . , d, i ∈ Bj}.

The skeleton, horizon, scaled genealogies and barrier parameters are fixed in the
first main theorem. The second main theorem treats two leaves with an arbitrary
shrinking terminal length, including nonconvergent scaled lengths u2δ(u).

Theorem 2.1 identifies one conditioning offset for each skeleton leaf with a posi-
tive quadratic-programming multiplier. That offset is shared by all of its terminal
descendants. The sharp ruin asymptotic is a skeleton Gaussian tail multiplied by
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an expected volume of a union of boxes, with one radial coordinate per active
group. The boxes retain a common time across groups. The corresponding ter-
minal coefficient factorizes over the active genealogies. Both formulas include the
covariance loss from shortening the skeleton and the conditional Gaussian factor
for binding constraints with zero multipliers. The ruin coefficient also retains the
reversed trunks, and hence exceedance before the fine branching.

When every group consists of one leaf, the entire grafted process has the same
law as the fixed skeleton. Its terminal coefficient is one, and its ruin coefficient is
exactly the fixed-tree Brownian constant. This yields Corollary 2.2 with arbitrary
fixed coordinatewise drifts and shifts. The centered fixed-tree case is a specializa-
tion of the non-stationary vector-valued Gaussian theorem of Dębicki, Hashorva
and Wang [2, Theorem 2.4(2)]. Remark A.9 verifies that identification, includ-
ing possible covariance singularity before the final skeleton branch points. The
quadratic-programming reduction of Gaussian orthant tails is also standard; see
[3]. The grouped triangular family requires the conditioning, domination and lo-
calization argument given here.

Theorem 2.3 gives the transition for two leaves whose terminal edge length δ(u)
tends to zero. It covers all behaviours of u2δ(u), including oscillation, and re-
tains the Gaussian exponent correction needed beyond the fixed-scale regime. Its
proof combines conditioning at the split with terminal Gaussian tail estimates for
the degenerating covariance. The one-group finite-genealogy formula appears in
Example 3.2; its reflection proof is retained in the Appendix as an independent
verification.

Proposition 3.4 and Lemma 3.5 identify the skeleton quadratic cost with a net-
work obstacle problem and give a finite procedure for finding its active leaves. The
examples show unequal currents, active-set and boundary transitions, and explicit
trend effects. Example 3.3 treats two sister pairs, with a diagram, a factorized
terminal coefficient and a two-dimensional ruin constant; the three-leaf and sin-
gleton cases are recovered as variations. Proposition 3.1 controls truncation of
the reversed trunks for numerical evaluation. The one-branch and largest-distance
results extend the corresponding decision-tree formulas in [1].

The analysis resolves fixed finite terminal groups and the all-rate transition for
one two-leaf family. The following bottlenecks concern extensions of these reference
models, rather than assertions that the questions are open in every Gaussian setting.

(1) Trends in the general vector-valued setting. Fixed linear drifts and offsets
are included here, with common parameters within each terminal group.
For a general deterministic trend gi, the local quantity to control is

u{gi(T − hus)− gi(T )},

where hu is the endpoint scale. Here hu = u−2, so a fixed linear trend dis-
appears from the local field while its terminal value remains in the Gaussian
tail and boundary factor. Other Gaussian models require appropriate con-
ditioning, integrable bounds and localization. A varying threshold cannot
simply be substituted into a fixed-parameter theorem.

(2) Changing terminal genealogies and local barriers. The first theorem permits
several fixed finite genealogies inside a window of length κ/u2. Its parame-
ters are fixed as u→ ∞; it does not justify substitution of a changing κ(u)
or changing scaled branching times. The second theorem settles this issue
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for two leaves and shows why a terminal Gaussian exponent correction can
be necessary. For general groups, uniform tail estimates, changing geneal-
ogy geometry, and unequal descendant barriers on the local scale remain to
be treated. The absence of branching from each bounded excursion window
alone does not provide the required uniform estimates.

(3) Growing trees and changing active sets. Growing leaf count or horizon
requires control of covariance inverses, small positive multipliers, closing
inactive gaps and local constants. The bound 1 ≤ HI ≤ 2|I| does not
supply this uniformity. A boundary residual may enter the local functional
when multipliers or inactive gaps vary, instead of remaining an external
Gaussian factor. For simultaneous ruin the skeleton quadratic cost and
active groups are central. For union events, accumulated overlaps must
also be controlled: writing Ai(u) for exceedance by leaf i, one needs∑

i<j

P{Ai(u) ∩Aj(u)} = o

(∑
i

P{Ai(u)}

)
.

Negligibility of each fixed pair does not imply this relation when the number
of leaves grows.

(4) Non-Brownian edge fields. Increment roughness and terminal variance loss
need not have the same exponent. For independent fractional Brownian mo-
tions along the edges, a terminal edge of fixed length ℓ has increment vari-
ance h2H , whereas its terminal variance loss is ℓ2H−(ℓ−h)2H ∼ 2Hℓ2H−1h.
Thus the Brownian balance occurs only at H = 1/2. The local field, nor-
malization and localization must be established in the resulting regimes,
including interactions with trends and zero-multiplier constraints.

Section 2 introduces the skeleton and terminal groups, states the two main the-
orems, and identifies the fixed-tree special case. Section 3 gives the proofs, coef-
ficient bounds and examples, the network interpretation, and complementary ex-
ceedance results. Appendix A contains the auxiliary estimates, the complementary
exceedance proofs, independent fixed-tree and one-group verifications, the compar-
ison with the centered vector-valued theorem, and the detailed alternative condi-
tioning proof.

2. Main results

The first theorem fixes a finite skeleton, the horizon, the barrier parameters and
the scaled terminal genealogies; the resulting fine tree varies with u. All limits
are as u → ∞. Branching times and offspring numbers may vary from vertex
to vertex. The second theorem treats a two-leaf family with arbitrary shrinking
terminal lengths.

Let T be the fixed finite rooted skeleton with vertex set V, edge set E , root ρ,
and terminal leaves

L = {1, . . . , d}.
Each vertex v has deterministic height t(v) ∈ [0, T ], with

t(ρ) = 0, t(i) = T, i ∈ L,

and height is strictly increasing along each edge. For an edge e = (v, w), write

ℓe = t(w)− t(v) > 0.
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Figure 1. Example of a finite rooted Brownian metric tree. Each
edge e = (p, w) has length ℓe = t(w)− t(p) and carries an indepen-
dent Brownian motion We. All skeleton leaves lie at the common
terminal height T ; the added terminal genealogies are not shown.

We assume that each terminal edge has positive length: if p(i) is the parent of leaf
i, then

T − t(p(i)) > 0, i = 1, . . . , d.

Attach to every edge e an independent standard Brownian motion We on [0, ℓe].
For a leaf i, define Bi(t) by summing the completed edge increments on the path
from ρ to i, plus the partial increment on the unique edge containing the point of
height t on that path. Then each Bi is a standard Brownian motion, and two leaves
agree until their most recent common ancestor.

For i ̸= j, let i ∧ j be the most recent common ancestor of i and j, and put

rij = t(i ∧ j).

With B(t) = (B1(t), . . . , Bd(t))
⊤, define

Γ(t) = Cov(B(t)).

Then

Γij(t) =

{
t, i = j,

min(t, rij), i ̸= j.

In particular, the terminal covariance matrix Σ = Γ(T ) satisfies

Σij =

{
T, i = j,

rij , i ̸= j.

The terminal-edge assumption implies Σ ≻ 0: every non-trivial linear combination
ofB1(T ), . . . , Bd(T ) contains at least one independent terminal-edge increment with
non-zero coefficient.

Let Ft be the natural filtration generated by the edge Brownian motions up to
height t. Then B is a continuous Gaussian process with independent increments:
for 0 ≤ s ≤ t ≤ T , the increment B(t)−B(s) is independent of Fs, has covariance
Γ(t)− Γ(s), and this covariance matrix has non-negative entries.
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Choose
0 < δ0 < min

1≤i≤d
{T − t(p(i))}.

For t ∈ [T − δ0, T ], no branching occurs on [t, T ], and hence

Γ(t) = Σ− (T − t)Id.

The edge-Brownian construction is equivalently a centered Gaussian field {G(x) :
x ∈ T } on the rooted metric tree. If x∧ y denotes the highest common ancestor of
the two points x, y ∈ T , then

Cov(G(x), G(y)) = t(x ∧ y).

For a leaf i, let γi(t) be the point of height t on the root-to-i geodesic. Then

Bi(t) = G(γi(t)), 0 ≤ t ≤ T.

Thus the Brownian metric tree is a particular Gaussian metric tree whose restriction
to each root-to-leaf path is Brownian motion, and whose descendant subtrees evolve
independently after their most recent common ancestor.

Let
q ∈ (0,∞)d, c,x ∈ Rd.

The fixed-skeleton reference probability is

ΨT (u) = P {∃t ∈ [0, T ] : Bi(t)− cit+ xi > qiu, i = 1, . . . , d} .

Put
a(t) = tc− x, a = a(T ) = Tc− x,

so that the terminal threshold is uq + a, and define

pT (u) = P{B(T ) > uq + a}.

We add terminal groups to this skeleton inside the excursion window. Fix κ > 0.
For each skeleton leaf j ∈ L, let Gj be a fixed finite rooted metric tree with positive
edge lengths, root height zero, and all leaves at height κ. Denote its leaf set by Bj .
Independent standard Brownian motions on its edges define trajectories Gji(s), i ∈
Bj , 0 ≤ s ≤ κ, by the same construction as above. The genealogies are independent
across j and independent of B. Put B = (B1, . . . ,Bd). For all sufficiently large u,
set

ru = T − κ

u2

and define the descendant trajectories

(1) X
(u)
ji (t) =

{
Bj(t), 0 ≤ t ≤ ru,

Bj(ru) + u−1Gji

(
u2(t− ru)

)
, ru < t ≤ T,

j ∈ L, i ∈ Bj .

Thus the edges of Gj are compressed by u−2 in time, while their Brownian in-
crements are scaled by u−1. All descendants of skeleton leaf j inherit its barrier
uqj + aj(t). Define

ΨB(u) = P
{
∃t ∈ [0, T ] : X

(u)
ji (t) > uqj + aj(t), j ∈ L, i ∈ Bj

}
,(2)

pB(u) = P
{
X

(u)
ji (T ) > uqj + aj , j ∈ L, i ∈ Bj

}
.(3)

The active set and boundary factor below are computed from the skeleton co-
variance Σ. Each of its active coordinates represents one terminal group.
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Apply Lemma A.1 to ΠΣ(q). Let q̃ be the minimizer, let I be the active set,
and put

J = {1, . . . , d} \ I.
Then

q̃I = qI , q̃J = ΣJIΣ
−1
IIqI ≥ qJ ,

with the second identity omitted when J = ∅. Moreover

λI := Σ−1
IIqI > 0I , λJ = 0J , λ = Σ−1q̃.

We use “active set” for the positive-multiplier set I. A constraint can be binding,
q̃j = qj , while j ∈ J and λj = 0. Such boundary coordinates are retained in the
factor below. The leading quadratic cost is

QΣ(q) = q⊤
I Σ

−1
IIqI = q̃⊤Σ−1q̃.

For inactive coordinates define bJ ∈ [−∞,∞)|J | by

bJ = lim
u→∞

[
u
(
qJ − ΣJIΣ

−1
IIqI

)
+ aJ − ΣJIΣ

−1
IIaI

]
.

Equivalently, for j ∈ J ,

bj =

{
aj − ΣjIΣ

−1
IIaI , if qj = ΣjIΣ

−1
IIqI ,

−∞, if qj < ΣjIΣ
−1
IIqI .

Let Z ∼ N(0,Σ). Set

πJ (bJ ) = P {ZJ > bJ | ZI = 0I} ,

with πJ = 1 if J = ∅. Coordinates with bj = −∞ are ignored. Since the
conditional Gaussian law is non-degenerate on finite boundary coordinates,

πJ (bJ ) ∈ (0, 1].

For L > 0, define

HI(L;λI) :=

∫
R|I|

P
{
∃s ∈ [0, L] : λiWi(s)− λ2i s > zi, i ∈ I

}
e
∑

i∈I zi dzI ,

where Wi, i ∈ I, are independent standard Brownian motions. The map L 7→
HI(L;λI) is non-decreasing, and Lemma A.4 gives

HI(λI) := lim
L→∞

HI(L;λI) ∈ [1, 2|I|].

For j ∈ I, let Wj be independent standard Brownian motions, independent of
every terminal genealogy. On K = (−∞, κ], define

(4) ξji(t) =

{
Wj(−t)− λj(−t), t ≤ 0,

Gji(t), 0 ≤ t ≤ κ,
i ∈ Bj .

All descendants in one group share the same reversed trunk. With

m = |I|, Q∗ =
∑
j∈I

λ2j , Lj = min
i∈Bj

Gji(κ),

set

CB = e−κQ∗/2E

Lebm

⋃
t∈K

∏
j∈I

(
0, eλj mini∈Bj

ξji(t)
) ,(5)
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DB = e−κQ∗/2E
{
e
∑

j∈I λjLj

}
= e−κQ∗/2

∏
j∈I

E
{
eλjLj

}
.(6)

Here Lebm is m-dimensional Lebesgue measure. The same time t is used in every
group in (5); the union therefore retains simultaneous exceedance. The time interval
(−∞, 0] accounts for crossing before the fine branching, and e−κQ∗/2 accounts for
the covariance lost by cutting the skeleton at ru.

Theorem 2.1 (Simultaneous ruin with several terminal groups). Keep the skeleton,
the horizon T , the parameters (q, c,x), κ > 0, and all terminal genealogies fixed.
Then CB and DB are finite and strictly positive, and, as u→ ∞,

(7) ΨB(u) ∼ CB pT (u), pB(u) ∼ DB pT (u).

The common reference tail satisfies

(8)
pT (u) ∼ πJ (bJ )

u−m

(2π)m/2|ΣII |1/2
∏

j∈I λj

× exp

{
−1

2
(uqI + aI)

⊤Σ−1
II (uqI + aI)

}
.

Consequently,

(9)
ΨB(u)

pB(u)
−→ CB

DB
.

Binding constraints with zero multipliers contribute through πJ (bJ ) in both absolute
asymptotics; they do not introduce additional coordinates into (5) or (6).

If every Gj has a single leaf, the grafted process has exactly the law of the fixed
skeleton. In this case

(10) CB = HI(λI), DB = 1,

for every fixed κ > 0. Thus Theorem 2.1 contains the following fixed-tree result,
including its drifts, shifts, and Gaussian boundary factor.

Corollary 2.2 (Fixed-tree specialization). For the fixed skeleton with positive ter-
minal edge lengths,

ΨT (u) ∼ HI(λI) pT (u),

where the full Gaussian asymptotic for pT (u) is (8). Thus singleton groups recover
the fixed-tree formula with arbitrary fixed leafwise drifts and shifts.

The second theorem concerns a tree whose terminal edge length depends on u.
Write Φ(x) = P{Z > x}, where Z ∼ N(0, 1). For independent standard Brownian
motions W1,W2 and κ ≥ 0, define

Mκ = sup
0≤s≤κ

min{W1(s),W2(s)}, Cκ = 2e−κ/2E cosh(Mκ),

Dκ = 2Φ(
√
κ/2), Rκ = Cκ/Dκ, H2 = H{1,2}(12).

These definitions give M0 = 0, C0 = 2, D0 = 1, and R0 = 2. The finiteness of Cκ

follows from Mκ ≤ sups≤κW1(s) and Gaussian exponential moments.
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Theorem 2.3 (Two leaves with an arbitrary shrinking terminal length). Let δ =
δ(u) ∈ (0, 1) satisfy δ(u) → 0, and put κ = κ(u) = u2δ(u). Let two standard
Brownian leaves share their path up to time 1 − δ(u), then evolve independently
until time 1. With zero drifts and common barrier u, denote the simultaneous
exceedance probability on [0, 1] by Ψsh(u), and its terminal counterpart by psh(u).
Define

F (u, δ) =

(
1− δ

2

)3/2

exp

{
− u2δ2

4(2− δ)

}
.

Then, along every such choice of δ(u),

(11)
psh(u) ∼ Dκ(u)Φ(u)F (u, δ(u)),

Ψsh(u) ∼ Cκ(u)Φ(u)F (u, δ(u)).

In particular,

(12) Ψsh(u) ∼ Rκ(u)p
sh(u).

No convergence assumption on κ(u) is required. If κ(u) → ∞, these formulas give

(13) psh(u) ∼ (2− δ)3/2

2πu2
√
δ

exp

{
− u2

2− δ

}
, Ψsh(u) ∼ H2p

sh(u).

Remark 2.4 (The correction for varying terminal lengths). The factor F (u, δ) re-
tains the curvature of the terminal Gaussian exponent. If κ(u) = o(u), it tends
to one, and the uncorrected expression Cκ(u)Φ(u) remains valid. If κ(u)/u → τ ∈
[0,∞), then

F (u, δ(u)) −→ e−τ2/8.

For example, δ(u) = 1/u gives

Ψsh(u)

CuΦ(u)
−→ e−1/8.

Thus substitution of a growing κ(u) into the fixed-κ asymptotic requires control of
the terminal Gaussian tail as well as the branching window.

3. Further results and proofs

We first prove the grouped theorem and its fixed-tree specialization, then give
coefficient bounds and examples with one and two terminal groups. The skeleton
network interpretation and examples follow. We next establish the exact shrinking-
edge identities and coefficient limits, prove the all-rates theorem, and state the
complementary exceedance results. Appendix A contains the auxiliary estimates,
complementary proofs and independent verifications.

Proof of Theorem 2.1. The reference-tail expansion is Lemma A.3. Put A = ΣII ,
m = |I|, and let ϕA be the centered Gaussian density with covariance A. Write
SJ = ΣJJ − ΣJIA

−1ΣIJ for the conditional covariance on the inactive coordi-
nates, omitting it if J is empty.

Fix L > 0, write h = L+ κ, and cut the skeleton at Su = T − h/u2. Let Mu(L)
be the probability of a crossing restricted to [Su, T ]. Condition on

BI(Su) = uqI + aI(Su)− z/u, z ∈ Rm.
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Its covariance is Au = A− hIm/u
2, and, for fixed z,

(14)
ϕAu

(uqI + aI(Su)− z/u)

ϕA(uqI + aI)
−→ eλ

⊤
I z−hQ∗/2.

Indeed A−1
u = A−1 + hu−2A−2 + O(u−4) and aI(Su) − aI = O(u−2). The latter

shift contributes o(1) to the logarithmic density ratio.
All minima below are over the descendants i ∈ Bj of the indicated group. The

rescaled active future paths have the law

Yji,L(s) =

{
Uj(s), 0 ≤ s ≤ L,

Uj(L) +Gji(s− L), L ≤ s ≤ h,

where Uj are independent standard Brownian motions, independent of the genealo-
gies. The rescaled change of the linear barrier is cjs/u, uniformly negligible. Con-
ditional inactive residuals have covariance tending to SJ and thresholds tending to
bJ . Their future fluctuations, including all finitely many descendants, are OP(u

−1)
uniformly on [Su, T ]. They are independent of the active future paths. Sandwiching
the inactive thresholds between bJ − η and bJ + η on finite coordinates, and then
letting η ↓ 0, gives the conditional limit

πJ (bJ )JL(z), JL(z) = P{∃s ∈ [0, h] : Yji,L(s) > zj , j ∈ I, i ∈ Bj},

for Lebesgue-almost every z. Almost-everywhere convergence suffices here; these
crossing probabilities are coordinatewise monotone functions of z, and their dis-
continuities form a Lebesgue-null set.

For completeness, fix 0 < ε < minj∈I λj . For large u the ratio in (14) is bounded
by

(15) Ch exp

∑
j∈I

(λj + ε sign zj)zj

 .

This is integrable in each negative direction. For positive directions, put F = {j :
zj > 1} and ZF =

∑
j∈F zj . Select a descendant ij ∈ Bj in each active group.

Its path Yjij ,L is a standard Brownian motion on [0, h], and selected paths are
independent across groups. A crossing implies

sup
0≤s≤h

∑
j∈F

Yjij ,L(s) > ZF − Ch.

The reflection principle therefore bounds the conditional crossing probability by
Ch exp{−((ZF −Ch)+)

2/(2mh)} when F ̸= ∅. On each of the finitely many regions
determined by F , this Gaussian decay combines with (15) to give an integrable
envelope. Dominated convergence and vj = eλjzj now yield

(16)
Mu(L)

pT (u)
−→ e−hQ∗/2ELebm

 ⋃
0≤s≤h

∏
j∈I

(0, eλj mini Yji,L(s))

 .
The Jacobian is eλ

⊤
I z dz = (

∏
j∈I λj)

−1 dv, which cancels the active-tail prefactor.
Subtract Uj(L) from each path in group j. The volume in (16) acquires the

multiplicative factor e
∑

j λjUj(L). Tilt by the mean-one density e
∑

j λjUj(L)−LQ∗/2.
Under this tilt, (Uj(L − s) − Uj(L))0≤s≤L has the law (Wj(s) − λjs)0≤s≤L. The
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genealogies are unchanged and independent of the reversed paths. Hence the limit
in (16) is precisely

(17) CB,L = e−κQ∗/2ELebm

 ⋃
−L≤t≤κ

∏
j∈I

(0, eλj mini ξji(t))

 .
We next justify localization. For the skeleton and any 0 < S ≤ T , a stopping-

time comparison gives
(18)
P{∃t ≤ S : BI(t) > uqI+aI(t)} ≤ KIP{BI(S) > uqI+aI(S)}, KI =

∏
j∈I

max{2,Φ(cj
√
T )−1}.

Here Φ is the standard normal upper tail. To see this, stop when the minimum of
the active margins first reaches ϵ > 0. Conditional future increments have nonneg-
ative Gaussian covariances. Gaussian association bounds their joint probability of
exceeding the linear trend increments below by the product of the marginal prob-
abilities, each at least min{1/2,Φ(cj

√
T )}. The endpoint at the stopping time is

already above its barrier. Let ϵ ↓ 0 to obtain (18); this is Lemma A.7. Since
Su < ru, a grouped crossing before Su implies the skeleton active event in (18). A
Gaussian tail calculation using Au gives

P{BI(Su) > uqI + aI(Su)}
pT (u)

−→ πJ (bJ )−1e−hQ∗/2.

Consequently,

(19) lim sup
u→∞

ΨB(u)−Mu(L)

pT (u)
≤ KIπJ (bJ )−1e−(L+κ)Q∗/2.

By monotone convergence, CB,L ↑ CB. The constant is finite: the past volume
is bounded by the product of individual drifted-Brownian supremum exponentials,
of expectation 2m; the future volume is bounded by a product of exponentials of
Brownian suprema on [0, κ], with finite expectation. The box at t = 0 has volume
one, so CB > 0. Letting L→ ∞ in (19) proves the ruin assertion.

For the terminal event, condition on BI(ru) = uqI+aI−z/u, using the terminal
shift aI = aI(T ). The active density ratio converges to eλ

⊤
I z−κQ∗/2, the inactive

factor is again πJ (bJ ), and the active event is Lj > zj for all j ∈ I. The same
domination argument applies, using one Gaussian endpoint per group for positive
directions. Tonelli’s theorem gives∏

j∈I
λj

∫
Rm

eλ
⊤
I zP{Lj > zj , j ∈ I} dz = Ee

∑
j λjLj .

Independence across the genealogies gives (6). Its positivity and finiteness follow
immediately. This proves the remaining assertions. □

Proof of Corollary 2.2. For singleton groups, write Gj and ξj for the unique ter-
minal trajectory and local field in group j. For sufficiently large u, the cut ru lies
in every terminal skeleton edge. Beyond that cut the skeleton has independent
Brownian continuations, independent of its past. For singleton groups the graft
replaces these continuations by Brownian motions with exactly the same law, since
u−1Gj(u

2t) is standard Brownian motion. This proves equality in law of the entire
processes, including their common crossing time.
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The terminal identity is also immediate from the factorization:

DB = e−κQ∗/2
∏
j∈I

EeλjGj(κ) = e−κQ∗/2
∏
j∈I

eκλ
2
j/2 = 1.

We verify the ruin identity directly at the level of its constant. Define

V(f) = Lebm

⋃
t≤κ

∏
j∈I

(0, eλjfj(t))

 .
Translating each path by its terminal value gives

V(ξ) = e
∑

j λjGj(κ)V(ξ −G(κ)).

Under the probability measure with density

dP̂
dP

= e
∑

j λjGj(κ)−κQ∗/2,

each Gj has drift λj , while the original reversed trunks Wj remain independent
standard Brownian motions. Set ξ̂j(s) = ξj(κ − s) − Gj(κ), s ≥ 0. On [0, κ] this
is the reversed terminal segment, a Brownian motion with drift −λj . For s ≥ κ it
continues as

ξ̂j(s) = −Gj(κ) +Wj(s− κ)− λj(s− κ),

with independent Brownian increments and the same drift. Hence under P̂, the
processes ξ̂j , j ∈ I, are independent Brownian motions with drifts −λj on [0,∞).
It follows that

CB = ÊLebm

⋃
s≥0

∏
j∈I

(0, eλj ξ̂j(s))

 = HI(λI).

The equality with HI(λI) follows by Tonelli and the change of variables yj = ezj

in its defining integral. Substitution in Theorem 2.1 proves the corollary. □

Proposition 3.1 (Bounds and numerical truncation). The constants satisfy

(20) e−κQ∗/2HI(λI) ≤ CB ≤ HI(λI), 0 < DB ≤ 1, DB ≤ CB.

For the truncation in (17),

(21) 0 ≤ CB − CB,L ≤ e−(κ+L)Q∗/2HI(λI) ≤ 2me−(κ+L)Q∗/2.

Proof. The past alone gives the lower bound for CB; the box at t = κ gives CB ≥
DB. Retaining one representative leaf per group gives an upper bound. By the
singleton identity (10), the representative constant is HI(λI). Also Lj ≤ Gji(κ)

for a selected leaf, so EeλjLj ≤ eκλ
2
j/2 and DB ≤ 1.

The omitted boxes lie on the past segment s ≥ L. Factor their coordinate widths
at time L. Independent future increments give

ELebm

⋃
s≥L

∏
j

(0, eλjWj(s)−λ2
js)

 = e−LQ∗/2HI(λI).

Multiplication by e−κQ∗/2 proves (21). □
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Finite-time simulation now has a controlled error from omitting the remote re-
versed trunk. On [−L, κ], nested time grids with dense union recover the exact
union-of-boxes volume monotonically, by path continuity and strict inequalities.
Finite-window volumes have moments of every order. Their expectations can there-
fore be evaluated by simulation of the finitely many Brownian edge paths and
geometric union volumes. The bound (21) controls time truncation only; grid dis-
cretization and sampling errors require separate control. In particular one should
not infer finite variance for the untruncated functional: it already fails in the one-
group, no-genealogy case.

The singleton identities (10) also hold under the degenerate convention κ = 0,
with every group collapsed to its trunk.

Example 3.2 (One terminal genealogy). Fix κ > 0 and a finite rooted metric tree
G with positive edge lengths, root height zero, and dG leaves at height κ. Let Gi(s),
1 ≤ i ≤ dG , be its leaf trajectories, obtained from independent standard Brownian
motions on its edges. Put

MG = sup
0≤s≤κ

min
1≤i≤dG

Gi(s) ≥ 0, LG = min
1≤i≤dG

Gi(κ).

If this is the only active terminal group and its multiplier is λ > 0, write CG , DG for
its constants. Let Eλ, independent of the genealogy, satisfy P{Eλ > y} = e−2λy,
y ≥ 0. Then

CG = e−κλ2/2Eeλmax(Eλ,MG) = 2e−κλ2/2E cosh(λMG),

DG = e−κλ2/2EeλLG .

Indeed, for m ≥ 0, Eeλmax(Eλ,m) = eλm + e−λm. Conditioning at the split, Eλ rep-
resents the limiting backward maximum of the rescaled trunk and MG the forward
genealogy.

For the single-branch skeleton with T = 1, zero drifts and shifts, and common
barrier u, we have λ = 1. Let W0 be its Brownian trunk, independent of G, and put
ru = 1 − κ/u2 for u >

√
κ. The descendant paths are B(u)

i = X
(u)
1i from (1), with

B1 =W0 and G1i = Gi. Denote their simultaneous ruin and terminal probabilities
by ΨG(u) and pG(u) as in (2)–(3). Theorem 2.1 gives

(22)
ΨG(u) ∼ 2e−κ/2E cosh(MG) Φ(u),

pG(u) ∼ e−κ/2EeLG Φ(u),

and therefore
ΨG(u)

pG(u)
−→ 2E cosh(MG)

EeLG
.

The height, scaled branching times, and number of leaves are fixed. For a single
terminal branch the two coefficients are 2 and 1. For two independent terminal
edges, MG

d
=Mκ, and with E = E1 the coefficient becomes Cκ = e−κ/2Eemax(E,Mκ).

This recovers Lemma 3.12. Appendix A retains the independent reflection proof of
(22) and the detailed Brownian-bridge conditioning argument.

For several active groups, separate exponential trunk maxima do not preserve
their crossing times and cannot replace the common-time backward curve in (5).
The terminal coefficient factors, whereas the ruin coefficient generally does not.
Theorem 2.1 permits different fixed barriers and drifts between groups; changing
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scaled genealogies, growing leaf counts, and descendant-specific local barriers re-
quire further estimates.

Example 3.3 (Two sister pairs in two terminal groups). Let T = 1, take zero
trends and shifts, and give every leaf the barrier u. The skeleton has two leaves
whose common trunk ends at time ρ ∈ [0, 1), so

Σ =

(
1 ρ
ρ 1

)
, q = (1, 1)⊤, I = {1, 2}, λ1 = λ2 = λ =

1

1 + ρ
.

For fixed κ > 0 and all sufficiently large u, at ru = 1− κ/u2 each skeleton branch
splits into two independent terminal edges. The four final leaves form the sister
pairs B1 = {1, 2} and B2 = {3, 4}. Each pair shares its value at ru, so conditioning
produces two level offsets, one per pair. Figure 2 illustrates the construction. The
four edge processes G11, G12, G23, G24 on [0, κ] are independent standard Brownian
motions. Here πJ (bJ ) = 1, Q∗ = 2λ2, and the density correction is e−κλ2

.
For independent standard normal Z1, Z2,

Eeamin(Z1,Z2) = 2ea
2/2Φ(a/

√
2), a ≥ 0.

Each sister pair contributes one such terminal factor. Therefore

(23) DB = e−κλ2
[
2eκλ

2/2Φ
(
λ
√
κ/2
)]2

= 4Φ
(
λ
√
κ/2
)2
.

To specify the ruin coefficient, put

Fj(t) =

{
Wj(−t)− λ(−t), t ≤ 0,

mini∈Bj
Gji(t), 0 ≤ t ≤ κ,

j = 1, 2,

where W1,W2 are independent Brownian motions, independent of the terminal
edges. Then

(24) CB = e−κλ2

E

Leb2

⋃
t≤κ

[
(0, eλF1(t))× (0, eλF2(t))

] .

The rectangles use the same time in both coordinates: both pairs must cross si-
multaneously. Thus the terminal coefficient factors over the pairs, whereas the ruin
coefficient retains their common crossing time.

The skeleton reference tail is

p1(u) ∼
(1 + ρ)2

2π
√
1− ρ2

u−2e−u2/(1+ρ).

Theorem 2.1 gives pB(u) ∼ DBp1(u) and ΨB(u) ∼ CBp1(u), hence the limiting
ruin-to-terminal ratio is CB/DB. In particular, the power u−2 is determined by the
two groups, although the event involves four leaves. At ρ = 1/2 and κ = 1,

λ =
2

3
, e−κλ2

= e−4/9, DB = 4Φ(
√
2/3)2 ≈ 0.406217.

The ruin coefficient can be approximated by the rectangle-union procedure de-
scribed above. Brownian time scaling and (21) give

e−κλ2

H2 ≤ CB ≤ H2, 0 ≤ CB − CB,L ≤ H2e
−(κ+L)λ2

≤ 4e−(κ+L)λ2

.

Replacing either pair by a single leaf gives the three-leaf model with DB =
2Φ(λ

√
κ/2). If both groups are singletons, DB = 1 and CB = H2, recovering the
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fixed-tree case. More generally, an immediate star with dj descendants gives the
one-dimensional integral

EeλjLj = dj

∫
R
eλj

√
κzϕ(z)Φ(z)dj−1 dz,

so terminal coefficients for several stars remain directly computable.

0

ρ

ru

1
1 2 3 4

B1 B2

Figure 2. Two terminal sister pairs. The first split at ρ is fixed;
the two late splits occur at ru = 1− κ/u2. Heights are schematic.

The active set can be computed from voltages and currents on the tree. We
regard an edge e as a resistor of resistance ℓe, and use the Dirichlet energy

D(f) =
∑

e=(v,w)∈E

(f(w)− f(v))2

ℓe
, f : V → R, f(ρ) = 0.

Currents on edges are oriented towards the root.

Proposition 3.4 (Heterogeneous barriers as a network obstacle problem). The
quadratic cost satisfies

QΣ(q) = min
f :V→R

f(ρ)=0, f(i)≥qi, i∈L

D(f).

The minimizer f⋆ is unique, is harmonic at every non-root, non-leaf vertex, and
has leaf values (f⋆(i))i∈L = q̃. Its terminal currents satisfy

κi(f⋆) :=
f⋆(i)− f⋆(p(i))

ℓ(p(i),i)
= λi ≥ 0,

λi(f⋆(i)− qi) = 0.

Thus the active leaves are precisely those carrying positive current:

I = {i ∈ L : κi(f⋆) > 0}, QΣ(q) =
∑
i∈I

qiλi.

If L(w) is the set of leaves descending from w, then
f⋆(w)− f⋆(v)

ℓ(v,w)
=

∑
i∈L(w)

λi, (v, w) ∈ E .

In particular, f⋆ is non-decreasing along each root-to-leaf path, and f⋆(i) = f⋆(p(i))
for every i ∈ J .
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Proof of Proposition 3.4. Let P be the leaf-edge incidence matrix, where Pie = 1 if
edge e lies on the path from ρ to i, and Pie = 0 otherwise. Put Λ = diag(ℓe : e ∈ E).
The edge-increment construction gives Σ = PΛP⊤. For a voltage f , write ze =
f(w) − f(v) on e = (v, w). Since the graph is a tree, these increments determine
f uniquely when f(ρ) = 0; prescribed leaf values y are equivalent to Pz = y.
Quadratic minimization therefore gives

min
Pz=y

z⊤Λ−1z = y⊤Σ−1y, z⋆ = ΛP⊤Σ−1y.

Equivalently,

(25) min
f(ρ)=0

f(i)=yi, i∈L

D(f) = y⊤Σ−1y.

Minimizing over y ≥ q proves the obstacle identity and identifies its leaf values
as q̃. The energy is strictly convex on {f : f(ρ) = 0}: a zero-energy function is
constant on the connected tree and hence zero. This also proves uniqueness.

Variation at an interior vertex gives harmonicity. The minimizing edge incre-
ment formula shows that the current through (v, w), towards the root, equals∑

i∈L(w)(Σ
−1y)i. At y = q̃, Lemma A.1 identifies these leaf currents as λ and gives

their non-negativity and complementarity. Finally, QΣ(q) = q̃⊤λ = q⊤λ. □

The active set can be found by the following leaf-release procedure.

Lemma 3.5 (Leaf release). For a non-empty set A ⊂ L, let fA minimize D(f)
subject to

f(ρ) = 0, f(i) = qi (i ∈ A),

with all other vertices free. Put

κi(A) =
qi − fA(p(i))

ℓ(p(i),i)
, i ∈ A.

Start with A = L. If some j ∈ A has κj(A) ≤ 0, release that leaf by replacing
A with A \ {j}, and recompute the harmonic voltage. Stop when every remaining
pinned leaf has positive current.

The procedure makes at most d− 1 releases, and at termination

A = I, fA = f⋆, κi(A) = λi (i ∈ A).

The result is independent of the release order. Zero-current leaves are released even
when their final voltage equals their obstacle. Harmonic elimination on the tree
gives an implementation using O(d|V|) arithmetic operations and O(|V|) working
storage.

Proof of Lemma 3.5. For adjacent vertices write ℓvw for their edge length and set

Lf(v) =
∑

w:w∼v

f(v)− f(w)

ℓvw
.

Strict convexity gives a unique minimizer for each pinned set, and

LfA(v) = 0, v ∈ V \ ({ρ} ∪A).

In particular, every released leaf has zero terminal current.
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Suppose j ∈ A, κj(A) ≤ 0, and put A′ = A \ {j} and h = fA′ − fA. The root
condition ensures that fA′ exists even if A′ is empty. The function h vanishes on
{ρ} ∪A′, is harmonic at previously free vertices, and satisfies

Lh(j) = −κj(A) ≥ 0.

The discrete minimum principle implies h ≥ 0. Indeed, a negative minimum at a
free vertex would force all its neighbours to share that minimum, and connectedness
would propagate it to a fixed vertex, where h = 0. Thus releasing a nonpositive-
current leaf cannot decrease any voltage. A zero-current release leaves the voltage
unchanged, by uniqueness.

Inductively, all released leaves satisfy their obstacles. At the moment of release
the new leaf has voltage at least its previous value qj , and previously released
voltages cannot decrease. Moreover, discrete summation by parts gives, for every
non-empty A,

D(fA) =
∑
i∈A

qiκi(A) > 0.

The energy is positive because a positive leaf value is pinned while the root has
value zero. Since every qi > 0, at least one pinned current is positive. A release
therefore leaves a non-empty pinned set, and there can be at most d− 1 releases.

At termination all leaf obstacles are feasible. The pinned leaves attain their
obstacles and have positive current, the released leaves have zero current, and all
interior vertices are harmonic. These are the optimality conditions in Proposi-
tion 3.4, so fA = f⋆ and A = I. Uniqueness proves independence of the release
order. Releasing zero-current leaves identifies the positive-multiplier set; it does
not change the minimizing voltage at that step.

For the computational bound, fixing the root and pinned leaves leaves a positive
definite linear system whose graph is a forest. Successively eliminating vertices
of degree at most one in each free component creates no additional edges and
has positive pivots. Elimination and back-substitution take O(|V|) operations and
storage. Computing the terminal currents has the same bound. At most d harmonic
solves, including the initial solve, give the assertion. □

The coefficient 1⊤
d Σ

−11d has the following network interpretation. It also iden-
tifies the active set in the common-barrier case.

Remark 3.6 (Common barriers and conductance). Regard each edge e as a resistor
of resistance ℓe. Hold the root at potential 0 and all leaves at potential 1. If Q(T )
is the effective conductance between the root and the terminal boundary, then

Q(T ) = 1⊤
d Σ

−11d, Σ−11d > 0.

Moreover, (Σ−11d)i is the current entering through leaf i.
Pinning all leaves at potential 1, the harmonic voltage satisfies 0 ≤ f(p(i)) < 1

by the maximum principle. Thus every terminal current (1 − f(p(i)))/ℓ(p(i),i) is
positive. The energy identity in Proposition 3.4 now gives the result.

For q = 1d, Remark 3.6 gives λ = Σ−11d > 0. Hence the active set is full.
Consequently, for q = 1d and c1 = · · · = cd = c,

P {∃t ∈ [0, T ] : Bi(t)− ct > u, i = 1, . . . , d}

∼ H{1,...,d}(λ)
u−d

(2π)d/2|Σ|1/2
∏d

i=1 λi
exp

{
−1

2
(u+ cT )2Q(T )

}
,
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where
λ = Σ−11d, Q(T ) = 1⊤

d Σ
−11d.

The conductance can be computed without forming Σ. If Cv is the conductance
from a vertex v to its descendant leaves held at a common potential, the series and
parallel rules give

Ci = ∞ (i ∈ L), Q(T ) = Cρ,

Cv =
∑

w: (v,w)∈E

(
ℓ(v,w) + C−1

w

)−1
(v /∈ L),

with ∞−1 = 0.

Example 3.7 (Unequal currents under a common barrier). Let T = 3. After a
common trunk of length 1, leaf 1 follows a terminal edge of length 2. The other
branch continues to height 2 and splits into leaves 2 and 3, each with terminal
length 1. For q = 13,

Σ =

3 1 1
1 3 2
1 2 3

 , λ =
1

13

3
2
2

 .

Thus Q(T ) = 7/13 and |Σ| = 13. The terminal currents are positive but unequal.
The two sibling leaves carry current 2/13 each; the remaining leaf carries current
3/13. For common drift c and zero shifts,

ΨT (u) ∼ H{1,2,3}(λ)
135/2

12(2π)3/2
u−3 exp

{
− 7

26
(u+ 3c)2

}
.

The weights entering the local constant are unequal despite the common barrier.

Example 3.8 (A balanced binary tree of fixed depth). Fix n ≥ 1. Let each particle
split into two at times 1, . . . , n, and let Tn = n + 1 and dn = 2n. For q = 1dn

,
symmetry gives

Σ−1
n 1dn

= λn1dn
, λn = (2n+1 − 1)−1, Qn =

2n

2n+1 − 1
.

The remaining eigenvalues and their multiplicities are

µv,n = 2n−v+1 − 1, 2v−1, v = 1, . . . , n,

so

|Σn| = (2n+1 − 1)

n∏
v=1

µ2v−1

v,n .

These identities follow from the constant vector and the generation-wise Haar
contrasts, as in [1, Proposition 2.4]. Scale invariance gives H{1,...,dn}(λn1dn

) =
H{1,...,dn}(1dn

). Substitution in Corollary 2.2 recovers [1, Example 3.8]. The depth
n remains fixed in this specialization.

Example 3.9 (Two leaves and a change of active set). Let two leaves separate
at time r ∈ (0, T ), put ϱ = r/T , and take q = (1, a)⊤, where 0 < a ≤ 1, with
c = x = 0. Then

Σ = T

(
1 ϱ
ϱ 1

)
.
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Write Ψa(u) for the simultaneous exceedance probability and Φ for the standard
normal survival function. If a < ϱ, then

I = {1}, q̃ = (1, ϱ)⊤, λ1 = QΣ(q) = T−1, πJ = 1,

and hence
Ψa(u) ∼ 2Φ(u/

√
T ).

At a = ϱ, the active set is still {1}, but the second constraint is binding with zero
multiplier. Since

B2(T ) | B1(T ) = y ∼ N
(
ϱy, T (1− ϱ2)

)
,

its inactive boundary factor is πJ = 1/2. Therefore

Ψϱ(u) ∼ Φ(u/
√
T ).

If a > ϱ, both coordinates are active and

λ =
1

T (1− ϱ2)

(
1− ϱa
a− ϱ

)
, QΣ(q) =

1

T
+

(a− ϱ)2

T (1− ϱ2)
.

Consequently,

Ψa(u) ∼ H{1,2}(λ)
T (1− ϱ2)3/2

2π(1− ϱa)(a− ϱ)
u−2 exp{−QΣ(q)u

2/2}.

These assertions follow from Lemma A.1 and Corollary 2.2, using H{1}(T
−1) =

2. In the leaf-release procedure, the initial second current has the sign of a − ϱ.
Releasing leaf 2 when a ≤ ϱ leaves its potential at ϱ; equality gives the zero-current
binding case. For the concrete choice T = 1 and r = 1/2, the first two regimes read

P{∃t ∈ [0, 1] : B1(t) > u, B2(t) > au} ∼

{
2Φ(u), 0 < a < 1/2,

Φ(u), a = 1/2.

Conditioning on B1(1) near u centres B2(1) near u/2. The lower barrier is asymp-
totically redundant, while the barrier at the conditional mean contributes the factor
1/2.

Example 3.10 (Two leaves with an explicit drift effect). Take T = 1, let the two
leaves separate at time 1/2, and fix c ∈ R. Then

(26)
P{∃t ∈ [0, 1] : B1(t) > u, B2(t)− ct > u/2}

∼ 2Φ

(
2c√
3

)
Φ(u).

Indeed, the terminal parameters are

Σ =

(
1 1/2
1/2 1

)
, q =

(
1
1/2

)
, a =

(
0
c

)
.

The active set is I = {1}, with λ1 = 1, while b2 = c and Var(B2(1) | B1(1)) = 3/4.
Consequently,

π{2}(c) = Φ(2c/
√
3), p1(u) ∼ π{2}(c)Φ(u).

Corollary 2.2 and H{1}(1) = 2 give (26). At c = 0, this recovers the boundary case
in Example 3.9; a positive c decreases its leading constant. The trend disappears
from the local Brownian fluctuation limit but remains in the inactive Gaussian
boundary factor. The formula contains only ordinary normal tails.
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Remark 3.11 (A fixed-offset transition). For the two-leaf tree in Example 3.9 and
fixed θ ∈ R, set

Ψtr
θ (u) = P{∃t ∈ [0, T ] : B1(t) > u, B2(t) > ϱu+ θ}.

Then
Ψtr

θ (u)

2Φ(u/
√
T )

−→ Φ

(
θ√

T (1− ϱ2)

)
.

This is Corollary 2.2 with fixed q = (1, ϱ)⊤, c = 0, and x = (0,−θ)⊤, for which
b2 = θ. Equivalently, the second barrier coefficient is au = ϱ+θ/u. The assertion is
for each fixed θ; it describes the transition between the fixed-barrier regimes above
without asserting uniformity over unbounded offsets.

For the all-rates theorem we need more than the fixed-κ grouped asymptotic.
The following two-leaf lemma retains an exact reflection identity that will also
control changing terminal lengths.

Lemma 3.12 (Two leaves with a shrinking terminal edge). Fix κ > 0 and T = 1.
For u >

√
κ, let two Brownian leaves B(u)

1 , B
(u)
2 share their path until

ru = 1− κ/u2

and then evolve independently. With zero drifts and common barrier u, write

Ψκ(u) = P{∃t ∈ [0, 1] : B
(u)
1 (t) > u, B

(u)
2 (t) > u},

pκ(u) = P{B(u)
1 (1) > u, B

(u)
2 (1) > u}.

With Mκ and Cκ as defined in Section 2, as u→ ∞ with κ fixed,

(27) Ψκ(u) ∼ CκΦ(u), pκ(u) ∼ 2Φ
(√

κ/2
)
Φ(u).

In particular,
Ψκ(u)

pκ(u)
−→ Rκ =

Cκ

Dκ
.

Moreover,

(28) Ψκ(u) = E
{
Φ

(
u−Mκ/u√

ru

)
+Φ

(
u+Mκ/u√

ru

)}
,

and
Mκ

d
=

√
κM1, 2e−κ/2 ≤ Cκ ≤ 2.

Proof. Let W0 be the common Brownian trunk and set Sr = sup0≤t≤rW0(t), with
r = ru. Brownian scaling on the two terminal edges gives

Ψκ(u) = P{Sr > u or W0(r) +Mκ/u > u},

where Mκ is independent of the trunk. In particular, crossings before the split are
included. Write ϕr for the density of N(0, r). The reflection principle gives, for
x ≤ u,

P{Sr ≤ u, W0(r) ∈ dx} = {ϕr(x)− ϕr(2u− x)} dx.
Conditioning on Mκ = m ≥ 0 and integrating up to u−m/u proves (28).
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For passage to the limit, let hκ(z) = P{Mκ > z}, z ≥ 0. Integrating the same
killed density over endpoints below u gives

(29)
Ψκ(u) = 2Φ(u/

√
r)

+
1

u

∫ ∞

0

{ϕr(u− z/u)− ϕr(u+ z/u)}hκ(z) dz.

The first term is exactly the probability of crossing before the split. For fixed z ≥ 0,
Mills’ ratio and r = 1− κ/u2 yield

Φ(u/
√
r)

Φ(u)
→ e−κ/2,

ϕr(u∓ z/u)

uΦ(u)
→ e−κ/2±z.

For all sufficiently large u, the nonnegative density difference in (29), divided by
uΦ(u), is bounded by Ce2z. Independence and the reflection principle also give

hκ(z) ≤
2∏

i=1

P{sup
s≤κ

Wi(s) > z} = 4Φ(z/
√
κ)2.

Thus the integrand is dominated by an integrable function. Consequently,
Ψκ(u)

Φ(u)
−→ e−κ/2

[
2 +

∫ ∞

0

(ez − e−z)hκ(z) dz

]
= 2e−κ/2E cosh(Mκ).

Since 0 ≤ Mκ ≤ sups≤κW1(s), and the latter has distribution
√
κ|Z| for standard

normal Z,
1 ≤ E cosh(Mκ) ≤ E cosh(

√
κZ) = eκ/2.

This proves finiteness and the stated bounds. The scaling identity follows directly
from Brownian scaling.

For the terminal tail, the average and half-difference of the two terminal val-
ues are independent centered Gaussians with variances 1 − κ/(2u2) and κ/(2u2),
respectively. Hence

pκ(u) = EΦ

(
u+

√
κ/2|Z|/u√

1− κ/(2u2)

)
.

After division by Φ(u), the integrand is at most one and converges to e−κ/4−
√

κ/2|Z|.
Dominated convergence and completion of the square give

pκ(u)

Φ(u)
−→ e−κ/4Ee−

√
κ/2|Z| = 2Φ(

√
κ/2).

□

The split-conditioning interpretation is contained in Example 3.2; its detailed
Brownian-bridge verification is given at the end of Appendix A.

Lemma 3.13 (Limits of the transition coefficient). The coefficients defined in Sec-
tion 2 satisfy

Cκ −→ 2, Rκ −→ 2, κ ↓ 0,

and

(30) Cκ ∼ 2H2√
πκ

e−κ/4, Rκ −→ H2, κ→ ∞.

These are limits of the coefficients obtained after taking u→ ∞ at fixed κ.
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Proof. The small-κ limits follow from Mκ
d
=

√
κM1, Gaussian exponential domi-

nation, and 2Φ(
√
κ/2) → 1. For the other limit, put h(x) = P{M1 > x}. Corol-

lary 2.2, applied to the fixed tree consisting of two independent Brownian leaves,
gives

h(x) ∼ H2Φ(x)
2 ∼ H2

2πx2
e−x2

, x→ ∞.

Also h(x) ≤ 4Φ(x)2. With a =
√
κ,

EeaM1 = 1 + a

∫ ∞

0

eaxh(x) dx ∼ 2H2√
πa
ea

2/4.

To justify the last step, split the integral at 1 and a/4. The first two parts are
negligible compared with a−1ea

2/4, using h ≤ 1 and h(x) ≤ Cx−2e−x2

for x ≥ 1.
On x ≥ a/4, the tail equivalence is uniform; setting x = a/2 + y reduces the
normalized integral to Gaussian dominated convergence, since a2/(a/2 + y)2 ≤ 16
for y ≥ −a/4. As Ee−aM1 ≤ 1, the identity

Cκ = e−κ/2{Ee
√
κM1 + Ee−

√
κM1}

gives the first relation in (30). Finally, 2Φ(
√
κ/2) ∼ 2e−κ/4/

√
πκ, proving the ratio

limit. □

The coefficient Cκ is a finite-window Brownian expectation, whereas the terminal
coefficient in (27) is an ordinary normal tail. The small-κ limit recovers a single
Brownian branch, and the large-κ limit of the terminal-tail ratio recovers the two-
coordinate constant H2. The argument uses Corollary 2.2 only for the fixed random
variable M1; it does not apply that result directly to a degenerating covariance
family.

We can now prove the second main theorem.

Proof of Theorem 2.3. First suppose that κ = u2δ → ∞, and write r = 1− δ. The
terminal covariance is

Σδ =

(
1 r
r 1

)
,

with eigenvalues δ and 2 − δ. Let fδ denote its Gaussian density. Substituting
y = u12 + (2− δ)z/u in the terminal orthant integral yields

psh(u) =
(2− δ)2

u2
fδ(u12)

∫
[0,∞)2

e−z1−z2 exp

{
− (2− δ)2

2u2
z⊤Σ−1

δ z

}
dz.

The second exponential is at most one and tends to one for each fixed z, since
u−2∥Σ−1

δ ∥ = 1/κ → 0. Dominated convergence makes the integral tend to one.
Evaluating fδ(u12) proves the terminal asymptotic in (13).

For the path probability, let X ∼ N(0, r) be the common value at the split, and
set

Vu =
u−X√

δ
, h(v) = P{M1 > v}, q(v) = Φ(v)2.

Conditioning on X and scaling the independent terminal increments gives

Au := Eh(Vu) ≤ Ψsh(u) ≤ Au + 2Φ(u/
√
r), psh(u) = Eq(Vu).
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The added term bounds all crossings before the split. The fixed independent-leaf
case of Corollary 2.2 gives

h(v)

q(v)
−→ H2, v → ∞.

Also h(v) ≤ 4q(v) for v ≥ 0, by independence and reflection. For v < 0, h(v) = 1
and q(v) ≥ 1/4, so 0 ≤ h(v)/q(v) ≤ 4 on the whole real line.

Define a probability measure on the values of Vu by

Qu(Vu ∈ H) =
E{q(Vu)1{Vu∈H}}

psh(u)
.

For each fixed K ≥ 0, Mills’ ratio and the terminal asymptotic give

Qu(Vu ≤ K) ≤ P{X ≥ u−K
√
δ}

psh(u)

≤ CK

√
κ exp

{
− κ

2r(2− δ)
+
K
√
κ

r

}
−→ 0.

Indeed, for all large u, r ≥ 1/2, and the last exponent is at most −κ/4 + 2K
√
κ.

Thus Vu → ∞ in Qu-probability. The bounded ratio h/q implies

Au

psh(u)
= EQu

h(Vu)

q(Vu)
−→ H2.

The same Gaussian tail estimate with K = 0 shows that 2Φ(u/
√
r) = o(psh(u)).

This proves (13) in full.
Next suppose that κ(u) → κ0 ∈ [0,∞). The reflection integral in (29) is valid

with κ = κ(u). Its normalized integrand is uniformly dominated on each bounded
range 0 < κ ≤ K0 by Ce2zΦ(z/

√
K0)

2. Brownian scaling gives Mκ(u)
d
=
√
κ(u)M1,

so its tail converges for almost every z > 0. The same dominated-convergence
argument as in Lemma 3.12 therefore gives

Ψsh(u)

Φ(u)
→ Cκ0

,
psh(u)

Φ(u)
→ Dκ0

.

For the terminal probability the normalized conditional integrand remains bounded
by one, also when κ0 = 0. The functions Cκ, Dκ are continuous and strictly positive
on [0,∞); continuity of Cκ follows from Brownian scaling and Gaussian exponential
moments. Since F (u, δ) → 1 in this bounded-κ case, (11) follows.

When κ→ ∞, combine (13), Lemma 3.13, and Mills’ ratio, using

u2

2− δ
=
u2

2
+
κ

4
+

u2δ2

4(2− δ)
.

This proves (11) in the remaining regime. From every sequence u → ∞, a further
subsequence has κ(u) tending either to a finite limit or to infinity. The subsequence
criterion proves the assertions for arbitrary δ(u) → 0, including oscillating κ(u). □

We next turn to exceedance by at least one leaf. Define the probability

Ψ∨
T (u) = P {∃t ∈ [0, T ], ∃i ∈ L : Bi(t)− cit+ xi > qiu} .

For a single leaf put

ψi(u) = P {∃t ∈ [0, T ] : Bi(t)− cit+ xi > qiu} .
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Proposition 3.14 (High exceedance of at least one branch). For every finite Brow-
nian metric tree with positive terminal edge lengths,

Ψ∨
T (u) ∼

d∑
i=1

ψi(u).

Moreover, with

ai(u) = qiu− xi, Φ(y) = P{ξ > y}, ξ ∼ N(0, 1),

we have the exact identity, for all large enough u,

ψi(u) = Φ

(
ai(u) + ciT√

T

)
+ e−2ciai(u)Φ

(
ai(u)− ciT√

T

)
,

and hence

ψi(u) ∼
√
T√
2π

(
1

ai(u) + ciT
+

1

ai(u)− ciT

)
exp

{
− (ai(u) + ciT )

2

2T

}
∼
√

2

π

√
T

qiu+ ciT − xi
exp

{
− (qiu+ ciT − xi)

2

2T

}
.

Consequently, in the common-barrier case qi = 1, ci = c, xi = 0,

P {∃t ∈ [0, T ], ∃i ∈ L : Bi(t)− ct > u} ∼ d

√
2

π

√
T

u+ cT
exp

{
− (u+ cT )2

2T

}
.

For a level-synchronous Brownian decision tree with Nk children per particle in
generation k, let Pη =

∏η
k=1Nk = d. The common-barrier specialization recovers

[1, Theorem 3.1].
The proof is given in Appendix A.
For the largest branch distance, assume d ≥ 2. For ordered pairs i ̸= j, define

Dij(t) = Bi(t)−Bj(t), ℓij = T − rij = T − t(i ∧ j).

Let
ℓ∗ = max

i̸=j
ℓij , P∗ = {(i, j) : i ̸= j, ℓij = ℓ∗}.

Thus ℓ∗ is the longest post-separation time among ordered pairs of leaves.

Proposition 3.15 (Largest branch distance). As u→ ∞,

P {∃t ∈ [0, T ], ∃i, j ∈ L : Bi(t)−Bj(t) > u}

∼ |P∗|
2
√
ℓ∗

u
√
π
exp

{
− u2

4ℓ∗

}
.

Equivalently, the same asymptotic holds for P{supt∈[0,T ] maxi,j |Bi(t)−Bj(t)| > u},
because ordered pairs include both orientations.

The proof is given in Appendix A.
For a level-synchronous Brownian decision tree with first branching time τ1, the

maximal post-separation length is

ℓ∗ = T − τ1.
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If the first generation has children with leaf counts n1, . . . , nN1
, then the dominant

ordered pairs are exactly those whose two leaves lie in different first-generation
subtrees, and hence

|P∗| =
∑
a̸=b

nanb = P 2
η −

N1∑
a=1

n2a, Pη =

N1∑
a=1

na.

In the balanced case na = Pη/N1 this becomes

|P∗| = N1(N1 − 1)

(
Pη

N1

)2

= P 2
η

N1 − 1

N1
.

Thus Proposition 3.15 recovers the Brownian decision-tree diameter asymptotic of
[1, Theorem 3.2].

Appendix A. Auxiliary results

Lemma A.1 (Quadratic programming lemma). Let d ≥ 1, let Σ be a symmetric
positive definite d× d matrix, and let b ∈ Rd \ (−∞, 0]d. The problem

ΠΣ(b) : minimize x⊤Σ−1x subject to x ≥ b

has a unique minimizer b̃. There is a unique non-empty set I ⊂ {1, . . . , d} such
that, with J = Ic,

b̃I = bI ̸= 0I , b̃J = ΣJIΣ
−1
II bI ≥ bJ , Σ−1

II bI > 0I .

Moreover, for every x ∈ Rd,

x⊤Σ−1b̃ = x⊤
I Σ

−1
II bI ,

and

min
x≥b

x⊤Σ−1x = b̃
⊤
Σ−1b̃ = b⊤I Σ

−1
II bI > 0.

If w = Σ−1b̃, then
wI = Σ−1

II bI > 0I , wJ = 0J .

Proof. Strict convexity gives a unique minimizer. The KKT conditions yield a
unique vector w = Σ−1b̃ such that

w ≥ 0, b̃ ≥ b, wi(̃bi − bi) = 0, i = 1, . . . , d.

Let I = {i : wi > 0}. If I = ∅, then b̃ = 0, which would imply b ≤ 0, contrary to
the assumption. Hence I ̸= ∅. Since b̃ = Σw and wJ = 0, the active equations
give

bI = b̃I = ΣIIwI ,

so wI = Σ−1
II bI > 0, and then

b̃J = ΣJIΣ
−1
II bI ≥ bJ .

The remaining identities follow from Σ−1b̃ = w. The uniqueness of I follows from
the uniqueness of w. □
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Lemma A.2 (Compact Piterbarg inequality). Let K ⊂ Rm be compact, and let
{X(t) : t ∈ K} be a centered Gaussian field with continuous sample paths. Suppose
that

σ2 = sup
t∈K

VarX(t) > 0

and that, for some constants C0 <∞ and β > 0,

E{(X(t)−X(s))2} ≤ C0∥t− s∥β , s, t ∈ K.

Then there exist constants C <∞ and α <∞ such that, for all large u,

P
{
sup
t∈K

X(t) > u

}
≤ Cuα exp

{
− u2

2σ2

}
.

Proof. This is the standard Piterbarg inequality for Gaussian fields on compact
parameter sets with polynomial metric entropy; see [5, Theorem 8.1]. The dis-
played increment condition implies the required entropy bound for the canonical
pseudometric

dX(s, t) =
(
E{(X(t)−X(s))2}

)1/2
.

□

Lemma A.3 (Terminal Gaussian tail with active set). As u→ ∞,

pT (u) ∼ πJ (bJ )
u−|I|

(2π)|I|/2|ΣII |1/2
∏

i∈I λi

× exp

{
−1

2
(uqI + aI)

⊤Σ−1
II (uqI + aI)

}
.

Proof. By Lemma A.1, Σ−1
IIqI = λI > 0, so the active marginal satisfies the mul-

tivariate Savage expansion. The inactive coordinates are handled by conditioning
on the active coordinates. If Z ∼ N(0,Σ), then the conditional law of ZJ given
ZI has covariance equal to the Schur complement

ΣJJ − ΣJIΣ
−1
IIΣIJ ,

and the centered inactive threshold converges to bJ , with strictly inactive coor-
dinates tending to −∞. This gives the factor πJ (bJ ). Equivalently, this is the
active-set Gaussian tail expansion; see [3, Theorems 3.1 and 3.4, Example 6.1]. □

Lemma A.4 (Uniform bound and scaling of the local Brownian constant). Let
m = |I| and λI ∈ (0,∞)m. Then

1 ≤ HI(λI) ≤ 2m.

For m = 1, HI(λI) = 2. Moreover, for every a > 0,

HI(aλI) = HI(λI), HI(L; aλI) = HI(a
2L;λI).

Proof. Let Xi(t) = λiWi(t) − λ2i t. If zi < 0, then supt≥0Xi(t) > zi already at
t = 0; if zi ≥ 0, the classical hitting formula gives

P{sup
t≥0

Xi(t) > zi} = e−2zi .

The lower bound follows by integrating over (−∞, 0)m. For the upper bound,

{∃t ≥ 0 : Xi(t) > zi, i = 1, . . . ,m} ⊂
m⋂
i=1

{sup
t≥0

Xi(t) > zi},
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and the coordinates are independent. Therefore

HI(λI) ≤
m∏
i=1

(∫ 0

−∞
ezi dzi +

∫ ∞

0

e−2ziezi dzi

)
= 2m.

For m = 1, the event inclusion used above is equality, so the integral equals 2. The
scaling identities follow from

aλiWi(t)− a2λ2i t
d
= λiW̃i(a

2t)− λ2i (a
2t),

then changing variables r = a2t and letting L→ ∞. □

Lemma A.5 (Brownian exponential-shift identity). Let W1, . . . ,Wm be indepen-
dent standard Brownian motions and let λi > 0, i = 1, . . . ,m. For every L > 0,

e−
L
2

∑m
i=1 λ2

i

∫
Rm

P{∃s ∈ [0, L] : λiWi(s) > yi, i = 1, . . . ,m}e
∑

i yi dy

=

∫
Rm

P{∃s ∈ [0, L] : λiWi(s)− λ2i s > yi, i = 1, . . . ,m}e
∑

i yi dy.

Proof. For a continuous path ω = (ω1, . . . , ωm) on [0, L], define

F (ω) =

∫
Rm

1{∃s ∈ [0, L] : λiωi(s) > yi, i = 1, . . . ,m}e
∑

i yi dy.

The functional is non-negative and finite almost surely for Brownian paths; for
example it is bounded above by exp{

∑
i λi sup0≤s≤L ωi(s)}. The right-hand side in

the displayed identity is

E{F (W1 − λ1·, . . . ,Wm − λm·)}.

By the Cameron–Martin formula on [0, L], this equals

e−
L
2

∑
i λ

2
iE

{
F (W ) exp

[
−
∑
i

λiWi(L)

]}
.

It remains to remove the terminal exponential factor. Inside the expectation, change
variables ri = yi − λiWi(L). Then

F (W ) exp

[
−
∑
i

λiWi(L)

]

=

∫
Rm

1{∃s ∈ [0, L] : λi(Wi(s)−Wi(L)) > ri, i = 1, . . . ,m}e
∑

i ri dr.

The reversed processes {Wi(L − s) −Wi(L) : 0 ≤ s ≤ L}, i = 1, . . . ,m, are again
independent standard Brownian motions in distribution. Hence the last expectation
is E{F (W )}. This is exactly the left-hand side of the claimed identity. □

Lemma A.6 (Endpoint-window asymptotics with active set). For every fixed L >
0,

P
{
∃t ∈ [T − Lu−2, T ] : Bi(t)− cit+ xi > qiu, i = 1, . . . , d

}
∼ HI(L;λI)pT (u).
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Proof. Set Su = T − Lu−2, ∆u = Lu−2,

A = ΣII , Au = A−∆uI|I|, m = |I|.
For large u, Su ∈ [T − δ0, T ], so no branching occurs on [Su, T ], the terminal
increments over this interval are independent over leaves, and Cov(BI(Su)) = Au.
Let fu and f be the densities of N(0, Au) and N(0, A), respectively, and put

yT = uqI + aI , yu(z) = uqI + aI(Su)−
z

u
.

Conditioning on BI(Su) = yu(z) and using the change of variables BI(Su) =
yu(z) gives

Mu(L) = u−m

∫
Rm

Ru(z)fu(yu(z)) dz,

where Mu(L) denotes the left-hand probability and Ru(z) is the corresponding
conditional crossing probability on [Su, T ].

For t = Su + s/u2, s ∈ [0, L], the active inequalities are equivalent to

u{Bi(Su + s/u2)−Bi(Su)} > zi + cis/u, i ∈ I.
By Brownian scaling, the active future increments u{Bi(Su + s/u2) − Bi(Su)},
0 ≤ s ≤ L, are independent standard Brownian motions. Hence, at every continuity
point of the monotone function

JL(z) = P {∃s ∈ [0, L] :Wi(s) > zi, i ∈ I} ,
the active part converges to JL(z).

It remains to identify the inactive factor inside Ru(z). If J = ∅, the following
paragraph is void and πJ = 1. Given BI(Su) = yu(z), write

V u = BJ (Su)− ΣJIA
−1
u yu(z).

Then V u is centered Gaussian with covariance

Cu = ΣJJ −∆uI|J | − ΣJIA
−1
u ΣIJ −→ C,

where C is the Schur complement of A in Σ. The inactive threshold at time Su,
centered by the conditional mean, is

du(z) := uqJ + aJ (Su)− ΣJIA
−1
u yu(z)

= u
(
qJ − ΣJIA

−1qI
)
+ aJ − ΣJIA

−1aI + o(1),

uniformly for z in compact sets. Thus du(z) → bJ , with strictly inactive coordi-
nates tending to −∞.

For η > 0, let bJ ± η mean that ±η is added only to those coordinates of bJ
that are finite; coordinates equal to −∞ remain equal to −∞. Since the inactive
future increments satisfy

sup
0≤s≤L/u2

max
j∈J

|Bj(Su + s)−Bj(Su)| = OP(u
−1)

and the deterministic trends change by O(u−2), the inactive constraints can be
sandwiched by their time-Su versions. More precisely, for every continuity point of
JL,

πJ (bJ + η)JL(z) ≤ lim inf
u→∞

Ru(z) ≤ lim sup
u→∞

Ru(z) ≤ πJ (bJ − η)JL(z).

Indeed, the lower bound follows by requiring V u > du(z)+ η and by using the fact
that the inactive future increments are uniformly smaller than η with probability
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tending to one; the upper bound follows because a full crossing implies either V u >
du(z) − η or such a fluctuation of the inactive future increments occurs. The
active future increments, inactive future increments, and V u are independent on
the terminal window. Letting η ↓ 0 and using continuity of the non-degenerate
conditional Gaussian law on the finite inactive coordinates gives

Ru(z) −→ πJ (bJ )JL(z)

for Lebesgue-a.e. z.
Next,

A−1
u = A−1 +∆uA

−2 +O(∆2
u), yu(z) = yT − z

u
−∆ucI ,

and therefore, for fixed z,
fu(yu(z))

f(yT )
−→ exp

{
z⊤λI − L

2
λ⊤
I λI

}
.

We now justify dominated convergence for the integrand Ru(z)fu(yu(z))/f(yT ).
Fix 0 < ε < mini∈I λi. For all large u,

fu(yu(z))

f(yT )
≤ CL exp

{∑
i∈I

(λi + ε sign zi)zi

}
.

This bound is already integrable in the negative coordinate directions. To control
positive directions, set

F (z) = {i ∈ I : zi > 1}, ZF =
∑

i∈F (z)

zi.

If F (z) ̸= ∅, then the active part of the crossing event implies

sup
0≤s≤L

∑
i∈F (z)

Wi(s) > ZF − CL

for all large u. Since
∑

i∈F Wi is a Brownian motion with variance parameter
|F | ≤ m, the reflection principle yields

Ru(z) ≤ CL exp

{
− ((ZF − CL)+)

2

2mL

}
,

with the right-hand side interpreted as CL when F = ∅. On each of the finitely
many regions determined by F (z), the Gaussian decay in ZF dominates the lin-
ear exponential factor in the positive coordinates, while the negative coordinates
are controlled by exp{

∑
zi<0(λi − ε)zi}. Hence the integrand is bounded by an

integrable function depending on L, but not on u.
Consequently,

Mu(L) ∼ u−mf(yT )πJ (bJ )e−
L
2 λ⊤

I λI

∫
Rm

JL(z)e
z⊤λI dz.

By Lemma A.3,

pT (u) ∼ πJ (bJ )
u−mf(yT )∏

i∈I λi
.

After the change of variables yi = λizi, the ratio Mu(L)/pT (u) converges to

e−
L
2 ∥λI∥2

∫
Rm

P{∃s ∈ [0, L] : λiWi(s) > yi, i ∈ I}e
∑

i∈I yi dy.
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By the Brownian exponential-shift identity, Lemma A.5, the last display is exactly
HI(L;λI). This proves the lemma. □

The following stopping-time argument adapts the terminal-tail comparison of [4]
to the edge-Brownian construction.

Lemma A.7 (Korshunov–Wang bound on a Brownian metric tree). Let A ⊂
{1, . . . , d} be non-empty and let S ∈ (0, T ]. Define

ΨA(u;S) = P {∃t ∈ [0, S] : Bi(t)− cit+ xi > qiu, i ∈ A} ,
and

pA(u;S) = P {Bi(S)− ciS + xi > qiu, i ∈ A} .
Then, for all u > 0,

ΨA(u;S) ≤ CA(S)pA(u;S),

where one may take

CA(S) = 2|{i∈A:ci≤0}|
∏
i∈A
ci>0

[
P{ξ > ci

√
S}
]−1

, ξ ∼ N(0, 1).

Proof. Let

Xi(t) = Bi(t)− cit+ xi − qiu, YA(t) = min
i∈A

Xi(t).

For ε > 0, define

τε = inf{t ∈ [0, S] : YA(t) ≥ ε}, inf ∅ = ∞.

Since YA is continuous and adapted, τε is a stopping time. Moreover,

{τε ≤ S} =

{
sup

0≤t≤S
YA(t) ≥ ε

}
↑
{

sup
0≤t≤S

YA(t) > 0

}
as ε ↓ 0. The last event is the event defining ΨA(u;S).

On {τε ≤ S}, put r = S − τε. If r = 0, the terminal inequalities hold because
Xi(S) ≥ ε. If r > 0, they hold whenever

Bi(S)−Bi(τε) > cir − ε, i ∈ A.

By the strong Markov property of the finite edge-Brownian construction, τε is a
stopping time for the height filtration and, conditional on Fτε , the unexplored
edge increments above height τε are independent centered Brownian increments.
Consequently, the conditional law of

(Bi(S)−Bi(τε))i∈A

is centered Gaussian with covariance ΓA(S) − ΓA(τε). Its variances are equal
to r, and its covariances are non-negative because each entry t 7→ Γij(t) is non-
decreasing. On {r > 0}, Gaussian association [6] gives

P {Bi(S)−Bi(τε) > cir − ε, i ∈ A | Fτε}

≥
∏
i∈A

P
{
ξ > ci

√
r − ε/

√
r
}
≥ CA(S)

−1.

The last inequality follows because, for ci ≤ 0, the displayed threshold is at most
0, while for ci > 0, it is at most ci

√
S. On {r = 0} the conditional probability of

the terminal event is 1, which is also at least CA(S)
−1. Thus

pA(u;S) ≥ CA(S)
−1P{τε ≤ S}.
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Letting ε ↓ 0 proves the bound. □

Lemma A.8 (Localization away from the terminal point). There exist constants
C, c > 0, independent of u and L, such that, for every fixed L > 0,

P
{
∃t ∈ [0, T − Lu−2] : Bi(t)− cit+ xi > qiu, i = 1, . . . , d

}
≤ Ce−cLpT (u) + o(pT (u)).

Proof. Let Su = T − Lu−2. For every fixed L > 0, Su > 0 and Su ∈ [T − δ0, T ] for
all large u. The full exceedance event on [0, Su] implies the corresponding active-
coordinate event. By Lemma A.7, and uniformly over Su ≤ T ,

P {∃t ∈ [0, Su] : Bi(t)− cit+ xi > qiu, i ∈ I}
≤ C0P {BI(Su) > uqI + aI(Su)} .

Here C0 is independent of u and L, because the constant in Lemma A.7 is bounded
on S ∈ (0, T ]. Indeed, for ci > 0, P{ξ > ci

√
S} ≥ P{ξ > ci

√
T}, while the

coordinates with ci ≤ 0 contribute only the fixed factor 2.
Put

A = ΣII , Au = A−Lu−2I|I|, yu = uqI+aI−Lu−2cI , yT = uqI+aI .

Then Cov(BI(Su)) = Au. Since λI = A−1qI > 0, also A−1
u qI > 0 for all large u.

The full-active Savage expansion applies also to the varying covariance Au. Indeed,
with m = |I| and fAu the density of N(0, Au),

P{N(0, Au) > yu}

= u−mfAu
(yu)

∫
[0,∞)m

exp

{
−z⊤A−1

u yu/u− z⊤A−1
u z

2u2

}
dz.

Since A−1
u yu/u → λI > 0, the integrand is dominated by exp{− 1

2z
⊤λI} for all

large u. Dominated convergence gives the required tail expansion. Moreover, for
∆u = Lu−2,

A−1
u = A−1 +∆uA

−2 +O(∆2
u),

where the error is uniform for 0 ≤ ∆u ≤ δ with any fixed δ < λmin(A). Conse-
quently, for every fixed L,

y⊤
uA

−1
u yu − y⊤

TA
−1yT = L q⊤

IA
−2qI + o(1)

= L ∥λI∥2 + o(1).

The determinant and product terms in the two Savage expansions have ratio 1+o(1).
Hence

P{BI(Su) > uqI + aI(Su)}
P{BI(T ) > uqI + aI}

−→ exp

{
−L
2
∥λI∥2

}
.

Equivalently, for any fixed c < ∥λI∥2/2,

lim sup
u→∞

P{BI(Su) > uqI + aI(Su)}
P{BI(T ) > uqI + aI}

≤ e−cL.

The order of limits is important here: L is fixed while u → ∞, but the constants
C0 and c do not depend on that fixed value of L.

Finally, the active-set terminal tail expansion gives

pT (u) ∼ πJ (bJ )P{BI(T ) > uqI + aI},
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with πJ (bJ ) > 0. Combining the previous displays and enlarging the multiplicative
constant proves

P
{
∃t ∈ [0, T − Lu−2] : Bi(t)− cit+ xi > qiu, i = 1, . . . , d

}
≤ Ce−cLpT (u) + o(pT (u)),

for every fixed L > 0, with C, c independent of u and L. □

Direct endpoint-window proof of Corollary 2.2. Fix L > 0 and put Su = T −Lu−2.
By Lemma A.6,

P {∃t ∈ [Su, T ] : Bi(t)− cit+ xi > qiu, i = 1, . . . , d} ∼ HI(L;λI)pT (u).

Thus

lim inf
u→∞

ΨT (u)

pT (u)
≥ HI(L;λI).

Letting L→ ∞ gives the lower bound HI(λI).
For the upper bound, split [0, T ] = [0, Su] ∪ [Su, T ]. Lemmas A.6 and A.8 yield

lim sup
u→∞

ΨT (u)

pT (u)
≤ HI(L;λI) + Ce−cL.

Let L→ ∞. Since HI(L;λI) ↑ HI(λI) and HI is finite by Lemma A.4, the upper
and lower bounds coincide. The explicit formula follows from Lemma A.3. □

Remark A.9 (Specialization of the vector-valued Gaussian theorem). For c = x =
0, Corollary 2.2 follows from [2, Theorem 2.4(2) and Remark 2.5]. To check the
endpoint-maximality hypothesis even when Γ(t) is singular at earlier times, write
the generalized variance as

g(t) = min
z≥0

z⊤q=1

z⊤Γ(t)z.

Since q > 0, the set of minimization is compact and g is continuous. For every
t < T , the matrix Σ−Γ(t) is positive definite: it contains the independent residual
terminal-edge variances T − max{t, t(p(i))} > 0, in addition to a non-negative
definite matrix. If zT minimizes the expression at T , then

g(t) ≤ z⊤
T Γ(t)zT < z⊤

TΣzT = g(T ).

Thus T is the unique maximizer. A continuous covariance square root exists on the
full interval, including times when Γ(t) is singular.

Reverse time by setting B̂(s) = B(T − s). On the terminal edge window its
covariance is

R(s, t) = Σ−max(s, t)Id.

In the notation of [2], choose

A(s) = (Σ− sId)
1/2, α = β = 1,

Ξ = 1
2Σ

−1/2, D = 1
2Σ

−1.

The normalized covariance expansion follows by expanding (Σ−tId)1/2(Σ−sId)−1/2

for t > s. Hence V = ADA⊤ = Id/2 and W = ΞA⊤ = Id/2, with A = A(0).
The positivity parameter of the cited theorem is τλ = 1

2∥λ∥
2 > 0. The required

increment bound is immediate from E∥B(t) − B(s)∥2 = d|t − s|. The resulting
Piterbarg constant is HI(λI): coordinates with zero multiplier contribute the factor
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−∞ ez dz = 1. The proof of Corollary 2.2 includes the fixed trends and shifts and
explicitly identifies the inactive Gaussian boundary factor.

Reflection verification of the unit-barrier case in Example 3.2. Here ϕr denotes the
density of N(0, r). Write r = ru. Since MG ≥ 0 is independent of the trunk, the
reflection argument proving (28) gives

ΨG(u) = E
{
Φ

(
u−MG/u√

r

)
+Φ

(
u+MG/u√

r

)}
.

The same argument also gives (29) with hκ(y) replaced by hG(y) = P{MG > y}.
Every leaf process Gi is a standard Brownian motion, so

0 ≤MG ≤ sup
s≤κ

G1(s), hG(y) ≤ 2Φ(y/
√
κ), y ≥ 0.

This Gaussian bound justifies the same dominated-convergence argument and proves
the first asymptotic in (22).

For the terminal event, condition on W0(r) = u+ z/u to obtain

pG(u)

Φ(u)
=

∫
R

ϕr(u+ z/u)

uΦ(u)
P{LG > −z} dz.

The density ratio tends to e−κ/2−z. For large u, the integrand is bounded by Ce−z

for z ≥ 0. At z = −y < 0, it is bounded by Ce2yΦ(y/
√
κ), since LG ≤ G1(κ). Both

bounds are integrable. Dominated convergence, followed by Tonelli’s theorem, gives
pG(u)

Φ(u)
−→ e−κ/2

∫
R
e−zP{LG > −z} dz = e−κ/2EeLG .

The denominator in the ratio limit is positive and finite, because LG is finite almost
surely and EeLG ≤ EeG1(κ) = eκ/2. □

Proof of Proposition 3.14. Let

Ai(u) = {∃t ∈ [0, T ] : Bi(t)− cit+ xi > qiu} .

The reflection-principle formula for Brownian motion with drift gives the stated
identity for ψi(u). Mills’ ratio then gives the displayed asymptotic expansion.

It remains to prove that intersections are negligible. Put

q∗ = min
1≤i≤d

qi, S(u) =
d∑

i=1

ψi(u).

Since at least one coordinate has qi = q∗, Mills’ ratio implies

S(u) ≥ C1u
−1 exp

{
− (q∗u+ C2)

2

2T

}
for some constants C1, C2 > 0 and all large u. If max(qi, qj) > q∗, then

P{Ai(u) ∩Aj(u)} ≤ ψk(u) = o(S(u)),

where k ∈ {i, j} is chosen so that qk > q∗.
It remains to consider qi = qj = q∗ with i ̸= j. Let rij = t(i ∧ j) < T . Since

the deterministic trends and shifts are bounded on [0, T ], the event Ai(u) ∩ Aj(u)
implies

sup
0≤s,t≤T

{Bi(s) +Bj(t)} > 2q∗u− Cij
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for a constant Cij . For the centered Gaussian field Xij(s, t) = Bi(s) +Bj(t),

VarXij(s, t) = s+ t+ 2min{s, t, rij}, 0 ≤ s, t ≤ T,

and hence
σ2
ij := sup

s,t∈[0,T ]

VarXij(s, t) = 2(T + rij) < 4T.

Moreover,
E{(Xij(s, t)−Xij(s

′, t′))2} ≤ C
(
|s− s′|+ |t− t′|

)
,

so Lemma A.2 applies. It gives constants C3 <∞ and α <∞ such that

P{Ai(u) ∩Aj(u)} ≤ C3u
α exp

{
− (2q∗u− Cij)

2

2σ2
ij

}
.

Since σ2
ij < 4T , the exponent above is strictly smaller, on the quadratic scale in u,

than the exponent in the lower bound for S(u). Thus P{Ai(u)∩Aj(u)} = o(S(u)).
Bonferroni’s inequalities and the finiteness of L now yield

S(u)−
∑

1≤i<j≤d

P{Ai(u) ∩Aj(u)} ≤ Ψ∨
T (u) ≤ S(u),

which proves the proposition. □

Proof of Proposition 3.15. For i ̸= j, the two leaves coincide up to time rij . After
that time the two descendant increments are independent, and therefore

{Dij(rij + s) : 0 ≤ s ≤ ℓij}
d
= {

√
2W (s) : 0 ≤ s ≤ ℓij},

where W is a standard Brownian motion. Hence, for

Eij(u) = {∃t ∈ [0, T ] : Dij(t) > u},
the reflection principle gives

P{Eij(u)} = 2Φ

(
u√
2ℓij

)
∼

2
√
ℓij

u
√
π

exp

{
− u2

4ℓij

}
.

Since the number of ordered pairs is finite,∑
i̸=j

P{Eij(u)} ∼ |P∗|
2
√
ℓ∗

u
√
π
exp

{
− u2

4ℓ∗

}
.

It remains to control intersections. If ℓij < ℓ∗, then P{Eij(u)} = o(χ∗(u)), where

χ∗(u) =
2
√
ℓ∗

u
√
π
exp

{
− u2

4ℓ∗

}
.

Thus intersections involving a non-dominant pair are negligible.
Consider two distinct dominant ordered pairs p = (i, j), q = (k, l) ∈ P∗. Set

Xp,q(s, t) = Dij(s) +Dkl(t), (s, t) ∈ [0, T ]2.

Then Eij(u) ∩ Ekl(u) implies

sup
s,t∈[0,T ]

Xp,q(s, t) > 2u.

Let
σ2
p,q = sup

s,t∈[0,T ]

VarXp,q(s, t).
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We claim that σ2
p,q < 8ℓ∗. Since VarDij(s) ≤ 2ℓ∗ and VarDkl(t) ≤ 2ℓ∗,

VarXp,q(s, t) ≤
(√

VarDij(s) +
√

VarDkl(t)

)2

≤ 8ℓ∗.

The first inequality is the Cauchy correlation bound. Equality in the final bound
would require both marginal variances to be maximal and equality in Cauchy’s
inequality. Since p and q are dominant, the marginal variances are maximal only
at s = t = T . Equality in Cauchy’s inequality would then force Dij(T ) and Dkl(T )
to be positively linearly dependent; their variances are both 2ℓ∗, so this means
Dij(T ) = Dkl(T ) almost surely. Writing the terminal values as linear combinations
of the independent edge increments, the coefficient of the terminal edge of leaf i in
Dij(T ) is +1. This coefficient can be matched in Dkl(T ) only if k = i. Similarly,
the coefficient −1 on the terminal edge of leaf j forces l = j. Hence p = q, a
contradiction. Thus σ2

p,q < 8ℓ∗.
The field Xp,q has continuous paths and satisfies

E{(Xp,q(s, t)−Xp,q(s
′, t′))2} ≤ C

(
|s− s′|+ |t− t′|

)
,

so Lemma A.2 gives constants C <∞ and α <∞ such that

P{Eij(u) ∩ Ekl(u)} ≤ Cuα exp

{
− (2u)2

2σ2
p,q

}
= o(χ∗(u)),

because σ2
p,q < 8ℓ∗. Bonferroni’s inequalities now give the asserted union asymp-

totic. □

Alternative proof of the path asymptotic in Lemma 3.12. Fix κ > 0, let W0 be the
common Brownian trunk, and put r = 1−κ/u2. Write ϕr for the density of N(0, r),
and condition on the trunk endpoint X =W0(r) = u+ z/u. The reversed, rescaled
trunk

Yu(s) = u{W0(r − s/u2)−X}, 0 ≤ s ≤ n := u2r,

is a Brownian bridge with mean −(u2 + z)s/n and covariance min(s, t)− st/n. Its
local limit is W (s)− s. More precisely, if a = u2 + z, the bridge time change gives

Yu

(
nt

n+ t

)
d
=

n

n+ t

(
W (t)− a

n
t
)
, t ≥ 0.

The exponential-martingale hitting formula for Brownian motion with negative drift
therefore yields, for m ≥ 0 and a+m > 0,

P{sup
s≤n

Yu(s) > m | X = u+ z/u} = exp

{
−2m(u2 + z +m)

u2r

}
.

Thus the full reversed-trunk maximum converges to E = sups≥0{W (s)− s}, where
P{E > y} = e−2y for y ≥ 0. The conditional bridge is independent of the terminal
branches, so E is independent of Mκ in the limit.

Let qu(z) be the conditional probability of simultaneous crossing at some time
in [0, 1]. For z ≥ 0, qu(z) = 1, up to an irrelevant endpoint value. For y > 0, the
preceding hitting formula and conditional independence give the exact expression

qu(−y) = e−2y/r + (1− e−2y/r)hκ(y), hκ(y) = P{Mκ > y}.
Consequently, for fixed z,

qu(z) −→ P{z +max(E,Mκ) > 0}, ϕr(u+ z/u)

uΦ(u)
−→ e−κ/2−z.
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For all sufficiently large u, the product of the density ratio and qu(z) is bounded
by Ce−z on z ≥ 0, and at z = −y < 0 by

C{e−y + e2yhκ(y)}.
The Gaussian bound on hκ from the proof of Lemma 3.12 makes this integrable.
Dominated convergence and Tonelli’s theorem now give

Ψκ(u)

Φ(u)
−→ e−κ/2

∫
R
e−zP{z +max(E,Mκ) > 0} dz

= e−κ/2Eemax(E,Mκ) = 2e−κ/2E cosh(Mκ).

The final equality follows by conditioning on Mκ = m ≥ 0: Eemax(E,m) = em +
e−m. This representation identifies separately the reversed trunk and the terminal
genealogy in the local crossing event. □
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