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Abstract

We study joint upper tails of a fixed finite family of positively homogeneous functionals
of a random vector with independent radial and angular components. Conditioning on the
angle reduces the event to a single radial exceedance whose required radius is the maximum
of the component costs. For radial laws in the Gumbel max-domain of attraction, verified
local normal forms yield exact tail equivalents and conditional angular and excess laws.
Smooth minimizing manifolds are allowed. Slack constraints, weak contacts, and genuinely
switching constraints produce Gaussian, truncated Gaussian, and mixed linear—quadratic
limits, respectively. A weighted formulation covers moving thresholds and singular angular
densities under explicit local convergence and global tightness conditions. We recover the
scalar Gaussian-chaos equivalent, verify a Dirichlet specialization, and give explicit finite-grid
Gaussian and Brownian examples. A separate chi-square benchmark yields a uniform tail
approximation and the conditional excess scale when the input dimension grows with the
threshold. The angular results remain first-order transfer theorems under supplied normal
forms.

Keywords: Laplace method; homogeneous functionals; Gumbel domain of attraction; Gaussian
chaos; minimizing manifold; conditional excesses.

1 Introduction

For a smooth scalar homogeneous functional, radial-angular tail asymptotics are governed by
the minimum of one smooth required-radius function on the angular space. A vector upper-tail
event has a different local geometry. Even if every component functional is smooth, conditioning
on the angle produces the maximum of finitely many required-radius functions. This maximum
is generally nonsmooth at precisely those angles where several output constraints are relevant.

The two-output case is the smallest setting in which the distinction is visible. It contains three
basic mechanisms. If one constraint is strictly slack, the usual quadratic Laplace approximation
applies. If the second constraint ties but has zero Karush—Kuhn—Tucker multiplier, it truncates
the Gaussian normal tube without changing the power. If both multipliers are positive, one
normal direction has first-order contact and is scaled differently from the remaining quadratic
directions. For d > 2, several half-spaces can form a Gaussian cone, or a switching space of rank
greater than one can acquire the faster linear scale. These descriptions require the nondegeneracy
assumptions stated below; active-set labels alone do not determine a local normal form.

The smooth scalar case is classical in this setting. Korshunov, Piterbarg and Hashorva |7,
Theorem 3] derive Laplace expansions near a smooth minimum manifold and obtain Weibullian
and Gaussian chaos asymptotics in their Theorem 5 and Corollary 7. Hashorva, Korshunov
and Piterbarg [8, Theorems 1.2 and 1.3] obtain Gaussian tail and density expansions and a
first-order extension to a Gumbel radial law with a positive continuous angular density. Our
scalar specialization recovers their leading term. The emphasis here is the maximum of finitely
many required-radius branches, its different normal scales, and angular measures that may vanish
or be singular on the minimizing set.



Ievlev [9] develops a broader geometric Laplace calculus using anisotropic normal cells near
stratified minimum sets. His separation of local rescaling from control of the full integral is a
useful comparison for our weighted formulation. We retain a smooth reference manifold and
explicitly verify the local limits and tightness in the examples; incident strata, frontier rescalings,
and higher-order expansions are outside the present scope.

Our purpose is to isolate these mechanisms in a first-order theorem and to test the theorem
first on finite-dimensional nonnegative Gaussian quadratic forms and then on squared Brownian
norms at two and at finitely many times. When all outputs have the same degree and share a
common threshold, the angular and radial limits also determine the conditional excess vector
on the corresponding common output scale, under branchwise phase convergence. In particular,
they determine the asymptotic location of its minimum under almost-sure uniqueness of the
limiting branch, and the minimum excess then separates as an independent exponential variable.

On a fixed grid, a centered Gaussian process is determined by its covariance matrix; Brownian
motion is special only because its increment structure makes the relevant cones explicit. We state
a covariance-only anchor condition under which an arbitrary finite-grid chi-square process has the
same weak-cone structure. The examples are stress tests: they show that the number of active
constraints alone does not determine the power, and that rank loss or coalescing constraints fall
outside a fixed normal form. Density approximations and higher-order expansions for general
functionals are deliberately excluded.

Section 6 adds an elementary quantitative benchmark for the same quadratic rule in growing
input dimension. It records both a uniform relative error and the resulting excess scale. The
smooth high-dimensional Laplace results of [10, 11] provide the relevant broader comparison;
no dimension-uniform angular theorem is asserted. The main proofs are collected in Section 7,
while the short benchmark is proved with its statement. Appendices A—C contain the weighted
verification criteria, the detailed Dirichlet specialization, and the two-time Brownian calculations.

2 Exact radial reduction

Let S € R* be a compact nsg-dimensional C? angular section: every ray of the cone under
consideration meets S exactly once. Thus scalar multiplication is defined on {ru : r > 0,u € S}.
Let U have probability law p on S. Let R > 0 be independent of U, with distribution function F,
infinite upper endpoint, and survival function F(x) = P{R > z}. Suppose that, for j =1,...,d,

Gj(ru) =1g;(u), r>0, ues, (2.1)
where ; > 0 and g; is continuous. Fix b = (b1, ...,b4) € (0,00)% and consider the degree-matched
thresholds .

E(b) = [{G,(RU) > b7}, 7 o0 (2.2)
j=1

For u € § define each branch separately by

Ja:(u 1/v; )
- {(@/gg<>> - o) = max. (). 23)

00, gj(u) <0, 1<j<d

=
\%
o

qj(u

We use the convention F(co) = 0. Assume that the common positivity set ﬂ?zl{gj > 0} is
nonempty. Compactness and lower semicontinuity of the extended costs then imply 0 < g, :=
min,es ¢(u) < co. Conditioning on U yields the exact identity

PLELb)} = [ Flra(u)) u(du). (2.4)

Thus all output geometry enters through the scalar, event-dependent cost ¢ = max; gj. When
d = 2, reparametrizing 7 allows us to write b = (1,b); we then put E.(b) = E-((1,b)).



The same reduction remains exact for moving thresholds. Given an eventually positive vector
t, = (tT,la cee 7t‘r,d)a put

/g ), gi(u) >0, _ |
prj(u) = {007 45(u) <0, pr(u) = max pr;(u), (2.5)
and define .
ET(tT) = ﬂ{G](RU) > tﬂj}' (2'6)
j=1
Then

PE ()} = | F(pr(w)) n(du). (2.7)

The fixed-ray setting is recovered by t,; = b;777, in which case p,(u) = Tq(u).
Write
M={ueS:qu)=q.}, Tr = TQx. (2.8)

We assume that F' belongs to the Gumbel max-domain of attraction with auxiliary function w,
that is,

W —e ", zeR, r— oo, (2.9)

see, for example, [2], and set
Ar = rrw(rr). (2.10)

For an infinite-endpoint Gumbel law, 1/w(r) = o(r) as r — oo; hence A\ — oo as 7 — oo.
The local arguments below use two standard localization conditions. First, for every sufficiently
small neighborhood V' of M there is iy > 0 such that

inf a(v)

ugV g«
This separation is automatic here: the extended cost ¢ is lower semicontinuous on the compact
set §, and M is precisely its minimizer set. We record it because its uniform analogue is a
genuine condition for moving thresholds. Second, a standard one-sided bound for Gumbel tails
states that, for every fixed p > 0, there is C}, < oo such that

F(r:(1+z/X))
F(r)

>1+ny. (2.11)

<Cy(l+2)?, x>0, (2.12)

for all sufficiently large 7. Here is a direct justification that also specifies the uniformity in .
The Gumbel representation [2] permits

7(r) :c(r)exp{—/rgc;(i:)}, o) = e>0, ar)wr) — 1,

as r — 00, where a > 0 is absolutely continuous and a’(r) — 0 as r — oo. For any € > 0,
eventually a(t) < a(r) + e(t — r) for every ¢ > r. Hence

Taking s = x/w(r) and 1/e > p proves (2.12). This is consistent with the multiplicative rapid-
variation estimates in [1]. Together with (2.11), it also controls the angular complement: there
x = A (q/q« — 1) is bounded below by a positive multiple of A;. The bound holds, in particular,
for the chi radial distributions used below. Recording it explicitly separates the local angular
expansion from control of the full integral in (2.4).



3 A finite-output normal-form theorem

For the first theorem in this section, assume that M is a compact, boundaryless, m-dimensional
C? submanifold of S, and put ¢ = ng —m > 1. Let NyM denote the normal space of M inside
S and define the total normal bundle

NM = {(s,z): s e M, © € NJM},

equipped with bundle volume dVp(s)dz. Let T be a fixed tubular neighborhood of M, and let
U (s, z) be its tubular chart with z € NyM, chosen so that its volume Jacobian is one at z = 0.
Suppose for this theorem that p has a continuous positive density h near M with respect to the
induced Riemannian volume on S. Set

qj q
;== = = = max fj.
J; . ! G 2,
The following formulation deliberately separates the Laplace argument from the classification
of the nonsmooth minimum. For A > 1, let D) s : NyM — N,M be a continuous family of
invertible linear maps such that

|det Dy 5| = A7", k> 0. (3.1)

The maps may contract different normal directions at different rates. We also require every
normal direction to contract uniformly:

sup || Dy s|| — 0, A — 00. (3.2)
seM

Suppose that there are phases @5 : NyM — [0, 00| such that (s,x) — ®4(x) is Borel measurable
and, for bundle-volume almost every (s, z),

A—00

A f(¥(s,Dys2)) — 1] == (). (3.3)

o0

Here and below e~ = 0. Expressions involving ¥(s, D) sz) are restricted to the expanding

domain on which the chart is defined; in view of (3.2), every compact subset of NM is contained
in that domain for all large A\. Assume that there are ¢y > 0 and jointly Borel measurable,
uniformly coercive gauges g5 : Ny M — [0, 00) satisfying

M f(¥(s, Dys)) — 1] > coos(x), (3.4)

sup / (14 os(x))™P do < oo, (3.5)
seM J Ny M

whenever D) ¢z belongs to T, for some p > k. The preceding bounds imply that the following
integral is finite; assume that it is positive:

Cp := /M h(s)/ » e @) dz dVp(s) > 0. (3.6)

Theorem 3.1. Under (2.9) and (3.1)—(3.6), with the order p > K specified above, we have

B{E,(b)} ~ F(r)A"Ca. (3.7)

T—00

On the fized tube, let S; = w(U) be the tubular projection and let z; be the normal coordinate of U;
extend both variables arbitrarily outside the tube. The conditional probability of that complement
tends to zero. Conditionally on E-(b),

(sT,D;jSTzT) ﬁ Qas,  Qa(ds, dz) = Cglh(s)e™ @) AV, (s) dz. (3.8)



In fact, the angular convergence in (3.8) holds in total variation. Moreover,
w(re) (R = ra(U)) | Br(b) —— Exp(1), (3.9)

independently of the limiting angular variables.
Corollary 3.2. Assume the conditions of Theorem 3.1 and d > 2. Suppose in addition that
Nn=-=yw=7 b=l
and put
M. := min G;(RU), Jr := minargmin G;(RU).
1<j<d 1<5<d

Let (S,X) ~ Qa, let E be a unit exponential random variable independent of (S, X), and set

Q*w(TT) Ar
= = . 1
e (3.10)
Then, conditionally on E+(1,),
<T<A4} _'TV) a ? E. (3.11)

T—00
To identify the full output vector and the location, define, for A > 1 and on the expanding
tubular domain, the vector of individual branch phases by

pals,2) = (A[£;(0(s, Dasw)) —1])7_, (3.12)

Suppose that there is a Borel measurable map ¢ : NM — [—o0, oo]d such that

pr(s, x) Ao, p(s,x) for Qg-almost every (s, z), (3.13)

in the product extended-real topology. Write its components as @;s(x). Since the maximum phase
already converges,
max @ s(x) = ®4(x) < 0o Qa-almost surely.
J

Then, conditionally on E-(14),

d d d
(6 (Gi(RU) = 7))y — = (B + 2s5(X) — 9;5(X)), (3.14)
in [0, 00]?, where subtracting —oo gives +o0c. If, in addition, the limiting mazimum is attained at
a unique index Qg-almost surely, define
Jy = argmax ¢; g(X).
1<j<d
Then
(G (My—717),J;) SN (E, Jy), E independent of J,. (3.15)

T—00

In particular,

P =} =g [ B [ 1 {soj,s@c) > max soz-,s@c)} @) dy dVp(s).  (3.16)
Co Jm NoM i#j
Remark 3.3. Convergence of the maximum phase alone does not identify the individual excesses
or the minimizing index. The almost-everywhere branch convergence in (3.13) supplies this
information; neither continuity of the limiting branches nor local uniform convergence is needed.
In fact, (3.11) itself needs only the common degree, the common unit threshold, and Theorem 3.1.
If two limiting branches tie on a set of positive Qg-measure, this minimum limit still holds, but
the location requires a higher-order expansion or an explicit set-valued or tie-breaking analysis.
For a common degree and arbitrary positive b, apply the corollary to G;/b;; its conclusions then
concern the normalized outputs and their minimum.



Corollary 3.4. Under Theorem 3.1, suppose additionally that

F(T) ~ Kr e_LTB, K,L,A>0, acR.

r—00

One may take w(r) = LBr?~1, and
P{E,(b)} ~ KCp(LB) " ra=Bre=Lr7. (3.17)

In particular, let Z ~ Ni(0, 1) and let G be continuous and positively homogeneous of degree
v > 0. Write g = G|gr—1. Assume that M = maxg > 0, that its complete mazimizing set M
is a compact boundaryless m-dimensional C* manifold, and that c =k —1 —m > 1. Suppose
uniformly in normal coordinates that

1
g(¥(s,2)) =M — §<Bsz, 2) + ol z|?), z—0,
where Bs is a continuous field of symmetric positive-definite operators. With r, = (u/M)l/V,

(,YM)c/Q o 2/2/ dVM(S)
I M) e dvmis) 3.18
{G(Z) > u} —o (27r)(m+1)/2r“ € M Vdet By (319

The determinant is taken on the mormal space in an orthonormal frame. This is the leading
Gaussian-chaos term in [7, Corollary 7] and [8, Theorem 1.2]; it is included as a normalization
check, not as a new scalar result.

3.1 Weighted angular laws and moving thresholds

The preceding theorem freezes the angular density at a finite positive value on the minimizing
manifold. This excludes angular laws whose density vanishes or is singular there. It is more
economical to state the extension in terms of the rescaled angular measures themselves. The
same formulation permits threshold vectors moving on the local normal scales.

We now drop the positive-density assumption. Let 7 be a fixed tubular neighborhood of a
compact, boundaryless C? reference manifold M, with coordinates u = W(s, z). The reference
manifold need not be the exact minimizing set for every 7, but all relevant angular mass will be
required to remain in this tube. Let r, be a reference radius such that r, — oo as 7 — oo, and
put

A = rrw(ry) 5 oo, (3.19)

For s € M, let D) s : No4M — N, M be invertible and continuous in s, and suppose that
sup [ Dy | 2= 0. (3.20)
seM
For u = ¥(s,z) € T, define the rescaled angular coordinate
Er(u) = (s, D} ,2) € NM. (3.21)

Consider the moving event in (2.6), with required radius p; from (2.5). On T put

o7 (u) = w(ry) (pr(u) — rr). (3.22)
We assume that ¢, > —A on T for some fixed A < oo. This allows a moving threshold to lower
the reference radius by order 1/w(r;). Let I4 = [—A, 00| be the one-point compactification, with

e > =0.



Let ar > 0 be a deterministic angular normalization. It includes both the anisotropic volume
scale and any extra power or slowly varying factor caused by the angular law. Define a Radon
measure on NM x T4 by

&:(B) = o= | 1{(2w).0,()) € B} () (3.23)
Thus &, records simultaneously the rescaled angular measure and the local radial phase. This is
the point at which moving singular hyperplanes must be controlled; pointwise density convergence
alone is not enough.
Fix p > 0. The one-sided Gumbel bound recorded above, together with local uniformity on
the bounded interval [—A, 0], yields, for all sufficiently large T,

F(TTi t/w(r:))
F(r;)

<Ca(l4t)7P, t>—A, (3.24)

where ¢y = max(¢,0). The order p may be chosen arbitrarily large.

Theorem 3.5. Suppose that (2.9) and (3.20) hold, and fixz an order p > 0 for the tightness
condition below. Assume that
B, —— & (3.25)

T—00

vaguely on NM x 14, where & is a Radon measure. Let o : NM — [0,00) be a continuous
coercive gauge, meaning that every sublevel set {o < R} is compact, and assume the weighted
tightness condition

lim Tim sup / (14+£) P&, (de, dt) =0, (3.26)
{o(§)>R}xI4

R—oo r—00

Suppose also that the angular complement is negligible on the new scale:
/ F(pr(uw) p(du) = o(arF(ry)), T — 0. (3.27)
S\T

The vague convergence and weighted tightness already imply finiteness of the following integral,
since et < Cyp(1+1t4)7P onla. Assume its remaining positivity:

Ce ::/ e ' &(d¢, dt) > 0. (3.28)
NMX]IA
Then
P{E:(t:)} ~ aF(r;)Cs. (3.29)
Conditionally on E-(t;),
(2:(0),6:(U) == Qe Qe(ds, dt) = Cgle™"B(dg, dt), (3.30)

where the variables are extended arbitrarily off T. Moreover,

w(re) (R = pr(U) | Brltr) — Bxp(1), (3.31)

T—00

independently of the limiting pair in (3.30).



Theorem 3.5 is a radial-tail transfer statement under a supplied graph limit. It does not
construct adapted cells for a singular minimizing set. For comparison, the profile extension in [9,
Theorem 3.12| assumes an exponentially dominated rescaled profile. General Gumbel tail ratios
are controlled here by (3.24) and weighted angular tightness; we do not invoke that theorem as a
substitute for these hypotheses.

The complement condition is deliberately explicit. In a fixed normal form it follows from
uniform angular separation and a Potter bound whenever the resulting polynomial remainder
is o(a;) as 7 — 0o. For moving thresholds, however, separation must be verified uniformly; it
cannot be inherited automatically from the fixed event.

The smooth theorem is the regular-density case of this result: take A =0, a; = A\7", and
¢r = A+ (f — 1). Its limiting graph measure is

h(s) dVam(s) dx dg, (o) (dt).

The same integrable bound used in its proof implies weighted tightness; angular separation yields
the complement estimate. The weighted statement is useful when density freezing is no longer
valid.

Appendix A provides density criteria for verifying the graph limit and tightness, including
product-power angular weights. Appendix B checks the resulting constants and conditional laws
for Dirichlet orthants.

3.2 Two reusable finite-output normal forms

We return to the smooth fixed-threshold setting and notation preceding Theorem 3.1. In
particular, M is a compact boundaryless manifold, ¢ = ng —m > 1, s has a continuous positive
density h near M, and (2.9), (2.11), and (2.12) hold. In both forms below, the active index sets
are fixed along M, all coefficient fields are continuous in s, all displayed remainders are uniform
in s, and local slackness is uniform. These conditions keep the normal form nondegenerate along
the entire minimizing manifold.

Proposition 3.6. Suppose that one active cost, denoted by fo, has the Morse-Bott expansion
fo(U(s,2)) =1+ %(Hsz, 2) +o(]|2]?), z =0, (3.32)
where H is positive definite. Suppose that the other active costs satisfy
Fi(®(s,2) = fo(U(s,2) = Ljs(2) + O(l2*), G €W, 2—0, (3.33)
for nonzero linear forms Lj s, while all remaining costs are uniformly slack. Define the weak cone
Cs ={x € NyM : L;j(z) <0 for every j € W}. (3.34)

Assume that Cs has positive Gaussian measure. With D)y 4 = A2,

b, (x) = {5<st’”’“>’ vels (3.35)

¢
00, x ¢ Cs, 2

The values of @5 on the interfaces UjeW{LJ)S = 0} are immaterial and may be assigned arbitrarily.
Consequently, if Zs is centered Gaussian on NyM with covariance H; ', then

PLEbD)} ~ Flroa-2ens? [ MPEEC) qyy ), (3.36)

M vdet Hy

Thus several weak constraints contribute one correlated Gaussian cone probability, not in general
a product of factors 1/2.



Proposition 3.7. Suppose instead that there are r genuinely switching directions. Let
N M=V, W,, dimVs,=r, dimW;=c—r,

be a continuous orthogonal splitting. Suppose that a fixed active set A has the expansions
1 .
Fi(R(s,y +w)) =1+ Ls(y) + 5 (Hjsw, w) +o(llyll + [wl®), €A (3.37)

as (y,w) — (0,0), uniformly for y € Vs and w € Wy, and that all other costs are locally slack.
Assume that .
Oy(z,2) = rg]‘aea% {Ej’s(a:) + §<Hj,sz, z>} (3.38)

obeys, uniformly in s, the explicit coercive bound
Oy(x,2) > er([|2 + [1211%)

for some c1 > 0. The uniform expansion and local slackness then imply, after shrinking the tube

if necessary,
F(¥(s,y +w)) =1 2> colllyl + [[w]?). (3.39)

Then the choice
Dy s(x+2) = Al 4+ A2

yields

T—00

P{E;(b)} ~ F(rp)A;(etn)/2 / h(s) / e~ ®@2) dg dz dVy(s). (3.40)
M Vs xWg

The power depends on the rank r of the switching directions, not on the number of active output
constraints. The master theorem also allows additional weak branches after one separately verifies
that they restrict z to a fized full-dimensional cone; the corresponding phase is then set equal to
infinity outside that cone.

Remark 3.8. For a fixed active set, put
Py = conv{V fj(s): fj(s) =1}

Since f = max; f; has a local minimum, 0 € Ps. The span of the minimal face of Py containing
zero determines the switching space, while the exterior gradients determine the weak cone. Indeed,
zero lies in the relative interior of its minimal face, so the support function of that face is coercive
on its span. Projecting the remaining gradients onto the orthogonal complement yields the
weak inequalities, and an exposing normal of the face supplies an interior cone direction. The
preceding normal forms require their rank and combinatorial type to remain constant along M.
If the active set changes, the cone loses interior, the rank changes, or minimizing strata intersect,
a separate local analysis is needed. Comparing powers is justified only after uniform integrable
normal forms have been established for the individual contributions; borderline matching may
introduce logarithms. Thus Theorem 3.1 is a general transfer theorem under a verified normal
form, not a claim that every finite maximum has one fixed polyhedral-quadratic description.

4 Explicit two-output normal forms

Assume in this section that M is a compact, boundaryless, m-dimensional C? submanifold of S.
Put
c=ns—m>1.

Let U(s,z) be a tubular chart, where s € M and z € Ny M, the c-dimensional normal space.
We choose the chart so that its volume Jacobian equals one at z = 0. Suppose that p has a



continuous positive density h with respect to Riemannian volume in a neighborhood of M, and
write h(s) = h(¥(s,0)).
Set '
=X f=hvf=2L

* *
Assume that f1, fo are C? in a fixed tube around M. All coefficient fields below are continuous
in s, and all displayed remainders and lower bounds are uniform in s € M. Determinants are
computed in orthonormal frames of the relevant normal spaces.

Theorem 4.1. Under (2.9), suppose that one of the following three local regimes holds.

(S) Slack second constraint. There are positive-definite symmetric operators Hg on Ny M such
that

f1(U(s,2)) =1+ %(Hsz, 2) + o(||z]|?), z — 0, (4.1)
and fo <1 —mn near M for somen > 0. Then
B{E,(0)) ~_Flr)ArCs, (4.2)
where
Cs = (2m)°72 /M fle(‘t"”)HS AV(s). (4.3)

(W) Weakly active second constraint. Ezpansion (4.1) holds, and there is a continuous family of
nonzero linear forms Ly on NsM such that

F2(¥(s,2)) = f1(¥(s,2)) = Ls(2) + O(|2]*), 2 —0. (4.4)

Then |
PLE-(0)} o F(ro)A\,Cy,  Cw= 50 (4.5)

(A) Both constraints strongly active. There is a continuous unit field es € NyM; put Wy = eZ,
so that NsM = Regy & Wy, Writing a normal coordinate as yes + z, with z € Wy, suppose that

1
Fi(®(s,yes +2)) = 1+ asy + 5 (H,s2, 2) + olly| + [|2[]%), (4.6)

FaW (s, yes +2) = 1= by + 5 (Haz,2) + olyl + 12]P), (47)

as (y,z) — (0,0), where as,ds > 0. At a genuine two-branch strong minimum, the two positive
KKT multipliers force the normal gradients to be antiparallel; hence both gradients vanish on
W, and no linear z-term occurs. The displayed expansions record the resulting second-order
hypotheses. Define the reduced Hessian

55H1,s + asH2,s
as + 0

on Wy, and assume that it is uniformly positive definite. These conditions and the uniform
remainders imply, after shrinking the tube, the local coercivity bound

F(¥(s,yes +2)) = 1> co(lyl + [|2]%) (4.9)

for some cqg > 0. The unit field creates no separate orientability restriction: the first expansion
implies V f1(s) = ases # 0, so the globally labelled branch fy itself orients the switching line.
Then

H, =

(4.8)

P{E-(0)} ~ F(rr)A “TV2Cy, (4.10)
where L gt
B (a4 5
Cp = (2m)(cD/2 / ()" +,7) AVpu(s). (4.11)
M v/ det H

When ¢ = 1, the determinant and (27)° in (4.11) are interpreted as one.
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Remark 4.2. The roles of the two constraints in parts (S) and (W) may of course be reversed.
If several disjoint minimizing manifolds have the same radial cost, their contributions of the
same order add. If their exponents k differ, the contribution with the smallest x dominates,
equivalently, it has the largest exponent —x in the factor A7". A tie at which both normal
gradients vanish leads instead to the phase

1
3 max{(H sz, 2), (Hys2,2)},

and is not included in Theorem 4.1. It is, however, covered by Theorem 3.1 if the resulting
maximum of quadratic forms is uniformly coercive.

5 Centered Gaussian processes on a fixed finite grid

Brownian motion is not needed for the radial reduction. On a fixed finite grid, the law of a
centered Gaussian process is determined by its covariance matrix, and whitening converts every
squared linear output into a quadratic form of one standard Gaussian vector. The following
proposition records this reduction, including singular covariance matrices.

Proposition 5.1. Let Z be a centered Gaussian vector in RN with covariance matriz T' of rank
r>1. Let My, ..., My be symmetric positive semidefinite N x N matrices and put

Y; = Z" M;Z, j=1,...,d. (5.1)
Choose a full-column-rank factor Ar € RNX" such that T’ = AFA;, and define

Q; = Al M;Ar, g;(v) = v Qjv, vesSL (5.2)

q(v) = max ( bi )1/2, (5.3)

1<j<d \ gj(v)
where a term is infinity when g;(v) = 0. If Q; = 0 for some j, then Y; = 0 almost surely and
the positive-threshold joint event is empty. Henceforth assume that every @Q; is nonzero. Then
the feasible angular set is nonempty and 0 < ¢, = min,cgr—1 q(v) < co. For every u > 0, with
normalized surface measure op._1,

For b € (0,00)%, let

P{Y; > bju, j=1,...,d} = 1 Fxr (\/ﬂq(v)) or—1(dv), (5.4)
ST
where Fy, (z) = P{x, > x}. Consequently, whenever their corresponding angular hypotheses are
verified, the normal-form results above apply with

T =/, Tr = Tqs, w(r) =z, A = row(ry) = ug?. (5.5)

The construction is intrinsic: if I = gpglf 18 another full-column-rank factor, then Ar = ArO
for an orthogonal matriz O, and the forms, minimizing geometry, and angular integral are carried
wnto those above by v — Ow.

For a centered Gaussian process observed at fixed times t1,..., %4, stack all observed coor-
dinates into Z and use their joint covariance matrix as I'. A squared norm of a selected block
has the form (5.1) with M; = P]-TPJ-, where P; selects that block. Thus, for fixed M; and b, the
process dependence enters only through I'. For scalar Brownian motion the time covariance is
K;; = min(t;,t;); for v independent components, the (i, j) covariance block is min(t;,¢;)1,. This
covariance is special only because it has a simple independent-increment factorization, leading to
explicit weak cones.
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Corollary 5.2. Let v > 1, and let X1,...,X, be independent copies of a centered Gaussian
process, observed on the fized set T = {t1,...,tq}, where d > 2. Write

K =B{X:(t)X1(t))},  Yy:=> XZ(ty),
/=1

assume Kj; > 0,1 <j <d, and let r = rank K. Choose B € R¥>" with K = BB, denote its
jth row by b, and put

Qj =1,® (b]b;r)a gj(v) = UTQjUa vesT (56)
Define
N .: _ —1/2
g(v) = i 9, (v),  gei= max g(v),  gei=go (5.7)

Then g, > 0. Suppose that the reduced quadratic forms satisfy the hypotheses of Theorem 3.1,
with exponent k and maximum phase ®. Put

Ay =A{Y; >u, 1<j<d}, M, := min Y}, Jy = min argmin Y;.
1<j<d 1<j<d

Thus the location of the minimum on the grid is ty, . Then

Py, G (1) T ((f2) 53)

1—vr/2 vr/2—1—k
2 70 (u) exp {— “ } (5.9)

wsoe T(r/2) \g. 29.

If E is a unit exponential random variable, then, conditionally on A,

My —u —% 29, F. (5.10)

U—r 00

If, in addition, the branchwise convergence in Corollary 3.2 holds, with individual phases
D1y -y 0d, let (S, X) ~ Qo and take E independent of (S, X). Then, conditionally on A,,

(¥; = wi_y — = 2. (B + ®(X) — ¢;,5(X))] (5.11)

j=1
in [0,00|%. If the limiting mazimum of the individual phases is unique Qg-almost surely, then

(My —u, Jy) | Ay ——= (20.E,J.),  J, = argmax p;5(X), (5.12)

and E is independent of J.. Hence the limiting minimum excess is exponential with mean 2g,.
All quantities in this corollary are determined by K and v; the factor B only chooses coordinates.

Remark 5.3. If K = aa’ has rank one and every a; # 0, then jointly Y; = a?V, where V ~ x2.
Put mo = min; a? and jo = minargmin; a?. Exactly,

Ay =4V > u/mo}, M, =mgV, Ju = Jo.
Thus P(A,) = P{x2 > u/mp} and
(My =, Ju) | Ay === (2moE, jo), B~ Exp(1).

The minimizing angular set is the entire sphere, of codimension zero; this elementary case is
handled directly rather than by the positive-codimension normal-form theorem.
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Corollary 5.4. Use the definitions of Ay, My, Jy, and Y; from Corollary 5.2, but replace its
abstract normal-form and branchwise assumptions by the following covariance conditions. Assume
that K is positive definite and, after relabelling the grid if necessary, put

K.

02;:[(11’ pj::7jl 2§j§d

o
Thus p; is the Gaussian regression coefficient of X1(t;) on X1(t1); it need not be a correlation
coefficient. Suppose that p? > 1 for every j > 2, and define

Define the residual covariance matriz

KinKj

o o — P —
KS = K ~i,

2<i,j <d, (5.13)
o

which is positive definite in light of the Schur-complement theorem. Let Z° = (Z3,...,7Z3) be
centered Gaussian with covariance matriz K°, and put

o = P{ij; >0, j€ W}, (5.14)

with mg = 1 when W = 0. Write Z>" for Z° conditioned on the event in (5.14). Positive
definiteness implies a strictly positive density on the weak-coordinate subspace, hence my > 0.
Then

P{A,} ~ 7o P{o?x% > u} (5.15)

Do F(Z(;Q) (232)”/21 e {-5,7) (5.16)

Moreover, conditionally on A,,

Y. —u Y:—u d
Y, — J j LN (E 7oy 2_ 1), ) 5.17
( 1 — (2\/6 )jew, < ” >j€80> —— (Eo, (025 )jews (pj —Djeso ), (5:17)

where Ey ~ Exp(1/(202)) is independent of Z°F. Empty subvectors are omitted. In particular,

d

(M, — u, Jy) | Ay _>—> (Eo, 1). (5.18)
Remark 5.5. If K = diag(a%, e ,02), then the Y; are independent scaled chi-square variables.

In this case .

d
—2
9x = Z"j ’
j=1

the conditional excesses converge to independent exponentials with rates 1/ (20?), and

o2

IP) Ju — A uU—00 ¥ )
{ | Au} ST o2

Thus M, — u is asymptotically exponential with rate % >0 2 and is independent of the limiting
location. For equal variances the limiting location is uniform. This example also shows why a
deterministic Brownian-type anchor cannot be asserted for an arbitrary covariance matrix.

13



Remark 5.6. If p? < 1 for some j, the selected first coordinate cannot serve as an anchor at
energy o?; indeed, then g, < o2. A different coordinate may still satisfy the anchor condition
after relabelling. If no coordinate does, several constraints enter at the leading energy level and
a polyhedral or stratified normal form may be needed. Likewise, singular residual covariance
can produce persistent ties or a lower-dimensional cone. Corollary 5.2 still applies once the
corresponding normal form has been verified, but Corollary 5.4 deliberately states the clean
nondegenerate regime.

Remark 5.7. Corollary 5.4 is a fixed-covariance result and is not uniform as a regression coefficient
approaches the weak boundary. To make the transition precise, consider covariance matrices
K® — KO > 0 as v — co. For each u, let Xiu,---, Xy be independent centered Gaussian
copies on the grid with covariance matrix K™, put Yiu = >y X2,(t), and write A, =
;{Yju > u}. Define
(w) () g-(u)
2ogw K o _ptw _ BaTRj
u 11 > Ju O_a ’ u,1] ¥ 0_2 ’
Let K; denote the same Schur complement formed from K ©). Let 75 be a set of coordinates
such that

Piu ~—— 55 € {~1,1}, B = (P?,u — D)Vu =25 85 €R,
while
.. . 2
llurgggf I]nzlgl(pj’u 1)>0
J&To

when the complementary set is nonempty. The remaining coordinates are then uniformly slack.
The regression decomposition in the proof yields, conditionally on Y; , > wu,

Yju_u d 5]‘
5 —— | = +8;Z; Z%ie7 ~ N (0, (K§ .
( 2\/u )J.GTO u—00 (2 + i en (Z7)ieTo (0, (K5)7570)

Consequently,

R — 7 .
P(Y10 > ) {2+33]>0,j676

For one transition coordinate this is ®x(8;/(2,/Kg ;;)), where ®y is the standard normal

distribution function. Thus the crossover scale is exactly (p5, —1)y/u = O(1) as u — oo. In the
one-coordinate case ; = 0 yields the weak factor 1/2, while moving beyond this finite window
with 3;, — 400 as u — oo recovers the slack factor 1. For several transition coordinates, zero
shifts yield their correlated Gaussian cone probability, not in general a product of factors 1/2.

Remark 5.8. The uniform angular law produced by Gaussian whitening coincides with the
symmetrized Dirichlet angular law when every a; = 1/2. This angular coincidence should not
be confused with the full Dirichlet specialization: Proposition 5.1 uses quadratic outputs and a
chi radial variable, whereas Corollary B.3 permits the degree-one orthant outputs and a general
Gumbel radial distribution. When some «; # 1/2, the product-power factors in (B.1) contain
information beyond covariance. The Gaussian orthant case is obtained from that corollary by
taking every o; = 1/2 and R ~ .

5.1 Brownian motion on a fixed grid

The following consequence of the anchor result isolates the weak-cone mechanism. Appendix C
presents a separate two-time calculation across all threshold ratios: it exhibits the slack, weak,
and strong regimes and checks their constants explicitly.
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Let B = (By,...,B,) be a v-dimensional standard Brownian motion, with v > 1, and put

Y, (t) = |B®)I* =) B(t). (5.19)
(=1

Fix d > 2 and times 0 < t; < -+ < tg, write T = (t1,...,tq), and define

d
AD = ({Yo(ty) > u}. (5.20)

If W is a scalar standard Brownian motion, write
ﬂ'd(T) :P{W(tj —tl) >0, J :2,...,d}. (5.21)

This is the positive-orthant probability of a nondegenerate Gaussian vector for fixed distinct
times.

Corollary 5.9. As u — oo,
P{AD} ~ ma(T)P{Y, (t1) > u} (5.22)
(d)

7a(T) [ u v/2-1 u
~ — —— . 2
T(v/2) <2t1) P\ T2y (5.23)
Moreover, conditionally on Ay~

(Y,,(tl) —u, (%‘)d 2) SN (E Wity — 1), ( W(t; —t1) >0, j :2,...,d>,
i

U— 00
(5.24)
where E ~ Exp(1/(2t1)) is independent of the cone-truncated Gaussian vector. In particular,
. N (d) d
1rSnjl;lle,(tj) u ‘ Ay — E, (5.25)

and the minimum is attained at t1 with conditional probability tending to one.

5.1.1 The explicit three-output constant

For d = 3, put

Alztg—tl, A2:t3—t2.
The correlation of W (A7) and W(A1+As) equals \/A1/(A1 + Ag). Hence the bivariate Gaussian
orthant formula [12, Section 2.2| yields

1 1 . Al 1 1 Al
m3(T) = — + — \| ——— = - + ——arctan{/ —. 2
3(T) arcsin X ; 5 Brctan , (5.26)

For equally spaced times this is 3/8, rather than 1/4. Thus the two later weak constraints do
not contribute two independent factors 1/2. The limiting conditional density of the two later
coordinates in (5.24) is

1{z >0,y > 0} z? (y —x)?
— — . 5.27
27T7T3(T)\/ AlAQ eXp{ 2A1 2A2 ( )

For the original two-component process, v = 2, formula (5.23) becomes
U
P in Yo(t; ~ T —— . 5.28
{lgl;gs 2(15) >u} s )exp{ 2t1} (5.28)
Remark 5.10. Corollary 5.9 is for fixed distinct times. If times coalesce, the covariance of the
Gaussian cone becomes singular, so the result is not uniform. Increasing d along a dense grid is
also a different problem: positivity at finitely many times approaches a boundary persistence
problem. A continuum of output times therefore requires an additional process localization
argument.
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6 A uniform growing-dimension radial benchmark

The same homogeneous rule can be considered in varying dimension without changing its threshold
convention. Let

Hy(z) =Yz,  zeRf,  Z®) ~ N0, I),

and consider P{H(Z®) > bu}. Here the radial law changes with k. Moreover, Hy = 1 on the
whole sphere, so the minimizing angular set has codimension zero. The following elementary
calculation is therefore a uniform radial benchmark, rather than a growing-dimension extension
of the angular localization theorems.

Proposition 6.1. For an integer k > 1 and x > 0, put

k maflefac
== —aqg—1 L -z =
a 2a p a 3 k(l’) F(a)
There is the exact representation
P{H,(Z"®)) > 22} = Li(z)R(a,z),  R(a,z) = / e (1 +t/z)P dt. (6.1)
0
Whenever x > py := max(p,0),
p|
R(a,z) — 1| < 6.2
R(ax) ~1] < - (6.2
Ifk>2and 8 :=1—p/x >0, the sharper bound is
Li(z) P
k Lk
P{H,(Z") > 2z} = 5 (1+¢), T <e <0. (6.3)

Fiz 0 < bg < by < o0, let k = k(u) > 1 be integer-valued, and take b € [by,b1]. All the
following tail equivalents are uniform in b as u — oo. If k = o(u), then

w/2)k/2—1 g—bu/2
P{H,(Z")) > bu} = (b /2>F(k:/2) (1 +0 (i)) : (6.4)

More generally, if k/u — ¢ € [0,by) as u — oo and

k—2
o =1-—",
Bup bu

then
(bu/Q)k/Q—le—bu/Z b (bu/Q)k/Q—le—bu/Q

P{H(Z®) > bu} ~ ~ 6.5
R A V77E) AP R V(7] (0
In this latter regime the conditional excess satisfies
sup sup P{ﬁ“’b (Hp(Z®) —bu) >y ‘ Hy,(Z2®) > bu} —eY 20, (6.6)
be[bo,br] ¥>0 2

Thus, for each fized b, the unscaled excess converges to an exponential law with rate (b — c)/(2b).
When k = o(u), this rate is 1/2.

Proof. The chi-square density and the substitution s = z + ¢ yield (6.1). If p > 0 and « > p, then

o0 1
1 < R(a,z) < / e~ (=p/2)t gt — ,
0 1—p/x
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using log(1 +v) <w. If =1 < p < 0, convexity implies (1 + v)? > 1 + pv, whereas (1 4+ v)P <1
for v > 0. Consequently 1+ p/x < R(a,z) < 1. These bounds prove (6.2).
For p > 0, the inequalities v — v?/2 < log(1 4+ v) <wv and e™? > 1 — v imply

l __P /OO e Bte—pt?/(22%) 41 < R(a,z) < l

B a?B Ty - T
Multiplication by /3 proves (6.3); its lower bound remains valid even when negative. Taking
x =bu/2 in (6.2) proves (6.4). If k/u — ¢ < by as u — oo, then infj 3, is bounded away from
zero. For k > 2, the absolute relative error in the first expression on the right of (6.5) is at most
2(k —2)
bPu?By,

=O0(u™), u — 00.

The case k = 1 follows from (6.2). Finally, 5,5 — 1 — ¢/b uniformly as u — oo, proving both
equivalents.

For the excess, fix y > 0, write x = bu/2 and d = y/f,, and divide the tail at 2(x + d) by
the tail at 2x. Uniformly in b, the leading factors have ratio

e (14 d/x)P = exp{—Bupd + Oy((k + 1)/u?)} = eV,

For k > 2, (6.3) also implies R(a,z + d)/R(a,x) — 1 uniformly as u — co: both error bounds
vanish and the two corresponding values of 1 — p/z differ by pd/[z(x + d)] = Oy((k + 1) /u?).
For k = 1, use (6.2) instead. This proves the convergence uniformly in b for each fixed y.
Monotonicity of the survival functions and continuity of e™¥, first on a finite mesh and then
beyond a sufficiently large mesh endpoint, make the convergence uniform over y > 0. O

The exact factor I'(k/2) is retained throughout. Replacing it by a Stirling equivalent
additionally requires k& — oo and introduces a separate relative error of order 1/k. Neither a
uniform positive-codimension angular theorem nor a regime with k/u approaching the threshold
b is asserted here.

For a general homogeneous family Hj, extending the angular results requires dimension-
uniform control of the rescaled phase and amplitude, as well as a complement estimate relative
to the full leading term. In particular, fixed-shift Gumbel convergence alone does not control
the growing range of radial shifts selected by increasing normal dimension. These are separate
requirements from scalar threshold uniformity: if a fixed random variable has tail equivalent A(v),
then the same equivalent at v = bu is already uniform on any interval 0 < by < b < b < oc.

For smooth nondegenerate minima, Katsevich [10, Theorem 2.12 and Corollary 2.17] obtains
high-dimensional Laplace expansions with small parameter d2/\ under quantitative derivative
and localization bounds. Alexander and Anya Katsevich |11, Theorem 3.2 expand the logarithm
of the normalized integral. Their order-L remainder has scale (R?d)/*+!/A\F| with R subject to
localization conditions; when R remains bounded this reduces to d**1/AF. Thus any use of
those rates must retain the corresponding regularity and localization assumptions. These smooth
results do not directly supply dimension-uniform bounds for switching branches or singular
angular weights. The benchmark above is an elementary special case, with an explicit error
bound, rather than a claim to extend that high-dimensional theory.

7 Proofs

7.1 Abstract normal-form results
Proof of Theorem 3.1. Let J(s,z) denote the volume Jacobian of the tubular chart and set

Ay s = {x € NgoM : D s belongs to the chart of T},
Ar(s,z) = A [f(¥(s, Dy, s2)) — 1]
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Every compact subset of the normal bundle is eventually contained in the domains A} s, uniformly
in s. Since rf =1 + A;/w(r;) and |det Dy_s| = A7", the exact local integral is

IP’{E (b), U e T}
F(ro) 7"
/ /A ey ((i ?)/w(m)h(w(s,DAT,sa:))J(&DAT,sOC) drdVu(s). (7.1)

The Gumbel ratio converges locally uniformly in its shift: this follows from its monotonicity and
the continuity of e~!. Compactness of M, continuity of h and J, and uniform contraction of
D, s yield, uniformly on bounded rescaled sets,

h(¥(s, Dy, s2))J (s, Dy, sz) 2% h(s).
At a point where ®4(x) = oo, we have A, (s,x) — oo as 7 — oo, and the Potter bound implies

F(r,; + Al(s,ac)/w(rT))
F(rr)

Moreover, (2.12) and (3.4) dominate the integrand in (7.1) by a constant multiple of (14 g5(x))7P.
Equation (3.5) therefore permits dominated convergence on the expanding domains and yields the
local contribution Cg. On the complement of the tube, (2.11) and (2.12) imply O(F(r;)A\:) =
o(F(r-)A7%) as 7 — oo. This proves (3.7).

For completeness, let H be a bounded continuous function on the normal bundle and
let y > 0. Repeating (7.1) with the angular factor H(s,z) and with the additional event
w(r;)(R — 1q(U)) > y replaces the tail kernel by the same kernel with A (s,z) replaced by
A;(s,x) +y. The preceding domination then yields

< Cp(1+ Ap(s,x)) P 22 0 = e @),

H(S- Dy s, ZT>1ET(b>1{UeT}1{w(r7)<R—rq(U>)>y}}
Flror"

=, ey/ h(s) H(s,2)e” %@ dadVy(s).
M NsM

The complement estimate above shows that deleting 1y7¢7} changes the numerator by
o(F(r:-)A "), T — 00.

At y = 0, the unnormalized angular densities in (7.1) converge in L! by the same domination.
Normalizing by their total masses therefore proves the stated total-variation convergence; the
arbitrary off-tube extension has vanishing conditional mass. In particular, this proves (3.8): for
H =1 the limiting mass is C'g, so division by (3.7) gives a probability limit, and the preceding
convergence for every bounded continuous H is weak convergence. Dividing the general limit by
(3.7) proves (3.9) and the asserted independence. O

Proof of Corollary 3.4. The Weibull-tail equivalent implies the Gumbel ratio with w(r) =
LBrA=1; substitute \, = Lﬁr? in (3.7). For the Gaussian specialization, R = [|Z|| ~ xx
independent of the uniform angle and
— 21—k/2 T(k/2
FXk (T‘) ~ ,rk72€fr2/27 _ ( / )
r—oo I'(k/2) 2mk/2

— e

S

Here ¢, = M~'/7 and f = (M/g)"/7 has, as z — 0, the normal expansion
(Bsz, z)
Sk o),

Thus x = ¢/2 and the Gaussian normal integral is (27yM)%/?/+/det B;. Multiplication of the
radial and angular constants, using k — 2 — ¢ = m — 1, yields (3.18). O

f(U(s,2) =1+
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Proof of Corollary 3.2. Work on the fixed tube; its conditional complement is negligible in view
of Theorem 3.1. Write

X, = D;T{STZT, ERF = w(rT)(R — Tq(U)),

T

and, with U = ¥(S;, 2z;), put
fT7j :fj(U)’ fT:m]aXfT,j
Theorem 3.1 yields the joint conditional convergence

(S;, X,, ER) —L (S, X, E), (7.2)

T—00

where E is unit exponential and independent of (S, X). On E.(1,) all branches are positive, and
the minimum has the exact representation

ve= (i) -

Since q(U) = g« fr and R = 7q(U) + EE/w(r,), the tightness in (7.2), uniform contraction of the
normal chart, and continuity of f near M imply f. — 1 in conditional probability as 7 — oo.
Therefore

A ERN\" d
(M, - =22 |1+ —= —1| 2> E.
Gl ™) Y [( )‘TfT) ]T >

The same Taylor expansion also yields the sharper conditional relation
G(My —17) = ER 4 0p(1), T — oo (7.3)

This proves (3.11) without any branchwise phase assumption.

For the remaining assertions, insert H((s,x), @y (s,z)), with H bounded and continuous,
into (7.1), and replace A, by A +y for y > 0. On {® < oo}, (3.13) gives the pointwise limit
outside a bundle-volume null set, since h > 0; on {® = oo} the radial kernel tends to zero. The
existing integrable bound therefore yields the limit

eV / H((s, ), (s, 2))h(s)e” %@ dz dVy(s).
M JNs M
After division by the tail equivalent, this proves

d
(STvXT7LP)\7—(STaXT)7E7I-%) m (S7X790(57X)7E)
Since Qg has density proportional to e™®, Qp{® < oo} = 1. Thus, at the limiting point,
max; ¢;,5(X) = ®g(X) < co: every component is either finite or —oo, and the case of a +o00
component is null. Since ¢(U) = ¢, fr and A\; = 7q,w(r;),

R ER
= fr+ . 7.4

The common degree and unit thresholds imply g;(U) = (¢« fr;) 7. Hence the following identity
is exact on E(14):

& (Gy(RU) — 1) = 7 [(

fr"‘Ef/)“r)AY_l}
S .

f‘r,j

For every branch with finite limiting phase, the first-order expansion of the right-hand side,
together with (3.12) and (7.2), gives E+®g(X)—¢; 5(X). If p; 5(X) = —oo, then A+ (fr—fr;) =

(7.5)
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o0 as T — 00. Because the compact minimizing manifold lies in the common positivity set,
after shrinking the fixed tube if necessary all f;; are bounded above and away from zero. The
right-hand side of (7.5) therefore tends to +oo. This proves (3.14).
Under the additional uniqueness assumption, the ordering identity
Jr = minargmin G;(RU) = min argmin g;(U) = minargmax f;(U) = minargmax ¢y_;(S7, X;)
J J J J

holds on E-(14) N{U € T}. The conditional probability of the complementary event tends to
zero. At a vector with a unique finite maximum, the tie-broken argmax is continuous in the
extended-real topology. The joint branch limit just proved therefore implies the joint conditional
convergence of J; to J,. Combining this convergence with (7.3) and (7.2), joint Slutsky yields
the asserted minimum-location pair. Its independence follows because E is independent of (.S, X)
whereas J, is a function of (S, X). Integrating its indicator under Qg yields (3.16). O

Proof of Theorem 3.5. For t € 14, define

F(r, +t/w(r,))
F(rr) ’

Monotonicity of K, and continuity of e~ make the Gumbel convergence locally uniform in .

On [T, oo, monotonicity implies |K,(t) — et < K,(T) + e~ T, whose limiting upper bound is
2¢~ 7. Letting first 7 — oo on [~A, T] and then T — oo gives

sup | K, (t) — 7t =2 0. (7.6)

tela

Put W(t) = (1 +t4)7P, with W(oo) = 0. If R > 0 and 0 < ¢ < 1,5} is continuous and
compactly supported, vague convergence yields

/q,z) ®(d¢, df) = lim /w &, (d¢, de).

Taking the supremum over such cutoffs and then using (3.26) shows that the W&-mass of
{0 > R} tends to zero as R — oo. Its mass on each compact sublevel of g is finite by the Radon
property. Consequently [W d& < oo, and e™* < C4,W (t) proves the finiteness asserted in
(3.28). The exact radial identity and (3.23) yield

PLE:(tr U €T} / Ko (1) 6,(de, db). (7.7)

aT

K, (t) = K, (00) = 0.

Let xr be continuous and compactly supported on NM, with 0 < yp <1 and xyg =1 on
{o < R}. Vague convergence makes [ xg d®, bounded, and (7.6) implies, as 7 — oo,

[ xw(@ 0 - e dt)’ <suplK, 7! [ xnas, = o).
A
The function yg(&)et is continuous with compact support on NM x 14, so (3.25) also gives

/ XK (1) ,(de, dt) 7= [ xn(e)e™ & (de, di).

The contribution of {¢ > R} tends to zero uniformly in 7 by (3.24) and (3.26). Letting R — oo
n (7.7), and then using (3.27), proves (3.29).

The same cutoff argument with a bounded continuous test function gives (3.30). Finally,
for y > 0, replacing the radial endpoint p.(U) by p,(U) 4+ y/w(r;) replaces K. (t) by K. (t +y).
Uniformly on T4,

K (t+y) 72 e tH0) — g7Vt
and K, (t +y) < K-(t). Dividing the resulting joint limit by (3.29) proves both (3.31) and the
asserted independence. O
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7.2 Reusable finite-output normal forms

Proof of Proposition 3.6. Use Dy s = A~Y2]. Away from the finitely many interfaces Ljs(x) =0,
equations (3.32)—(3.33) give the phase in (3.35): it is quadratic on Cs and infinite outside. The
interfaces have Lebesgue measure zero. The determinant contributes A\=¢/2. Since f > fo, positive
definiteness in (3.32) and the uniform remainder imply, after shrinking the tube, the quadratic
coercivity required by Theorem 3.1. Finally,

c/2
/ 67<H5x,x>/2 dr = mP{ZS S Cs}
. det H,

Substitution in (3.7) proves (3.36). O
Proof of Proposition 3.7. Write a normal vector as y + w € Vs & W, and use

y =\l w=\"122
Equation (3.37) then yields the phase (3.38). The Jacobian is

Ay —(er)/2 _ y—(etr)/2

The coercive bound following (3.38), together with the uniform expansion, implies (3.39) and
hence verifies (3.4). It also makes the phase integral finite. Theorem 3.1 now yields (3.40). O

7.3 The explicit two-output result

Proof of Theorem 4.1. Regimes (S) and (W) are Proposition 3.6 with respectively zero and one
weak branch, while regime (A) is Proposition 3.7 with switching rank one. We record the short
integral evaluations because they yield the explicit two-output constants. Equivalently, all three
cases may be inserted directly into Theorem 3.1. In regime (S), take Dy, = A~Y2]. Then
Kk =c¢/2 and ®,(x) = (Hyz,z)/2, whose Gaussian integral equals (27)%/2/+/det H,.

The same scaling applies in regime (W). On {z : Ls(x) < 0} the limiting phase is (Hx, x)/2,
whereas on {z : Lg(x) > 0} it is infinity. Thus the limiting domain is a half-space through the
origin, with Gaussian mass 1/2.

In regime (A), scale the e; coordinate by A~! and the W, coordinates by A~Y2 Then
k = (c+1)/2 and the phase is

1 1
O (x,v) = max {asx + §<H1,Sv,v>, —0sx + §<H273v, v)} . (7.8)

Put
Az(v) — A1 (v)

as + 58
With t = & — 29(v), the phase has the exact leading-form decomposition

i) = i), wol) =

1
O (z,v) = §<Hsv, v) + max{ast, —0st}.

Uniform positivity of Hs, as, and 85 bounds this below by c(|t| + [|v]|?). Since |zo(v)| < C||v]|?,
it also bounds |z| + ||v||? from below up to a fixed positive factor. The uniform remainders
therefore imply (4.9). For fixed v, splitting the z-integral at the intersection of the two affine
functions yields

/6—<I>S(3:,U) dz = (as—l + 58—1) exp {;<HSU,’U>} X (79)
R

The Gaussian integral over W, yields (4.11). In the slack and weak regimes, f > f1 and (4.1) give
the required quadratic coercivity. In the strong regime it is precisely the consequence recorded in
(4.9). The conclusion now follows from Theorem 3.1. O
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7.4 The Gaussian covariance reduction

Proof of Proposition 5.1. Let N, be standard Gaussian in R". Then Z 4 ArN,.. Write N, = RV,
where R ~ x, and V is uniform on S"~!, independently of R. Equations (5.1)-(5.2) give

Y, LRVTQ v, j=1,....d

Conditioning on V proves (5.4).

If ; = 0, then the preceding representation implies Y; = 0 almost surely. Otherwise, for
positive semidefinite Q;, the zero set of g; is ker @Q; N S™"!. These are finitely many proper
subspheres, whose union cannot cover S"~!: hence a common feasible direction exists. The
extended function ¢ is lower semicontinuous on the compact sphere, finite at such a direction,
and bounded away from zero because g;(v) < ||@;||. Thus 0 < g, < 0.

The chi tail satisfies (2.9) with w(z) = z, so r,w(r;) = ug?, which proves (5.5). Any chosen
normal-form theorem then applies once its angular hypotheses have been verified.

If Ap~is another full-column-rank factor of I', the two factors differ by an orthogonal right
factor: Ar = ArO. Therefore Q; = OTQjO. Orthogonal invariance of normalized surface
measure shows that the substitution v — Ov leaves (5.4), the minimum, and all normal-form
constants unchanged. O

Proof of Corollary 5.2. For £ =1,...,v, let Ny be independent standard Gaussian vectors in R".
The covariance factorization yields

Xo(t) LI N, 1<j<d

After stacking Ny, ...,N,, this is exactly the quadratic-form representation (5.6). Writing the
stacked vector as RU gives

R~ Xvrsy Y] = R29j(U)a Q(U) = Q(U)_1/2'

Every (); is nonzero because Kj; > 0. The finite union of their kernels cannot cover the sphere,
so some direction has all g; > 0; compactness then implies g, > 0.
Proposition 5.1 applies with

T:\/a7 Tr = 'I,L/g*, )‘T:u/g*
Theorem 3.1 and the standard chi-tail expansion give (5.8)-(5.9). For v = 2 the scale in (3.10) is

1
2 2g.

2
q
CT: > =

The minimum limit (5.10) follows from (3.11) without branchwise convergence. Under the
additional branchwise hypothesis, the vector and location limits (5.11) and (5.12) follow from the
remaining parts of Corollary 3.2. Finally, a different factor of K changes the reduced forms only
by an orthogonal transformation, as shown in Proposition 5.1; this proves the last assertion. O

Proof of Corollary 5.4. For j > 2, Gaussian regression yields, simultaneously for £ =1,..., v,
Xo(tj) = pjXe(t1) + €4, (7.10)
where the vectors (g¢9,...,&44) are independent copies of Ny_1(0, K°) and are independent of

(X1(t1),..., Xu(t1)).

We first identify the normal form. Use standard Gaussian coordinates in which Xy(t1) = 0Ny
and the residual vector in (7.10) is a linear image of d — 1 further standard coordinates. On the
resulting sphere S¥¥~1, the single constraint at t; satisfies

g1(v) < 2.
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Equality holds precisely on the manifold M = S¥~! on which all residual coordinates vanish. At
such a point the other outputs equal p?aQ, so the anchor condition shows that

2 —1
g« =0, =0 .

In a normal chart (6, z) around M, with § € S~! and z € R¥(@-1),
fi= =z =143 HZH2 +o(l=),  z—0. (7.11)

If £;z € R” denotes the residual perturbation at ¢;, then for j € W,
fi—h= < Liz)+0(|z1*),  z=0, (7.12)

and the displayed linear form is nonzero because its squared norm is p2K °Jo% = K3, Jo? > 0.
Every j € Sy is uniformly slack. The anchor expansion (7.11) also supphes the requlred coercivity.
For a standard Gaussian normal coordinate, the vector

((9 L; z})j 5

is centered Gaussian with covariance K°, independently of 6. Thus the favorable weak cone in
Proposition 3.6 has probability mg. Its codimension is ¢ = v(d — 1), and the angular constant is

Co = mo(2m)/2 |‘SSVVd—11’] = m 26/22((1/51//22))' (7.13)
Combining (7.13) with the 4 tail, 7, = \/u/o, and A\; = u/a? proves (5.15)—(5.16).
It remains to identify the conditional coordinates on their natural scales. Put
X1
[IX1]”

X, = (X1(ty), ..., X, ()", 0, =

on {Y7 > u}, and let

14
Z i = Z@u,g&:g‘j.
Conditionally on ©,, the vector (Z,,..., ) has distribution Ny_1(0, K°), which does not

depend on ©,,. It is also mdependent of Eu = Y1 — u. Moreover,
Y; —u= (p?—1)u—|—pj2'Eu+2pj\/u+EuZ;7j—I—ZS%]-. (7.14)
(=1

Conditionally on Y7 > u,

d
E, —— Eo,  Ey~ Exp(1/(207)).
U— 00
Equation (7.14) shows that the weak constraints converge to {p;Z; > 0, j € W}, while the
slack constraints hold with probability tending to one. The boundary of the weak cone has zero
probability, so the event indicators converge in the joint limit and their expectations tend to
mo > 0. Dividing the joint test-function limit by this probability proves (5.17).
For j e W,
Y}' - d o,+
o o Pl =0

Y,—-Y"
J7—>pj 1>0.

(7 U—00

and for j € Sy,

Hence the minimum is attained at the anchor with conditional probability tending to one, and
(5.18) follows. O
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7.5 The finite-time Brownian result

Proof of Corollary 5.9. Apply Corollary 5.4 with the first time as the anchor. Brownian covari-
ance yields

min(t;,tq .
02:t1, pjzyzl’ j>2,
3]
and
K% = min(ti,tj) — tl = min(ti — tl,tj — tl), ’i,j Z 2.

Thus every later constraint is weak, the residual Gaussian vector has the law
(W(ta —t1),...,W(ta —t1)),

and its positive-cone probability is m4(T). This includes v = 1: the anchor direction manifold
is then the two-point sphere S°, and the same residual-cone calculation applies. Equations
(5.15)—(5.16) give (5.22)—(5.23), while (5.17) gives (5.24). Finally, (5.18) yields (5.25) and the
asserted location of the minimum. O

A Verification criteria for weighted angular laws

We use the notation and geometric setup of the weighted formulation in Section 3.1. The following
criteria separate local convergence of singular angular densities from control of the full rescaled
integral.

Lemma A.1. Suppose that the pullback of v to the tube has a locally integrable density w:

u(d¥(s,2)) = w(s, z) dVa(s)dz. (A1)
Put det D
g-(s,) = ’eCLAT’S‘w(s,D)\T,Sx)l{\II(S,D)\ﬁs:B) €T} (A.2)
Also put

%T(‘g? l’) = ¢T (\I/(S, D)\-,—,sx))
whenever the displayed point lies in T, and extend it arbitrarily elsewhere, where g- = 0. A
sufficient condition for (3.25) is that gr — go in L (NM) as 7 — oo and that

loc

br(s,2) T2 @(s, z) (A.3)

locally in g AV dxz-measure, where ® : NM — [—A, 00| is Borel measurable. Explicitly, for
every compact K and e > 0, this means

/KgT(s,:r:)l {doo (&5}(5, x), <I>(s,x)) > 5} dVa(s) dx =%, (A.4)

$ — e~ on the compact space [—A, 00]. Then

where one may take doo(s,t) = |e”
&(ds, dz, dt) = go(s,z) dVam(s) dx dg(sx)(d). (A.5)

If, in addition, there is a continuous coercive gauge o such that

lim Tim sup / (14 Br(s,2))4) g (s, 2) dVig(s) da = 0, (A6)
{e(s.)>R)

R—oc0 71500

then (3.26) holds. Consequently,

Co = / go(s,2)e” (%) AV, (s) d. (A.7)
NM

This criterion isolates the real analytic task: local convergence must be supplemented by tightness
of the full rescaled integral.
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Lemma A.2. Let B be an r x ko matriz of full row rank and let v, ...,y € (—1,0). For every
M < oo,

sup / 1Bz +a)[" dz < cc. (A.8)
acR" J[—M,M]ko ;25

The bound is locally uniform on compact subsets of the full-row-rank matrices.

Proposition A.3. Suppose that in tubular coordinates

N
w(37 Z) = WO(Sv Z) H W)f('s? Z)|Bza Bﬁ > —1, (Ag)
(=1
where wy is continuous and positive near the zero section. Assume that |det Dy 5| = dy is

independent of s and that, for positive numbers cy y,

_ A—o00
cwl\wg(s, D, ;) A7ro0, Ly s(x) (A.10)

locally uniformly away from the zero sets of the limiting forms. Assume that the union of these
zero sets has dVaq(s) dx-measure zero. Put

N
ax =dy [] €. (A.11)
/=1

Define the nonnegative rescaled product

N
Be
Hy(s,2) = 1{¥(s, Dy oa) € T} | ‘cgiqu(s, Do)
/=1

Assume explicitly that these products are locally uniformly integrable: for some fixed Ao and every
compact K C NM,

lim sup/ Hy(s,z)1{Hx(s,z) > M} dVp(s)dx = 0. (A.12)
MHOO)\Z)\O K

Then the densities in (A.2) converge locally in L' to

N
go(s,x) = wo(s,0) [ ] 1 Zes(z)]%". (A.13)
=1

Hence Theorem 3.5 applies with a; = ay_ once all its remaining hypotheses have been verified,
including the uniform lower phase bound, phase convergence, weighted tightness, the complement
estimate, and positivity of the limiting integral.

A convenient sufficient criterion for local uniform integrability is that all normalized negative-
power prelimit factors form one affine system B) sx 4 a) 4, with B ; ranging in a compact subset
of the full-row-rank locus, while the nonnegative-power factors are locally uniformly bounded.
Apply Lemma A.2 with each negative exponent multiplied by a fixed number slightly larger than
one. Uniform comparability with such affine factors is enough. Successive applications also work
for a triangular block structure: after integrating one block, every remaining singular factor must
be independent of that block. This is the structure used in the Dirichlet proof below.

Separate rank conditions on overlapping blocks do not suffice: |z|~3/%|z|=3/4 is not locally
integrable, although each one-row block has full rank. Nor does full rank of the limiting forms
alone exclude prelimit spikes near their zero sets. A useful sufficient global criterion is ¢ > co—C),
together with polynomial bounds on the rescaled angular mass of unit cubes and on their sublevel
counts. More precisely, suppose each cube Q has mass at most C(1 + infg 0)® and at most
C(1+ R)P cubes meet {0 < R}. Any order p > B + D in (3.24) then implies weighted tightness
by summation over dyadic annuli. The Dirichlet application below verifies both bounds explicitly.
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A.1 Proofs of the verification criteria

Proof of Lemma A.1. Let f be continuous with compact support on NM x I4. The change of
variables defining g, gives

[ eneacan = [

NM

7 ((s,2). 6 (s.2))
X gr(s,z) dVap(s) de.

On the compact projection of the support of f, the phase convergence in g, dVu( dz-measure and
uniform continuity of f show that replacing the displayed phase by ®(s, z) changes the integral
by o(1) as 7 — oo. The local L' convergence g, — go as 7 — 0o then yields

/f de, ==, /'\IMf((s,x),@(s,:c))gg(s,x) dVam(s) dz.

This proves the vague convergence and (A.5); substitution in (3.28) gives (A.7). Finally,

/ (1+412)P 6, (dE, db)
{o>R}xI4

- /{ o (15 Ge2) ’ g2(s,2) AVpq(s) do.

The assumed tightness of the densities makes the last expression uniformly negligible as R — oo,
proving (3.26). O

Proof of Lemma A.2. Fix a full-row-rank matrix By and choose a (ko — 7) X ko matrix Cy such
that Tg, = (gg) is invertible. For B in a sufficiently small neighborhood of By, T = (go)
remains invertible, with uniformly bounded inverse and Jacobian. Under the change z = Tz, the
cubes lie in one fixed bounded box and the first r coordinates are exactly Bx. Their integrations
are bounded by products of
M/

sup/ |z 4+ a|7 dz,

aceR J—-M'
which are finite because «; > —1. The remaining integrations have finite volume. A finite cover
of any compact subset of the full-row-rank locus proves the asserted local uniformity in B. [

Proof of Proposition A.3. For the present A-indexed family, denote the density in (A.2) by gy.
Substitution of (A.9) into (A.2), followed by (A.11), writes the rescaled density as

ga(s, ) = wo(s, Dy sx)HA(s,x).

On every compact set the tube indicator in Hy is eventually one by uniform contraction, and
wo(s, Dy sz) — wo(s,0) uniformly as A — oco. Away from the union of the limiting zero sets,
(A.10) gives

N
A
Hy(s, ) == [ ] [es(@) .
=1

That union has bundle-volume zero. Since (A.12) and local boundedness of wy make gy locally
uniformly integrable, Vitali’s theorem upgrades the almost-everywhere convergence to local L'
convergence. Formula (A.13) and the conclusion now follow from Lemma A.1. O
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B Dirichlet angular specialization

For a symmetrized Dirichlet vector on S¥=!, k > 2, with parameter a = (ay, ..., ) € (0, 00)*,
the density with respect to surface measure is [4]

k
o — Ca z'ﬂZ i:2i_1 0271' B.1
ha(u) = ¢ E'“' o Bi=20i-1 e = g (B.1)
Consider
X=ATRU, C=(A")"1, =474, (B.2)

where A is nonsingular. For the d = k coordinate outputs, fix b € (0,00)* and let b be the
unique solution of
minz 'Y . (B.3)
z>b
Strict convexity implies uniqueness. To identify the active set, put n = Y 1b. The KKT
conditions are

Thus I = {7 : ; > 0} is the unique minimal index set characterized by
B[ = by, EJ = EJ[EI_IIb[ > by, El_llb] > 0y. (B.4)

Conversely, these relations satisfy the KKT conditions, which also proves the characterization;
see [5] for this standard quadratic-programming reduction. Put my = |I|, let J ={1,...,k}\ I,

and define

Cb
pe = (b1 b)) ? w =2 eshL (B.5)

For the fixed ray X > ub, the minimum radius cost is ¢ = p« and the minimizing angular set is
the singleton {u,}.

Assume that F satisfies (2.9) with auxiliary function w. Let u,, — 0o as n — oo, and put
Tr = Msln, Wy = w(ry), and A\, = rpw,. The standard Gumbel domination bound yields, for
every fixed Ag,p > 0 required below, a constant Cy,, < oo such that

F(TZ+ t/wy)

< Ca (1+1)77, > —A, B.6
F(Tn) — AO»p( + +) - 0 ( )

for all sufficiently large n. Moving thresholds on the natural scales are assumed eventually
componentwise positive and satisfy

W (b — upb); 2225 & € R™, (B.7)
1/2 B
(1;]77) (tn - Unb)J m &y € [—oo, oo)“”. (B_g)

The limits themselves force eventual positivity on the active block and on every residual coordinate
with finite ;. Thus the explicit positivity assumption has content only for residual coordinates

with ; = —o0; the componentwise formulation is retained for the exact radial reduction. Define
LS={ieL:J#0, Ci;#0;}, LY=1L\LY. (B.10)
Put

L;={iel%:8<0}, L;={icLd:pB <0}
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Assume that C, - ; has full row rank, with the evident void convention when L; = (). No
Jo
additional condition is needed on C'; - ;: its rows vanish on J, so it has full row rank automatically
I

because C' is nonsingular. Thus the only imposed rank condition concerns genuinely singular
J-scale angular factors. The smooth quadratic-programming chart has m; — 1 linearly scaled
directions and |J| quadratically scaled directions. Hence

dy = A~ (m=D=1J|/2, (B.11)

A zero Dirichlet factor indexed by Lg first appears on the A™1/2 scale, whereas one indexed by

L(I) first appears on the A™! scale. Proposition A.3 therefore yields

—(mr—1)—|J|/2—% Lierd Bi=2ier9 Bi

ay =\ (B.12)
= \FD,
L
kp=1—my — MJF@HL Zai—QZai. (B.13)

ieL i€l

This is exactly the Dirichlet exponent. Thus the altered power is an angular-measure effect, not
a correction to the Gumbel radial tail. When L = 0, kp = —((m; — 1) 4 |J|/2); the sign is
opposite to the abstract exponent x because the present normalization is written as AP rather

than A\ "~.
To make the limiting constant explicit, set
Toeg = || m?1(CB)I7, (B.14)
¢L
Bi#0
= 11 1Cays” T 1Cisy ™, (B.15)
i€ L9 ieLf
bfT -1 [ P
S(y) = 7211 yr+ 5y (E7)ay (B.16)
*
Lemma B.1. Put
~ b S ~
b=t e=¥ybn Q=T E={uillu=0L  (BA7)

The local angular chart is

Us +C’( Aur )

A—1/2y;

U/\('U[,'UJ) = P s vr € E. (B18)
e+ C ()
Then ETBI =1. Forvr € £ and vy > &;, define
& — Uz 1 T
Te(vr) = max 5 Qe (vr,vy) = 1e(vr) + JVJ Quy. (B.19)

If R = ry + s/wy, then, as n — oo, locally uniformly in the chart,

- - 1
w, (AT RUy,, — up,b); = v; + by (s — 2U}QUJ> +o(1), (B.20)

w12 B
<") (ATRUy, — upb); = vy + o(1). (B.21)

Tn
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Consequently, away from the interfaces {v; = &} with finite &, the limiting required radial
phase equals ®¢ on vy > & and is infinite when at least one strict reverse inequality holds. The
interface values are immaterial and are assigned the value infinity. Let

H('U[,'UJ) = H |C¢]U]|ﬂi H ’Cij’l)]|ﬁi. (B.22)

i ~70 i-70
€Ly €Ly

With dog denoting Euclidean surface measure on &,

1
|2|1/2H£”/ . /EH(U[,UJ)Q_(DE(UI,UJ) dog(vr)dvy
vy>€g

1

_ -
SIE H(y)e 5%) dy; dy,. (B.23)

yi>€1,y5>€

Lemma B.2. For the present application, let
Gn(u) = wn (p(u) =),
where py, is the required radius for the threshold t,. In the chart (B.18), put
op(vr,v7) = 1+ [lor]| + [[os]|*.

Let g, be the density, with respect to dog(vy)dvy, of the rescaled pullback a;jU;\‘nu, extended by
zero outside the chart domain. After choosing a sufficiently small fixed tube, there are constants
¢,C >0 and B > 0 such that, uniformly for all large n,

cbn(U)\n (U],UJ)) > cop(vr,vy) — C, (B.24)

B
/ gn(vr,vy) dog(vy)dvy < C (1 + igf QD> (B.25)
Q

for every unit cube Q C £ x RY.

Corollary B.3. Assume that A is nonsingular, b € (0,00)¥, F € GMDA(w), the vectors t,
are eventually componentwise positive, the threshold limits (B.7)~(B.8) hold, and CL; 7 has the
full row rank specified above. Then

*
CaTreg

Xtk v e )

X / H(y)e ®W) dy;dy. (B.26)
yi>€r,ys>€

Here a lower bound equal to —oo imposes no restriction.
Define the componentwise scale

1/2
w
(dn)] = wn]_[7 (dn)J = (n) ]_J. (B.27)
Then, for x € [0,00)* at continuity points,

/ H(y)e®®) dy
n—oo Jyr>€r+x5,ys>€5+xg

/ H(y)e ™) dy
yi>€r,ys>8s

Here —oo+x = —o0; a residual coordinate with such a lower limit diverges on the displayed scale.

P{d, (X —t,) >x|X > t,}

(B.28)
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The limiting active and residual blocks are independent: both the integrand and its domain
factorize between the I- and J-coordinates.
If LY = 0, the limit in (B.28) factorizes as

exp{—£"xs}
P
/ H ’CinJ‘ﬁze YJQYJ/Z d}’J
SErtxs
w LI el - , (B.29)
/ [11Cisy e ¥s972 dy,
Yi>&€5 L

with the J-terms omitted when J = (). Consequently, the active limiting excesses are independent
exponentials with rates £; = (Zl_llb[/,u*)i, i € I, and are independent of the extended residual
ltmating vector.

Remark B.4. Take v; = 1, Gj(x) = (AT x);, U with the symmetrized Dirichlet law of parameter
Q, Ty = fsln, A\p = raw(ry), and identify the moving-threshold limits & with the vector denoted
by q in the companion Dirichlet formulation [6, Theorem 3.1 and Corollary 4.1|. Then (B.26),
(B.28), and (B.29) reproduce that tail expansion and conditional excess law, including the power
Kp, the product-power constant, and the negative-power rank conditions. Thus the agreement is
exact, not only at the logarithmic or exponential rate.

This specialization also identifies the failure boundary. If the negative-power forms lose rank,
the measures in (3.23) need not be tight under the pure power (B.12). Coalescing factors can
require a normalization such as A~!log . The weighted theorem can transfer such a normalization
only after graph convergence and tightness, the complement estimate, and positivity of the
limiting Laplace integral have been verified; it does not manufacture the logarithm from pointwise
convergence.

B.1 Proofs of the Dirichlet specialization

Proof of Lemma B.1. The quadratic-programming identities yield
b=, (£,0)", CTu,=(£,0,)". (B.30)

Together with (B.18), Taylor expansion of the normalizing denominator proves (B.20) and (B.21).
The active equations and (B.7) show that their maximum required radial phase converges to
Tg(’l)]) + 'U}QUJ/Q.
For completeness, the residual branches imply the sharp domain restriction in the statement.
For j € J, put N
bj Wn,

~ 1/2 -
bj = §nj = <> (tn,j - unbj)a

Mo Tn

let py ; be the radius required by this branch, and set ¢, ; = wy(pn,; — rn). With

on every fixed compact set, for all sufficiently large n, the exact identity

05 (U, (01, 02)) = An(Dy — 1) + D, 2l —03) (B.31)
bj + An vj

follows from ATC = I and r,w, = \,. Thus, locally uniformly away from v; = &j, this branch
tends to —oo when v; > &; and to +oo when v; < &;; if §§ = —o0, it tends to —oo on every
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compact set. No pointwise limit is asserted on a finite interface. Those hyperplanes have
bundle-volume zero, and their values were assigned infinity by convention. This proves the stated
limiting phase.

Introduce an auxiliary e > 0 only through the analytic identity

e ? :/ e~ (%) de, (B.32)
0

and set R
yJj =0y, y[:U[+b[(T€(U])+6). (B33)

This maps € x {vy > &5} x (0,00) bijectively, up to boundary null sets, onto {y; > &7, y7 > &€}
Indeed, its inverse is

c=2L"yy, vr = yr —bre, e= mel? yig_ &’ vy =Y. (B.34)
1 .
1

The active Jacobian and phase identities are
dog(vr)de = [[€dyr,  Pe(vr,vg) +e=S(y). (B.35)

Moreover, C;yby = 0 for i € LY, so H(vr,vy) = H(y).
It remains to record the tangential surface Jacobian. The unit normal to & x R/ is n =
(€,0;)7 /€| For an invertible map C,

Ji_1(C),2) = |det C[||C~ Tn.

In view of (B.30), C~"n = u,/|||; hence this Jacobian equals |%|~/2/||£|. Inserting (B.32)
and applying (B.33) cancels ||£|| and proves (B.23). O

Proof of Lemma B.2. Write &, 1 = wy(t, — upb)r; this sequence is bounded by (B.7). Put

)\;11)[
Zn =\ —1/2 , D,, = |Jus + Czy|.
)\n vy

Since £7Tv; = 0, the cross term vanishes in the normalizing denominator and the identity
D2 =1+2%712, (B.36)

is exact. Let pyi(u) denote the radius required by the ith threshold alone. For every active
coordinate i € I, it satisfies the further exact identity

pri(Un, (v1,05)) _ ) Anbi +&ni (B.37)

Tn " Anb; + v;
Indeed, ATu, = b/p,, ATC = I, and rpw, = Ay.

The weights p; = £;b; are positive and sum to one, while

Vs
Zpi/fz = ETU[ =0.
iel bi

The map vy — max;er(—v; //b\l) is continuous and positively homogeneous on £. If £ = {0}, the
following claim is immediate from boundedness of &, ;. Otherwise the map is strictly positive
on the unit sphere of £, because a nonzero weighted-zero-sum vector has a negative coordinate.
Compactness of that sphere and boundedness of &, ; therefore imply, uniformly in 7,

gn,i — Y
maxT > ciljvg|| — Ch. (B.38)

el i
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Choose the fixed tube small enough that all denominators in (B.37) are uniformly comparable
with \,. Positive definiteness in (B.36) then yields

2
=1 2 e (B2 4 yp2)
n
If the maximum in (B.38) is nonnegative, denominator comparability preserves it up to a fixed
positive factor. If it is negative, that display forces |lvr|| to be bounded, and the corresponding
fraction is bounded below by a constant. Finally, since ¢,, is the maximum of the branchwise
radial phases, (B.37) yields

An(éni_vi)
W) > An(Dy — 1) + Dy, max 28t — %)
OnlUn) 2 DDy = 1)+ Dy g 22—

> es(|forll + [lvs®) = Cs.

This proves (B.24) throughout the rescaled fixed tube.

The exact rescaled density makes the remaining estimates transparent. Writing & =), o,
the central-projection surface Jacobian is [S|~1/2|€||~'dy, D;;*. Since k + >, 8; = 2a, on the
rescaled chart

—__‘fa p-2a , 18s
gn(vr,vg) = WDH “ lg: |us,i + (Czn)il
1
Bi#0
X H |CZ'[U[|Bi H |Cigvg + )\;1/201'[U[|5i. (B.39)

ieLf ieLb

It is zero off that chart. Shrink the fixed tube so that the regular coordinate factors are bounded
above and away from zero. The factor D, 2% and the regular products are then uniformly bounded.
Thus only the explicitly displayed zero-coordinate powers require an integrability argument. The
nonnegative powers are bounded on a unit cube by a fixed polynomial in 1+infg pp; for example,
it is enough to take
B = Zmax(ﬁi, 0).
€L
For the negative powers, apply Lemma A.2 first to CL; 7» uniformly in the affine shift generated
by vy, and then to the restriction of C' Lo to £. The latter restriction has full row rank: every

one of its rows annihilates by, whereas L'b; = 1, so no nonzero row combination can be normal
to £. Successive integration on each unit cube proves (B.25). O

Proof of Corollary B.3. Take Gj(x) = (ATz); and v; =1, j = 1,... .k, in the weighted moving
normal form. Its moving event is then {X > t,}.

We first verify explicitly the local uniform integrability required in (A.12). Choose ¢y =
14 ¢ > 1 so close to one that

qoBi > —1 for every ¢ € L with §; < 0.

On a fixed compact set, the nonnegative-power factors and all smooth factors are uniformly
bounded. Apply Lemma A.2, with exponents gy3;, first to the J-block forms and then to the
restrictions of the I-block forms to £. The imposed J-block rank and the automatic restricted
I-block rank proved in Lemma B.2 yield, by successive integration,

sup/ HY dogdvy < 00
A>Xo J K

32



for every compact K C £ x R’. Consequently,

sup / H)\1{H) > M} dogdvy < M™% sup / HI M2,

which is exactly (A.12).

Proposition A.3 now yields local L' convergence of the rescaled densities. Together with
(B.31), this also implies the local phase convergence in rescaled-density measure: off arbitrarily
small neighborhoods of the finite interface hyperplanes the convergence is locally uniform, while
local L' convergence makes the g,-mass of those neighborhoods uniformly small when their
width is small. Lemma A.1 therefore yields the vague graph limit. Its Laplace integral is caTyeq
times the left-hand side of (B.23); the lemma thus identifies the constant displayed in (B.26).

It remains to verify the non-local hypotheses of Theorem 3.5. In (B.6), make the single choice

J
p>max{B—|—(mI—1)—|—|2|—|—l, —HD}-
In light of (B.24), (1 + ¢;/)"? < Co,". The number of unit cubes with infgop < R is

O(R™1=1+171/2) a5 R — 0o. Summing (B.25) therefore proves (3.26). Since £ > 0, £ b; = 1,
and vy € &,
&i

Te(vr) > Zzi/b\i B_UZ =L'¢r.

el v

Together with positive definiteness of Q when J # (), this supplies a lower bound for the limiting
phase. The active-coordinate minimum and (B.24) imply ¢, > —A on a sufficiently small fixed
tube. The same coercivity, the graph-integral identity, and the nonempty limiting domain yield
Cg > 0; finiteness is automatic from the vague graph limit and the weighted tightness just
proved.

Finally, define the fixed active-only angular cost

bz/(ATQ)“ (ATH)z > O,
(0) = 0) = A(0).
04(0) {oo’ o oo ) =maxar )

The active-only quadratic program has squared value p2 and unique minimizing angle wu,. Lower
semicontinuity and compactness therefore give, after fixing the tube 7 and decreasing a constant
n > 0 if necessary,

inf qr(0) > pa(1 + 2n).

0¢T
Moreover, for i € I,
tn,i — b+ ,U/*fn,i n—00 by
Unp, An

uniformly over the finite active set. Hence, for all large n, the moving active-only required radius
is at least (1 — &)u,qr(0), where § > 0 may be chosen so that (1 —J)(1 +2n) > 1+ 7. Since the
full required radius dominates its active-only counterpart,

pn(e) Zrn(1+n)v 9¢T

The Potter bound and the same choice of p now yield
[ Floata)) n(du) < CAPF(r) = o (NP F ).
S\T

as n — oo, because p > —kp. This proves (3.27). Theorem 3.5 now yields (B.26).
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For x € [0, 00)¥,

P{X > t, +x/d,}

P{X >t,}
where division is componentwise. The shifted threshold satisfies (B.7)—-(B.8) with & replaced
by &€ + x. All other factors in (B.26) cancel, proving (B.28). When L9 = §, integration over
{y1 > &1 + x;} factorizes into one-dimensional exponential integrals. Taking their ratio yields

e~t"X1 and proves (B.29), including the stated independence. The convention —oo + & = —o0
also proves the extended residual assertion. ]

P{d,(X —t,) >x|X >t,} =

C A two-time squared Brownian norm

Let By, By be independent standard Brownian motions, put B(r) = (Bi(r), B2(r)), and define

Y(r)= B(r)+ B3(r), r>0. (C.1)
Fix 0 < s <t, put A =t — s, and consider
pp(u) =P{Y (s) > u, Y(t) > bu}, b>0. (C.2)

C.1 Four-dimensional radial structure

Let Z = (Z1, Z2, Z3, Z4) be standard Gaussian in R*. The independent-increment representation
yields

B(s) = Vs (21, Z2), (C.3)
B(t) = /5 (Z1,Z2) + VA (Zs, Zy). (C.4)
Consequently,
G1(Z) = s(Z} + Z3), (C.5)
Go(Z) = (VsZ1 + VAZ)? + (VsZy + VAZ)? (C.6)

are two homogeneous quadratic outputs and (Y(s),Y (t)) = (G1(Z2), G2(Z)).

Writing Z = RU, where R? is chi-square with four degrees of freedom and U is uniform on
S3, produces the required common radial factor. This is a global four-dimensional radius; it is
not the two-dimensional Bessel radius at either time separately.

At equal thresholds, the minimizing angular manifold is

M = {(v1,v2,0,0) : v3 +v3 =1} =St (C.7)

The proof of Theorem C.1 below verifies this weak-cone geometry.

C.2 The complete fixed-ray asymptotics

Theorem C.1. For every fixed b > 0, as u — 00,

exp{—;—s}, 0<b<l,
T R
() ~ Cou= 2 exp{—ul,}, 1<b< (t/s)2 (C.8)
%eXp {—ZZL} ; b= (t/s)?,
exp{—l;:}, b> (t/s)?,




where, in the strongly active interval,

1 (Vb—1)?
and A3/2p1/4
= r (Vo )t —svb) (C.19)
In particular, . y
P{min(Y (s), Y(t) > u} ~ 5exp {f%} . (C.11)

Remark C.2. The abstract constant in Theorem 4.1(A) recovers the independent density cal-
culation in the proof of Theorem C.1 exactly, not only its power of u. Write 9 = v/b and
put

o = (2s1,)7V2, By = (9 —1)(2AL,) 72,

The strong-regime minimizing circle is My = {(apv, Bpv) : v € St}. In its geodesic normal chart,
the coeflicients are

Vs —1) 5_15—579
B VA NN
Hi =1-d? Hy =1- 06 le—aéz%{b,
a b6l = —2\/§A3/21b .
(9 —1)(t — s99)

Here ¢ = 2, the angular density on S? is 1/(272), and the minimizing circle has length 2. Hence

) A3/2b1/4\/Tb Ca

VEWb—1)(t—svb)  2VT,
Indeed, F, (v/2uly)(2uly)~3/2Cy N Cyu~2e~%v. The individual scalars H; or Hy can be

negative in parts of the strong regime only when ¢ > 2s, and they are never simultaneously
negative. The reduced Hessian H is always positive, which is precisely the condition used in
Theorem 4.1.

Ca = Ch.

Corollary C.3. Let
A, ={Y(s) >u,Y(t) > u}, A=t—s,

and, on Ay, define O = (—O,2,0,.1) together with

_ B() B — Bl CY _ (oL
Oy = HB(S)W N_B(t) B( )a Z||,u— \/Z ) ZJ_,u— \/Z .
Then
(Y(5) = t, Zjur Z10) | Auw —2= (B, Z1, %), (C.12)

U— 00

where the three limiting variables are independent,

E ~Exp(1/(2s)), Zo~N(0,1), Z,2Z|{Z>0}, Z~N(,1).

Consequently,
Y(t)—u) d
Y(s) —u, —2 =Y |4, L (B, Z,), C.13
(v - 1 (B.2,) (€13
min{Y (s), Y ()} — u ‘ 4, —2 B, (C.14)
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with independent coordinates in (C.13). In particular, Y (s) —u and the excess of the minimum
are asymptotically exponential with mean 2s, whereas the later excess is of order \/u and has a
half-normal limit after scaling.

Remark C.4. The middle expression in (C.8) is not uniform as b | 1 or b 1 (t/s)?; its constant
diverges at both ends. The crossover occurs when the distance of b from the relevant critical
value is of order u~'/2. For example, for each fixed 8 € R, if b, = 14 Su~1/2, then the argument
used at the first weak boundary yields

P{Y(S) > U,Y(t) > buu} u—00 = B
P{Y(s) > u) ® <z¢z> |

Here @ is the standard normal survival function. A complete uniform moving-b theorem would
replace the full cusp integral by such Gaussian—linear transition integrals. It is not needed for
fixed b.

Remark C.5. Formula (C.11) holds for every fixed ¢t — s > 0, but it is not uniform as ¢ | s. Let
t, > s satisfy A, =t, — s — 0 as u — oo, and put

pre,(u) =P{Y (s) > u,Y(ty) > u}.
The first transition occurs on the scale
ul, <1, U — 0.

More precisely, if uA, — ¢ € [0,00) as u — 00, conditioning on Y'(s) > u and using the Brownian
increment yields the limiting constraint E + 2/c Z > 0, where E ~ Exp(1/(2s)) and Z ~ N (0, 1)
are independent. Consequently,

1 0 e=7"/2 1 c = (e
P{E +2\/cZ == Vez/s == N U o
{E+2veZ >0} 24_/_00e Vor dz 2+exp{282} (3)’

and hence

P, (W) usoo 1 { c }7 Ve
L — — P — ). C.15

P{Y (s) > u} 2 +exp 252 s ( )
Thus the factor tends to one when uA, — 0 as u — oo. If instead ul, — oo as u — oo, divide
the same conditional constraint by 2v/uA,; only the standard-normal term remains, so the factor
tends to 1/2. This is a triangular weak-activation problem and lies beyond the fixed-geometry
theorem.

C.3 Proofs of the two-time Brownian results

Proof of Theorem C.1. The Gaussian energy of fixed vectors z = B(s) and y = B(t) is

z||? y — x|/
I(z,y) = ”2! i 213||. (C.16)

For fixed norms the energy is minimized when = and y have the same direction. After writing
|z|| = /ur and |ly|| = v/u p, the variational problem reduces to

r* (p—r)?
min — 4+ —— . C.17
r>L;>¢b{25 2A } (G17)

The objective is strictly convex. Direct differentiation and the KKT conditions yield the unique
scalar minimizers

(L), (L1, (1,Vb), (Lt/s), ((s/)Vb,Vb)
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in the five regimes 0 <b<1,b=1,1<b < (t/s)% b= (t/s)?, and b > (t/s)?, respectively. At
the middle corner (1,v/b) the two lower-bound multipliers are

_t—S\/B \/l;—l'

— = C.18
IU’T SA bl Mp A I ( )
both are positive exactly when 1 < b < (t/s)?. The minimum has the three phases
1/(2s), b<1,
L, 1<b< (/s (C.19)

b/(2t), b>(t/s)%

Every minimizing set is a circle, generated by the common direction of z and y. For strict
inequalities in the first and third lines one constraint is slack. At b =1 and b = (¢/s)? the other
constraint is weakly active. In the middle interval both multipliers are positive; one normal
direction is linear and one is quadratic. The powers in (C.8) therefore agree respectively with
the slack, weak, and strong parts of Theorem 4.1.

We calculate the strongly active constant from the joint density. Conditioning on B(s) and
integrating the Gaussian increment over its polar angle yields the density

for(x,2) = iexp {_x — W} Iy <\/E> , x,z >0, (C.20)
s

2s 2A A

where I is the modified Bessel function. Its standard large-argument expansion [3, Eq. 10.40.1]

1S
eV

V2T

Therefore the change of variables x = ué, z = un yields, locally uniformly for &, 7 > 0,

Iy(v) = (1+0(@™), v — 00. (C.21)

3/2

WSl un) () exp{—uT (€ ), (C.22)
where ¢ (\/77 B \/E)Q
j(fv"?):%‘i‘T- (C.23)

At the corner (1,b), both boundary derivatives are positive exactly when 1 < b < (t/s)?, and

tfsx/g \/571
a0 SO =0

On the integration quadrant € > 1, n > b, the argument of I is at least ux/l;/ A. The relative
error in (C.21) is therefore uniformly O(u~!) there. Moreover, in the strongly active interval,
J has the unique constrained minimum (1,b) and is separated from its minimum off every
neighborhood of that corner. Since J is a positive-definite quadratic form in (1/€, V1), it also
satisfies J(&,m) > c¢(€ +n) on the positive quadrant. For the actual amplitude in (C.22), the
substitutions £ = 1+ z/u and n = b+ y/u yield

| ememen apag

The preceding separation and coercivity justify localization in this calculation. Applying it to
(C.22) yields the prefactor

Je(1,0) = (C.24)

p—1/4e—uJ (1,b)
wSoo u2Je (1, 0) Ty (1,b)

p—1/4 A3/2p1/4

4svV2r A Je(1,0) Tp(1,0)  V2r(vVb —1)(t — VD)’
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which proves (C.9) and (C.10).
At the lower weak boundary, use the radial representation (C.3)—(C.6) with 7 = /u. Near

(v,0) € M, write
U= (\/1—a2—fy2v, av+7vL>.

If g; = G’Z-(U)_l/2 and ¢, = 5712 then, as (a,v) — (0,0),

1
% =1+ 3(0* +7°) +o(a® +77), (C.25)
A
@:1—\/—a+0(a2+72). (C.26)
qx s
Moreover,
1
T =) 21 @ ),
g«

so the first-time constraint supplies the required coercivity and separation. Thus b = 1 is regime
(W). Here ¢ = 2, the angular density is 1/(272), the length of M is 27, and the normal Hessian
is the identity. Hence Cw = 1. Since

2
FXAL (r) = 677’2/2 (1 + TQ> ) T =/ u/s, Ar = u/s,
the weak formula implies the second line of (C.8).
At the upper weak boundary b = (¢/s)?, use the Brownian-bridge regression

A
B(S)ZgB(t)JrW, W 1 B(t), W~N2<0,stlg>.

Conditionally on Y (t) > bu, write Y (t) = bu + E}, where E} is exponential with rate 1/(2t). The
boundary identity (s/t)%bu = u yields

Y(s)—u = (;)2 B+ 25(B(t), W) + W2

After division by 24/usA/t, the middle term converges to a standard normal random variable
and the remaining terms vanish in probability. This proves the factor 1/2 at the upper boundary.

For b < 1, under Y (s) > u we have Y (t)/u — 1 in probability as u — oo, so the later constraint
is asymptotically slack. For b > (t/s)?, under Y (t) > bu the Brownian-bridge representation
implies Y'(s)/u — (s/t)2b > 1 in probability as u — oo. Thus the inactive constraint is satisfied
with conditional probability tending to one in both strict slack regimes. This completes the
proof. O

Proof of Corollary C.3. Conditionally on Y (s) > w, the memoryless property gives Y (s) = u+E,,
where E,, has the exponential law in the statement. The direction ©,, is uniform on S' and is
independent of E,. In view of isotropy and independence of the increment N, 7, and Z, , are
independent standard normal variables, independent of F, and ©,. The remaining constraint is

exactly
By +2y/(u+ E)AZ), + A28, + 23 ,) > 0.

In light of memorylessness and isotropy, these conditional variables may be realized using common
independent variables F, Z), Z whose laws do not depend on w. On this realization the indicator
converges almost surely to 1{Z)] > 0}. Explicitly, for every bounded continuous H,

U— 00

E [H(E, ZH’ ZJ_)].{Au} ‘ Y(S) > u] — E [H(E, ZH’ ZJ_)].{Z“>0} s

U—00

P{A, | Y(s) > u} “25 P{Z) > 0} = %
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Dividing the first limit by the second is the conditional-ratio form of dominated convergence and
yields (C.12). Since Z; > 0 almost surely, Y () — u — oo in conditional probability as u — oo,
while Y'(s) — u is tight. This proves (C.13) and (C.14). O
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