TAIL AND DENSITY ASYMPTOTICS FOR GAUSSIAN EXPONENTIAL
INTEGRALS

ENKELEJD HASHORVA AND SVYATOSLAV NOVIKOV

ABSTRACT. We study upper tails of exponential integrals of continuous Gaussian processes (GPs) on a
fixed compact interval with a continuous deterministic trend. We identify an optimised Jensen—Gaussian
lower bound with an attained reproducing kernel Hilbert space variational problem. At a unique variance-
maximising endpoint, this bound is asymptotically exact when the local squared-increment exponent ex-
ceeds the variance-loss exponent. Under matching local bounds, we also obtain second-order logarithmic
asymptotics, including rougher regimes. Under continuity and nondegeneracy alone, we establish absolute
continuity and a density-to-tail equivalent. We also give extensions to Gaussian random fields and to
growing intervals for self-similar processes.

1. INTRODUCTION

Let X(t),t € Ap, Ap := [0,T],T > 0 be a centred GP with almost surely continuous sample paths,
covariance function R and variance function v(t) := R(¢,t),t € Ap. Sample continuity and Gaussianity
imply mean-square continuity and hence R is jointly continuous and v is continuous on Ap. Assume
hereafter that

(1) v(tg) >0 for some tg € Ar

and let m : A7 — R be a deterministic continuous trend. Given a measurable set A C Ap define
Tom(A) = / XOEm) g M (A) = / e g,
A A
Our principal object of study is the tail probability

pr(b) :=P{Ixm(Ar) > b}, b> 0.

There are numerous motivations for studying pr(b), see for example the applications mentioned in [1, 2, 3]
and the references therein.

Precise tail asymptotics for smooth homogeneous Gaussian random fields were obtained in [4, 5], while
density estimates and exact density asymptotics were later developed in [6]. Efficient simulation methods
for exponential integrals, including Holder continuous fields and conditional rare-event descriptions, were
studied in |7, 2]. For related rare-event simulation and discretisation of Gaussian suprema, see also [8].
The recent contribution [3] discusses bounds and approximation for X being a fractional Brownian motion
(fBM). Other recent related works include [9, 10, 11, 12]. A classical example of exact asymptotics for a
non-stationary GP is the Brownian motion benchmark recalled below.

In a different asymptotic regime, [13| obtained sharp small-noise asymptotics for aggregated lognormal
random fields, while [14] extended this approach to differentiable Gaussian-input functionals, with appli-
cations to random elliptic PDEs. These results concern shrinking excursions above the deterministic value
as the noise amplitude tends to zero, rather than the fixed-noise limit b — oo considered here.

Motivated by the recent findings of [3] for A = [a™,a™] C Ap with a= < at, maxzeav(t) > 0 and all
b > M,,(A), the optimised Jensen—Gaussian bound reads (see (69) below)

(2) P{Ixm(A) > b} > U (pam(b)),
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where ® and ¢ := @' are the standard normal distribution function and density, respectively, and we set
¥ :=1— &. Here we define for b > 0

(3) pam(b) == inf {||h||HX(A) “h € Hx(A), / R gf > b} € [0, 00),
A

where H x(A) is the reproducing kernel Hilbert space (RKHS) of X (t),t € A. Here pam(b) = 0 for
b < M,,(A), while pgn(b) > 0 for b > M,,(A).

In covariance-parametrised form this Gaussian energy is the optimisation cost in [13, Section 2] and in the
functional setting of [14, Section 2|; their small-noise analysis uses restricted displacements. The corre-
sponding Gibbs stationarity relation appears in [13, Section 2.2|. The Jensen—-Gaussian bound underlying
(2) and related moment estimates appear already in |3, Propositions 2.3 and 2.13(ii)].

Our Lemma A.1 establishes the global identity between the entropy-optimised Gaussian level and the full
RKHS distance, together with attainment and the optimiser correspondence, under the standing continuity
assumptions; degeneracy of the GP is allowed. Lemma A.2 derives the resulting probability and moment
bounds.

Our analysis shows that the lower bound (2) is exact on the logarithmic scale, i.e.,

_ pAT,m(b)2
2

see Lemma 2.1 below; in our notation a, ~ ¢, means asymptotic equivalence as b — oo, i.e., limp oo ap/cp =
1. This leads to the following natural question.

long(b> ~ ) b — oo

Q1. What is the precise asymptotic approximation of pr(b) as b — oo, and when is the optimised Gaussian
lower bound (2) asymptotically exact?

Two zero-trend examples illustrate the first question. For X(t) = tZ, t € [0,T], where Z is standard
normal we have

(4) }P’{/OTetZdt>b}:\If(uT(b)), b>0,

where up(b) is the unique solution of fOT etvr®) dt = b. For b > T we have up(b) = plo,7),0(b) and hence
the lower bound is an identity. For standard Brownian motion, however, the ratio of the tail to this lower
bound tends to v/2; see Example 3.1.

We answer Question 1 in the variance-dominated endpoint regime: when the local squared-increment
exponent is strictly larger than the variance-loss exponent, the lower bound (2) is asymptotically exact.
We also obtain a second-order logarithmic expansion in regimes where this separation fails.

The key to the exact asymptotics is the representation

(5) P{Ixm(A) > b} = E{U(pam(b) + (W)},  b> My(A),

valid on any sufficiently small compact interval A C [0, 7] of positive length containing ¢y with v(tg) > 0.
Here W is the residual Gaussian process obtained by regression along an optimal RKHS direction, and
» : C(A) — R is continuous with (W) < 0 almost surely; both may depend on b. See Lemma A.4
and Remark A.5 below.

Density existence for Ix (A7) under additional regularity assumptions is established in [6, Theorem 1].
The Gaussian-quantile argument in [7] also implies a density-to-tail equivalent under Holder regularity
assumptions. This motivates the following question under our standing assumptions.

Q2. Under continuity and nondegeneracy alone, does Ix m(Ar) admit a density whose upper-tail behaviour
can be expressed in terms of pr(b)?

We establish the density-to-tail equivalent under these assumptions, allowing the variance to vanish at
some locations. Combining it with the endpoint tail equivalent gives an exact density approximation in
terms of the variational level.
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Beyond the exact endpoint regime, bounds and logarithmic asymptotics remain useful. The leading
logarithmic rate holds under the standing assumptions, while its second-order refinement uses local Holder-
type conditions near the dominating variance point.

In the non-stationary settings of the paper it is natural to consider also growing domains, i.e., T = T}
grows with b, which leads to our last question:

Q3. What is the asymptotic behaviour of pr,(b) when b — oo and Ty, — 0o ?

We shall address the above question for self-similar GP’s distinguishing the growth conditions needed for
logarithmic and exact asymptotics.

Our contributions are as follows.

(a) We identify the entropy-optimised Gaussian level with an attained RKHS variational problem and
derive non-asymptotic lower and upper bounds for fixed b. Under continuity and nondegeneracy
alone, these bounds also yield the leading logarithmic asymptotics of pp(b).

(b) At a unique variance-maximising endpoint, we obtain a second-order logarithmic expansion under
weak assumptions, which are satisfied for instance for fBM with H < 1/2.

(¢) When the local squared-increment exponent is strictly larger than the variance-loss exponent, we
prove that the lower bound (2) is asymptotically exact. Besides fBM with H > 1/2, this covers
further stationary-increment and Volterra-type Gaussian processes.

(d) Under continuity and nondegeneracy alone, we prove absolute continuity and a density-to-tail
equivalent; in the exact endpoint regime this gives an explicit Gaussian-density equivalent.

(e) We derive leading, second-order, and exact asymptotics on growing domains for self-similar Gauss-
ian processes. We also indicate how the exact tail and density results extend to Gaussian fields on
compact rectangles.

Organisation of the paper:

Section 2 presents the bounds and logarithmic asymptotics, followed by the exact tail and density asymp-
totics and growing-domain results for self-similar processes. Section 3 gives examples and boundary cases,
including a fractional Brownian sheet covered by Remark 2.7. The proofs are in Section 4. Appendix A
collects the variational and Gaussian tools.

2. MAIN RESULTS
Consider X, m,T, and Ap as in the Introduction and put

02 := maxv(t) € (0,00).
teAr

We shall derive next a general upper bound and logarithmic asymptotics for pp(b) under the standing
assumptions. We then refine the logarithmic asymptotics when v attains its unique maximum at 7.

The leading logarithmic tail rate was established under Holder regularity assumptions in [7]. The follow-
ing preliminary result derives this rate under the standing continuity assumptions and relates it to the
variational level.

Throughout the fixed-domain results put

b
Ly :=log ———, b> My, (Ar) = / ™ qt.
My, (Ar) m{A7) Ar
The following preliminary lemma recovers the leading logarithmic rate of |7, Lemma 4.3| under weaker
regularity assumptions and relates it to the variational level. Its proof requires only continuity and
nondegeneracy at one point.

Lemma 2.1. For all b > Mm(.AT)e"z we have

) pr(t) <o { - 221

Ok
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and moreover as b — oo

2 202 202

2 2 2
(7) log P{Ix o (Ar) > b} ~ —PAzm®)” Ly (logb)”

In order to refine the logarithmic asymptotics in (7), suppose next that 7" is the unique maximiser of the
variance function v on A7 and that, for some

a € (0,2], 8>0, e € (0,7,
the following local upper bounds
(3) E{(X(s) — X(1)?} < Culs — 1], s,t€[T—eT]
and
(9) 0<o2—wt)<C(T—t)P, tell—eT)

are valid for some positive finite constants Cy, C,.
We shall also assume that at least one of the following matching lower bounds holds for the same exponents
after decreasing ¢ if necessary, namely

(10) a<pB,  EB{X(s)— X)) > cqls —t]°, s,t € [T —¢,TY,
(11) 8 < a, af—v(t)zcv(T—t)B, te|T —eT),

for some positive finite constants cg,c,. Consequently, when o« = [ either matching lower bound is
sufficient.

Proposition 2.2. Under the preceding assumptions, with v := min{«a, 8} we have

L} LylogLy
20_3 —W+O(Lb), b — .

(12) log P{Ix (A7) > b} = —

The lower estimate in (12) uses only the local upper bounds (8)—(9); the matching lower bounds are used
for the upper estimate.

Corollary 2.3. Under the assumptions and notation of Proposition 2.2 we have as b — oo

L 2
(13) pApm(b)? = ;3 2 Lylog Ly + O(Ly).

Next, in addition to the standing assumptions suppose that T is the unique maximiser of v on A7 and
that the following endpoint conditions hold for some € € (0,7T].

(C1) There are constants 0 < ¢, < C, < oo and an exponent 5 > 0 such that
(14) Cv(T_t)B < Uf—v(f) < CU(T_t)B7 te[T —eT].
(C2) There are an exponent «a € (f3,2] and a constant Cy > 0 such that (8) holds on [T' — ¢, T1.

Theorem 2.4. If T is the unique mazimiser of v and Assumptions (C1) and (C2) hold, then

(15) P{Ix m(Ar) > b} ~ \I/(,oATm(b)), b—
and
(16) parm®? =2 4 2 Llog 1 1 O(Ly).

’ o2 = fBo?

The inequality o > ( in Assumption (C2) describes the variance-dominated endpoint regime. The example
X(t) =tZ,t > 0in (4) satisfies these assumptions with § = 1 and @ = 2 and has an exact Gaussian-
tail identity. The Brownian case in Example 3.1 shows that the coefficient 1 need not persist when the
exponents are equal.
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Corollary 2.5. Suppose that v(t) < v(T) = o2 for every t € [0,T), that v is differentiable at T from
within Ap and that

(17) V' (T) > 0.
If Assumption (C2) holds with = 1, then the conclusion of Theorem 2.4 is valid.
Remark 2.6. The exponents in Assumptions (C1) and (C2) necessarily satisfy
(18) a < 2p5.
Indeed, for 0 < h < g, Cauchy—Schwarz and the endpoint assumptions give

e’ < 0% —o(T = h) < 20, (B{(X(T) = X(T = h))*})"/* < 20, \/Cah*/2,
Letting h | 0 proves (18). Hence the admissible exponents satisfy

B < a < min{2,23}.

The remainder O(Ly) in (16) is in general optimal; see Example 3.2.

Remark 2.7. The exact endpoint result extends to a centred Gaussian random field X (t),t € A := [0, T]¢,
with continuous sample paths, m € C(Ar) and d > 2. Define Ix ,,(Ar), My (Ar) and pa, m(b) by
the same formulas, using d-dimensional Lebesgue measure and the RKHS of X on Ap. Suppose that
T := (T,...,T) is the unique maximiser of v on Ay with v(T) =: 02 > 0. For some ¢ € (0,7], put
U :=[T —¢,T]* and assume that, for positive constants c,, Cy, Cy,

d d
e Y (T—t)f <02 —v(t) <CY (T —t)%, tel,
(19) i=1 ) i=1
B{(X(s) = X()*} < Ca ) |si — t:|™, s,t €U,
=1

where 0 < 3; < a; < 2 for every i. Writing Ly, := log{b/M,,(Ar)} and ~3 := Z;‘i:1 B; 1, we obtain (15)
and

L? 2y
(20) papm(b)? = ;S + Uf Lylog Ly + O(Ly), b — oo
* *

The proof follows the same localisation and Gaussian regression argument, using rectangles with side
lengths 7;, = {(log Ly)?/Ly}/%. Indeed, limp o0 Ly > ; rip = 0 and (19) implies a polynomial covering
bound after rescaling to [0, l]d, so the residual Gaussian estimates remain valid. For (20), product Laplace
bounds and testing with the uniform density on [[;[T — L;l/ A ‘, T replace the one-dimensional estimates.

2.1. Density asymptotics. We next answer Question 2. Put I := Ix,(Ar) and Y := log!, and
denote the distribution function of Y by Fy. The density-to-tail relation below requires only the standing
assumptions from the Introduction. The endpoint assumptions yield the subsequent Gaussian-density
corollary.

Theorem 2.8. Under the standing assumptions, I and Y are absolutely continuous, F{q_(B) exists for
all sufficiently large B, and there is a version f; of the density of I such that

1
(21) fr(b) = £ FY. . (logb)
for all sufficiently large b. As b — oo
log b PAz,m(D)
(22) f1(0) e P{I > b} ~ ZLEESR{T > b}

Corollary 2.9. If T is the unique mazimiser of the variance function v and Assumptions (C1) and (C2)
hold, then the density version in Theorem 2.8 satisfies

0 (pap.m (D))
oxb

(23) f1(b) ~

, b — oc.
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For smooth homogeneous Gaussian fields satisfying the hypotheses of |6, Theorem 3|, combining their
density asymptotic with the corresponding tail asymptotic yields, with fy denoting the log-integral density
and o2 the common field variance

fy(B) ~ %IP’{Y>B}, B — 0.

In the field setting of Remark 2.7, Lemma A.7 gives absolute continuity, and the proof of Theorem 2.8
applies on C(Ar). Thus (22) and (23) hold as well, with the density version chosen as in Theorem 2.8.

2.2. Growing domains for self-similar processes. We assume next that m = 0 and that X (¢),¢ > 0
is a centred Gaussian process with almost surely continuous sample paths which is x-self-similar for some
k>0, ie.,

(X(Tt),t € [0,1]} L {T"X(t),t € [0,1]}, T >0.

Ty
pr,,(b) := P{/ X0 dt > b} :
0

For the refinements below consider the local increment bound

Set 0% := Var(X (1)) > 0 and write

(24) E{(X(s) - X(0)?} < Cals — 1%, s,te[1-e1],

where ¢ € (0,1], @ € (0,2] and Cy > 0. When « < 1 we shall also use the matching lower bound
(25) E{(X(s) ~ X(0)?} > cals — #1*,  site[l—e1]

for some ¢4 > 0.

Proposition 2.10. Let Ty, — oo and Ly := log(b/Tp) — 0o as b — oo.

(1) If Ty = o(Ly), then

PAT, O(b)2 L2 (lOg b)2
26 1 b ~ — b ~ — b ~ — .
(26) 0z pr; (b) 2 QJ%TbQ"i ZJ%Tf“

(ii) If T2* = o(Ly) and (24) holds, together with (25) when o < 1, then

L? Lylog Ly, Ly

27 1 b) = — =5l — O log L
(27) ngTb( ) QU%sz'{ ’YU%TZ)QN (sz,{ + log b) )

where v := min{c, 1}.

(ii3) If (24) holds with o € (1,2] and

(28) Ty = O(Ly),

then
(29) p1,(b) ~ ¥ (pag, o(b))

and

1 L2 2Lb log Lb

30 2= b4+ 2222 L O(Ly) p .
(30) pan 0 = 7 { 24+ 2B o1}
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3. EXAMPLES

Example 3.1. Let X = B be standard Brownian motion and m = 0. The law of Ix ([0,77]) is known
through Yor’s representation involving the Hartman-Watson density; see [15], [1], and [16]. Write Ago) =

fg ?B(%) ds. Brownian scaling gives Ix ([0, 7)) g 4A§9/)4. For b > T, let wy > 0 be the unique solution of

sinh(wp) b
Wy N T
If fr denotes the density of Ix ([0,T7]), then [17, Theorem 2.1| with this scaling yield

1 ox wb—wg/Q}
(31) o)~ e {2 o,

Standard Brownian motion has variance-loss and squared-increment exponents both equal to 1, so the
strict scale separation in Theorem 2.4 fails. In the zero-trend case, the explicit solution of the Brow-
nian variational problem in [18, Proposition 12|, after time rescaling and using the active constraint in
Lemma A.1, gives

wi — 2wy, tanh(wy/2)
(32) po110(0)* = =2 T :
The Brownian density fr is continuous, as also follows from [17, Eq. (6)] and scaling. Hence for all

sufficiently large b it agrees with the density version in Theorem 2.8. That theorem gives
Tb
P{I T b} ~ ————— fr(b).

Since wy ~ log(b/T), ppo11,0(b) ~ wy,/V/T, and wy{1 — tanh(wy/2)} — 0 as b — 0o, combining (31)-(32)
with Mills’ formula gives

Th
P{I T b} ~V2W b)) ~ ————fr(b b .
(33) (xall0.7) > 8} ~ VIS (oyo0) ~ oo ), b o6
Example 3.2. The remainder O(L;) in (16) cannot in general be replaced by o(Lyp). Indeed, take X (¢) =
t2Z on [0,7T], where Z is standard normal, and m = 0. Then 02 = T*, and Assumptions (C1) and (C2)
hold with 8 = 1 and @ = 2. The RKHS consists of h,(t) = at?, with ||hs||%y = |a|. Since a — fOT et dt is
strictly increasing, for b > T its unique solution ay, at level b is positive and equals py 77,0(b). Put 2, := T?ay

and L := log(b/T). Substitution z = z,(1 — u) and dominated convergence, using e~ 2*7%°/2 < ¢~ for
0 <z <z, imply
1 9 eZb
:/ e du ~ —, zp =L +1log L +1log2+o(1).
0 22b
Consequently, we obtain
L?+2Llog L + 2(log 2)L
oo = )

which proves the assertion.
Example 3.3. Setting X = By with H € (0,1) and
~vi = min{2H,1}, Ly :=log{b/M,,([0,T])}

we have

1 L? Lylog L
4 log P By (t)+m(t) —__" b [:).
(34) og {/0 e dt > b oT2H T2 + O(Ly)

For fractional Brownian motion
v(t) =t dp, (5,1)? =|s —t|*,

and
T2H 20 ogT YT ), 1T
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Proposition 2.2 therefore applies with
a = 2H, B=1, o2 =T1%"H,

If H < 1/2, the matching increment lower bound applies; if H > 1/2, the matching variance-loss lower
bound applies. Thus v = vy in Proposition 2.2.

When H > 1/2, Theorem 2.4 gives the exact Gaussian equivalent for every continuous trend. At H = 1/2,
Example 3.1 gives the limiting ratio v/2 in the zero-trend case. When H < 1/2, (34) gives the logarithmic
expansion; an exact tail equivalent in this regime is not established here.

For growing domains take m = 0 and suppose that T, — oo and L := log(b/T}) — oo as b — oo. Since
By is H-self-similar with 0? = 1, Proposition 2.10 yields

T B Lj o H
logIP’{/o et dt>b}N_2TbQH it T," = o(Ly).

If T2H = o(Ly) then for every H € (0,1),

To L? Lylog Ly, Ly
35 log P {/ B 4t > b} = b __ +0 ( + long> .
(35) 0 oT2H Ny T2H T2H

If H>1/2 and
T2 = O(Ly),
then

Ty
B
(36) P {/0 ePr® qt > b} ~ W (ot (b)),

Example 3.4. Let X(¢),t € [0,7] be a centred Gaussian process with continuous sample paths and
stationary increments, and suppose that X (0) = 0 almost surely and write v for the variance function.
Assume that v € C1([0, 7)), that v(t) < v(T) for every t < T, that

V(T) >0
and that, for some a € (1,2] and € > 0
v(h) < Ch®, 0<h<e

Then the conclusions of Theorem 2.4 hold.
Indeed, stationary increments imply

E{(X(t) - X())*} = v(|t = s]) < Ct - s|*

for s,t sufficiently close to T'. The assumptions on the variance function v therefore allow us to apply
Corollary 2.5.

In particular, this example includes the scaled fractional Brownian motion X (t) = ¢By(t) with ¢ # 0 and
H € (1/2,1). It also includes

X(6) = 1By () + 2By (1)
where Bgl) and ng are independent fractional Brownian motions, Hy, Hy € (1/2,1), and (¢1,c2) # (0,0).
Example 3.5. Let W be an isonormal Gaussian measure on L2([0,7]). Let H € (1/2,1) and £ € C*([0,T])
satisfy (1) # 0. Put
t
k(u) = u?V20m),  Xo(t) = / Kt —s)W(ds),  tel0,T]
0

Then X, has a continuous version and the conclusions of Theorem 2.4 hold. Indeed, with

we have
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To control the canonical metric, put
Ki(u) = k(t —u)Lpq(u).
Ifh=t—s>0and a=H —1/2, then

s h
HKt—KSyg:/O {k(x+h)—k(x)}2da:+/0 k(z)? da

SC’/ {(m+h)“—x“}2dx+6’h2/ 2** dz + Ch*?
0 0

< ChH.

Here the last estimate follows by substituting * = hy in the first integral and using 2a — 2 < —1.
Consequently,

E{(Xe(t) — Xe())*} = ||K: — K3 < Ot — 5.
Gaussian moment equivalence and the Kolmogorov criterion give a continuous version. Since 2H > 1,
Corollary 2.5 applies.

Remark 3.6. Taking ¢ = +/2H gives the normalised Riemann—Liouville fractional Brownian motion. Thus
this process is covered by the preceding example. Standard fractional Brownian motion is not a member
of this convolution Volterra family.

Example 3.7. Let d > 2, D = [0,T]%, and let By be the centred Gaussian field with covariance

d  2H; 2H; 2H;
2H; | y2Hi g 4 |2H;
R(s,t) = [[ % +h 2‘SZ g Hie(1/2,1), i=1,...,d
=1

Its variance is
d
v(t) = Ht?Hi, o2 = T22: i,
i=1

The unique variance maximum is at T'. Writing x; = ¢; /T, the inequalities

2H; 2H; 2H;

i ' < H i ‘ < Z i '

lngl%)ii(l ;) <1 ‘ x; ‘ (1 —a77)
1<i<d 1<i<d

and 1 — 2% <1 -z on [0,1] give 0% —v(t) < Y1 ;<4(T — ;). Telescoping one coordinate at a time and
applying Cauchy—Schwarz give

d
E{(Bm(s) — Bu(t)*} < dy_ 172 |5 — 1,
i=1
This bound also gives a continuous version by Gaussian moment equivalence and the multiparameter
Kolmogorov criterion. Thus Remark 2.7 applies, for every continuous trend, with g; = 1, a; = 2H; and
vp = d. The requirement H; > 1/2 in every coordinate is essential for this application: a coordinate with
H; = 1/2 fails the strict scale separation. In particular, the standard Brownian sheet is not covered.

4. PROOFS OF THE MAIN RESULTS

The proofs follow the order of Section 2. The variational notation and bounds used throughout are in
Appendix A.1; the Gaussian regression and short-interval estimate are in Appendix A.2; and the absolute-
continuity lemma is in Appendix A.3.

Proof of Lemma 2.1. The upper bound is (68) with A = Ap. Since D, m(f) > 0 and Va, (f) < o2, the
variational formula gives

(37) prm(®) > 22,

Ox
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Choose t, € A7 with v(t,) = 02 and fix ¢ € (0,02). Continuity of R gives a relative interval U. C Ar
containing t., of positive length, with R(s,t) > 02 — e on UZ2. Set

m(t)
Ce := / ™ q, qe(t) :== A CIUE (t)

Then ¢. € D(Ar), Va,(g) > 02 —e > 0, and D, m(q:) = log{M,,(A7)/C:}. Testing (60) with g.
therefore yields

log(b/C,
g on(t) < /O]
02—«

Letting first b — oo and then ¢ | 0 proves pa, m(b) ~ Ly/o.. The upper bound and (2), together with
Mills’ formula, give

Ap.m b 2 L2
24O 010 p g 0) < logpr®) <~
The claimed equivalents follow, since L ~ logb. O

Proof of Proposition 2.2. Put v := min{«, 8} and write
Ii=Ixm(Ar),  dx(s,t)" :=E{(X(s) - X(1)*},  q(t):= 07 —0(t).
For every n € N, Fubini’s theorem and the Gaussian moment-generating formula yield

n

(38) E{I"} = exp Zm Z R(ti,t;) p dty---dt,
[0,T]" P
Since 2R(s,t) = v(s) + v(t) — dx(s,t)?, we have the exact identity
1< 1 )
(39) 3 > Rt t)) A (t:) = 5 Z dx (i, t;)
i,7=1 =1 1<i<j<n

We first prove a moment upper bound. Suppose that (10) holds. Put
1
[(s,t) := q(s) + q(t) + dx(s,0)%,  Hp(ts,... t,) = i > T(tit),

and

Jn 1= / e~ Hnlttn) qty . dt,,

T

By (39) we have
2,2

E{I"} < exp{";” " num\oo} T
Choose ¢¢ := min{e/2,T/2}, set U := [T — £¢, T, and let

= i t) > 0.
= min - a(t)

B, (x) := /OT exp {—gf(t,x)} dt.

If ¢ U, then By,(x) < Te ™1/4 If z € U, splitting the integral over U and its complement and using
(10) implies

For x € Arp, define

B, (z) < / e canlt=al®/4 gy 4 T/t < O~/
U

and hence sup,¢ 4, Bn(z) < Cn=Y For Dj(ty, ... tn) == S 0 T(t;,t;), convexity gives

n

1<~ n 1
—H, _ < AT - —nD;/4
e = exp nél 4DJ Sng e I,
]:

j=1
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Integrating first in the variables different from t;, using I'(x, x) = 2¢(z) and symmetry, yields
JIn < /T e @2R ()" dx < T(Cn_l/a)n_l.
0
Since v = « in this case, this gives the desired upper bound.

Suppose next that (11) holds. By continuity of ¢ and uniqueness of its zero at T, after decreasing c¢, if
necessary its lower bound extends to all t € A7. The moment bound (67) therefore implies

2,2 T n 2,92
E{I"} <exp { U*2n } </ em(t)—nq(t)/2 dt> < exp { a*zn + Cn} n~"/8,
0

Here v = . In either case

o2n?

(40) log E{I"} <

— 2logn—i—C'n.
Y

We turn to the tail asymptotics. For all sufficiently large b, let

e |3
b= 0? .
By Markov’s inequality and (40)
logP{I > b} <logE{I"} —nylogd
o?n? L}  Lylog Ly

Ty
Ly — 21 O(ny) < —
TipLop ~ ognp + (nb) = 20_3 ,70_3

<

+ CLy.

Here the constant term log M, (A7) has been absorbed into O(n).
For the lower bound set
oi=L, 7, Qyi= [T —6,T),

and define
1 1

~ Y xwa,  m, ::/ m(t) dt.
0 Qp 0 Qp

For all sufficiently large b, Qp C [T — &,T]. The random variable Y} is centred Gaussian, and Jensen’s
inequality implies

Y, :

(41) I> / eXOFmE) qp > 5, eYore,
Qo

Writing Vj := Var(Y3), we have the exact identity

1 1

Ob Qs 261) Qs JQp
Consequently, we have N

0< 02—V, <O +65) = 0Ly Y,
and in particular 17}, > 0 for all sufficiently large b. By continuity of the trend m
my = m(T) + o(1)
and hence b )
zp:=log— —my =Ly + —log Ly + O(l)
0 v

Therefore by (41) we obtain

P{I>b}>P{Vy >z} =0 2

Vo
Mills’ inequality now implies for some positive finite constant C
2
z
log P{I > b} > ——% — Clog 2,
2V
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Using (42) and the expansion of z,, we obtain
22 LY LylogLy
2‘/{) O YOk

+O(Ly).

It follows that
Lg Lylog Ly, _

logP{I > b} > — CLy.

202 Vo3
Combining the upper and lower bounds proves (12). O

Proof of Corollary 2.3. Write L = Ly, s = 02, and py = pArm(b). Use the interval @y, its length d,
and the quantities 25,V from the preceding proof. The probability density p, := o, 11Qb has variance
Var(pp) = Vi, > 0 for all sufficiently large b, and

log b + Ent 4, (ps) — /A m(t)py(t) dt = zp.
T

Testing (60) with p, and using the expansion already established gives

22 2
2< 2 4 2 TlogL+O(L).

Vi s s
For the reverse bound, put I := Ix ,(Ar). For h € Hx(Ar) and n € N, the reproducing property and
Young’s inequality give

o

> h(t) < §HhH$-[X(AT) t3 > R(ti,t).
i—1 ij—1

Exponentiating and integrating against exp{)_, m(t;)} dt, and using (38), yields

</ em(t)-i—h(t) dt) < @HhHg{X(AT)/zE{In},
At

Taking the infimum over feasible h therefore gives
2
?b > nlogb —logE{I"}.

Choose n = |L/s|. By (40), for all sufficiently large b
2 2
Py < L n Llog L

- CL
2 ~ 2s s ’
which together with the upper bound proves (13). O
Proof of Theorem 2.4. Set next
b
Ly :=log——— = b).
b Og Mm(AT)’ pb pAT7m< )

For all sufficiently large b, define

log L;)?
€p 1= 7( 0 Ly) ) Ty 1= 5;/5, Op = ng,
Ly
and
Qp = [T — 1, TY, Ap = [0,T —1y).

We prove that as b — oo

(43) P{Lx;m(Qp) > (1 = 03)b} < (1+ 0(1))¥(pp),
(44) P{Ixm(Ap) > 6b} = o(¥(pp)).
Write

L:= Ly, 5= Uf.
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By continuity of v, uniqueness of its maximum at 7', and Assumption (C1), after decreasing its constant
if necessary we may assume that
(45) s—v(t)>c(T—1t)°  teAp.
Setting

Xp i=Tp = 5?/ A
and recalling that o > 8 we have as b — o0

L
(46) Lxy = L'=%/Blog L)?*/8 — 0, 1 EbL =log L — oc.
0g
We first consider the endpoint interval. Define
. ~ (1 —0p)b
= 1—6)b Ly :=log ——F*.
Db = pQym ((1 = db)b), v = log o)

These quantities are well defined for all sufficiently large b. Indeed, 1, — 0 as b — oo and continuity of m
gives
Mm(Qb) = Tp, Ly=L+ O(log L).
Continuity of R at (T, T) also gives, for all sufficiently large b,
R(u7t) > gv u,t € Qb-
Moreover,
R(t,t) <s,  E{(X(u) = X(1)*} < Calu —1|*,  u,t € Q.
Since Ly = L + O(log L), (46) implies
(1—|—Eb)xb — 0, b — oo.
Hence Lemma A.6 with 7, = 1 gives

(47) P{Lxm (@) > (1= )b} < (1+0(1))¥(py).

We next compare the local and global variational levels. Let ﬁ, be a minimiser in the variational formula
defining p,, and extend it by zero from @ to Ar. Since R(u,t) > s/2 on Q%,

Va, (ﬁ)) > %

Put
= —log(1 — ) = O(L™?),
Using the extended density as a competitor in the global variational problem gives

log b+ Entg, (;) — /Q m(®) (1) dt i
~ b
Pb < — b = Pp —+ —
Va, (f») \V Vo, (f»)
implying

(48) Py = py — Cp.

By Lemma 2.1, p, = O(L). The standard normal hazard bound therefore yields
Y(pp) _ Yoo — Cmp)
Ulpe) = Wlpw)

which together with (47) proves (43).
It remains to control the complement. Set next

< pp + Cmy

< exp{Cmp(1 + pp)} = 1+ o(1),

opb
2 b
= maxv(t L = log ————.
SAb te bv( )7 Ab g M ( 4b)

In view of (45) we have

8124757 < s—crf = 8§ — C&p.
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Furthermore, since M,,(Ay) < M, (Ar)
Lay>L —2loglL.

In particular, L4, > 8124 , for all sufficiently large b. The moment bound in Lemma A.2, applied on Ay,
therefore yields

L3y
IOgP{IXm(Ab) > (51,[)} < — 2’
’ 23A,b
(L —2log L)?
- 2(s — cep)
L2
(49) <-5. - c1L?ey + CLlog L

for some ¢; > 0.
On the other hand, Corollary 2.3, applied with v = 3, implies
L2
pt < — +CLlogL.
s

Mills’ lower bound and p, = O(L) consequently give
2

L
—log ¥(pp) < e + CLlog L.
s
Combining this with (49) and using L%e, = L(log L)?, we obtain
]P){IXJH(AL,) > 5bb}
U (pw)
establishing (44). Finally, the common endpoint of A and @ is Lebesgue-null, so

Ix (A7) = Ixm(Ap) + Ix,m(Qs)

log < —c1L(log L)? + CLlog L — —o0, b — oo

and therefore

{I)(,m(AT) > b} C {IX,m(Qb) > (1 — 5b)b} U {IX,m<Ab) > (5{,[)}
The union bound and (43)—(44) yield
(50) P{Ixm (A7) > b} < (1+0(1))¥(ps).

The reverse inequality is (2), so (15) follows.
The expansion (16) follows from Corollary 2.3 with v = 3, since Assumption (C1) supplies the matching
variance-loss lower bound.

O
Proof of Corollary 2.5. The expansion 02 —v(T —h) = v'(T)h+o(h) as h | 0 gives Assumption (C1) with
B =1, so Theorem 2.4 applies. O

Proof of Theorem 2.8. We use the concavity of the Gaussian quantile transform, as in the density analysis
of [7], and verify the argument under the present assumptions. Applying Lemma A.7 to the Gaussian
process X +m shows that I is absolutely continuous under the standing assumptions. Since I > 0 almost
surely, the change of variables Y = log I also gives absolute continuity of Y.
Set
Py = pATvm(b% Fy(B) =1- Fy(B) = P{Y > B}
In view of Lemma 2.1 we have
— B? B

IOgFY(B) ~ —@7 PeB ™~ ;*7 B — .

Choose B, > 0 sufficiently large that 0 < Fy (B) < 1 for B > B,, and put
O(B) := ¢ Y(Fy(B)), B> B..

Thus O is finite and ¥(O(B)) = Fy (B).
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Define the continuous convex functional

L(x) = log/ e*O+m) gy, xz e C(Ar),
Ar

and its closed sublevel sets Ap := {z : L(z) < B}. Indeed, |L(z) — L(y)| < ||z — Y|/, and Holder’s
inequality gives
(1=XN)Ap, + A, C A1-)\)B1+2Bs> 0<A<l.
Let px be the law of X on the separable Banach space C'(Ar). It is a Gaussian Radon measure. Write
px«(C) :==sup{pux(K): K C C compact}.
The inner-measure form of Ehrhard’s inequality [19, Theorem 3.1| therefore yields, for By, Bs > B,
O((1 = A)B1 + AB2) > @ Yux (1 — N)Ap, + \Ap,))

> (1= N2 (ux(Ap,)) + A2~ (ux(Ap,))

= (1—-N)O(B1) + \O(By).
Hence © is concave on (B, 00) and has a finite right derivative there.

The logarithmic tail asymptotics and ¥(©(B)) = Fy (B) imply

B
@(B) ~ PeB ~ —, B — 0.

*

For B > 2B,, concavity gives

©(2B) — ©(B) , O(B) — ©(B/2)
— K < .
B < OL(B) < B/2
Both secants tend to 1/0, as B — 00, s0
o' (B) — ai’ B — oc.

Since Fy = ® 0 O, its right derivative exists on (B, o), and Mills’ formula gives
Fy 1 (B) = ¢(6(B))®, (B)
e(B)
(51) o
B_ _
~ S Fy(B) ~ "2y (B),

oz O

v(e(B))

This derivative is nonnegative and measurable: © is continuous and ©’_ is monotone. Let gy be any
density of Y and define

F., (B), B> B.,
gy (B) == ~Y’+( )
Gv(B), B<B.

Absolute continuity of Fy implies that gy agrees almost everywhere with gy, so gy is a version of the
density of Y. Therefore

1
fr(b) :== ggy(log b), b >0,
is a version of the density of I and satisfies (21) for b > eP*. Equation (51) proves (22). O

Proof of Corollary 2.9. Put py := pa;m(b) and take the density version from Theorem 2.8. By Theo-
rem 2.4, P{I > b} ~ U(pp). Hence (22) and Mills’ formula yield

F1(b) ~ P (py)  (ps)

oxb oxb

which is (23). O

I
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Proof of Proposition 2.10. By self-similarity

(52) X(0)=0 as., )=  t>0,
and forallb>T >0
T 1
(53) / X0 L / el X() s,
0 0
(54) Pr0(0) = Py o (0/T) = T~ ph, o(b/T).

The level identities follow from the time change ¢ = T's and the RKHS scaling Hox = Hx, ||hlln,x =
a1kl for a > 0.
Write

1
a =1y, L:= Ly, Jo = / X q¢, p = PATb,O(b)'
The preceding identities give ’
pr,(0) =P{Jo > €'}, p=a"lpk, o(e").
Self-similarity also gives
qt) =0 —v(t) =of(1—t*)=<1—t,  t11,
and q(t) > ¢(1 —t) on [0, 1] for some ¢ > 0. For part (i), Lemma 2.1 applied on [0, 1] implies
L
p~ — — 00, b — .

aoy

The variational lower bound and Mills’ formula give the logarithmic lower estimate. Put

w1 :=E{ sup X(t)} < oo.
0<t<1

Borell-TIS gives for all sufficiently large b

1 (L 2
p1,(b) < exp {—%‘% (a —H1> }

The estimates match since L/a — oo as b — oco. Moreover, logTy, = o(T}¥) = o(L), so L ~ logb. This
proves (26).

For part (ii), Lemma A.3 applies with 4 = min{a, 1}. Since a? = o(L), the exponent ) := L/(c?a?) tends
to infinity as b — oo. Markov’s inequality and (70) imply

L? LlogL

55 1 b) < — — O log L
(55) o8 pn () < s — — oy +0 (35 +loxL).

For the lower bound put
1
§:= L7, Q:=1[1-461], Yo = 5/ X (t)dt, Vg = Var(Yp).
For all sufficiently large b, @ C [1 —¢,1]. The variance-deficit identity gives
= 2 — ay -1
o — 5/ dt+252// E{(X X()*}dsdt =O(6 + 6%) = O(L™").

In particular Vg > 07/2 eventually and VQ =0, 24+ O(L™"). Jensen’s inequality yields J, > de®¥@ and
hence
L+~"1log L)

pr(b)z\Ij< a\/V7Q

The Gaussian level tends to infinity as b — oo. Expanding its square and using Mills’ formula gives

L? Llog L
1 b) > — — -0 log L
ngTb( ) = 20'%@2 ’)/O'%CLQ ( + og >

Together with (55) this proves (27).
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For part (iii), the variance-loss exponent on [0,1] is # = 1 and a > 1. Therefore Corollary 2.3 and (54)
give (30). By (28), a®> = O(L), and consequently p ~ L/(ac1) — 0o as b — co. Set

log L)?2 - ~ ) 0 (¢
:(gL), Q:=[1-r1], 6:=L7% c:=01-08c"  p:=psu0.

For large b, continuity of R gives R(s,t) > 02/2 on Q2. The covariance and increment bounds for aX
satisfy Lemma A.6 with 7, = a, while

=log(c/|Q]) = L+ O(log L).
Since a? = O(L) and a > 1

(a+0)r*=0 (L'"*(log L)**) — 0, b — oo.

The uniform short-interval estimate gives
(56) IP’{/ XM at > (1 —5)eL} < (14 0(1))¥(p).
Q
Extending a local minimising density by zero to [0, 1] and using VéLX (f) > a®02/2 gives

20— = log(l-5) = 0(L7).

Since p = O(L/a), the normal hazard bound gives

¥(p) {c |
< exp +p)pr=140(1).
o 14 ) 0
For the complement A := [0,1 — 7] write Ioy := [, € X(®) dt and put
L —2logL
U= T()g — 00, b — oo.

Since |[A] <1
{Ious > 0eF} C {sup X(t) > u} )
teA
Fix 9 € (0, min{e, 1}) and split A into

Anear :==[1 —€0,1 — 7], Agar :=[0,1 — €g].

For all sufficiently large b, cover Apear by at most Cu?/® intervals Jj C Apear of length at most w2/ and

choose t; € J;. The increment bound (24) and Dudley’s bound give, uniformly in j,
E{Sup X(@t)} = E{fu}){X(t) - X(tj)}} < C/u.
€Jj

teJ;

Moreover, q(t) > ¢(1 —t) implies sup,c4  v(t) < 02 — cr. Borell-TIS and the union bound therefore

yield

near

2
Pnear ‘= P{ Sup X(t) > u} < Cu/® exXp {_2(2u)} )

t€ Anear op —cr

where the constant absorbs the bounded correction from the means E{sup 7, X } < C/u. The level expan-
sion (30) and Mills’ formula give

L2 L log L

—log¥(p) < C

+ ClogL.

Consequently,

DPnear < _C,L(log L)2 CLIOgL
(o) a2 @

Here L/a? is bounded away from zero, so the negative term dominates both positive terms.

log + Clog L — —o0, b — oo.
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On Ag,, we have
2 ._ _ 2 2% _ 2 .
oy = sup v(t) =o7(1 —eg0)*" < o7, wo :=E<q sup X(t) p < oc.
tEAfar teAfar

A further application of Borell-TIS gives

2
Prar ;=P < sup X(t) > u Sexp{—(u'go)}.
t€Agar 200

Dear y L2 L log L
< =4+ C——
v S @

since a? = O(L). Tt follows that

Thus, for some ¢’ > 0

log +C + Clog L — —o0, b — oo,

]P{Iout > 56L} < Pnear T Par = 0(‘1’(0))

Combining this with (56), the local level comparison and the union bound proves the upper estimate in
(29). The variational lower bound gives the reverse estimate. O

APPENDIX A. AUXILIARY AND TECHNICAL RESULTS

A.1. Variational formulation and bounds. Let hereafter X (t),t € A be a centered Gaussian process
with continuous sample paths where

A=la",at] C Ap, a” <a',
and assume the local nondegeneracy condition

(57) vy = Itnezgcv(t) > 0.

For measurable f : A — [0, 00) write
Enta(f) := / f(t)log f(t)dt, 0log0 := 0,
A
and define further

D(A) = {f : A — [0, 00) measurable : / F)dt =1, Enta(f) < oo}.

Since |A| < oo and zlogx > —e~!, the entropy is well defined in (—oo, cc]. Put

em(t)
qm(t) := Mo (A) Dgm(f) ::/Af(t) loqu(t)dt, //R s,t)f(s)f(t)dsdt.

Since ¢y, is bounded above and below by positive constants, D4, (f) < oo if and only if Ent4(f) < oo,
and

(58) DAym(f) = Enta(f / m(t) f(t)dt + log M, (A) > 0.

Let Hx(A) be the RKHS of X on A. Every h € Hx(A) is continuous and

IR(O)] < [[hllagx ) Vo (t)-
For f € D(A), continuity of s — R(-,s) in the RKHS norm and boundedness of v show that the Bochner
integral

Kyf = /AR(',s)f(s)ds
belongs to Hx(A) and satisfies

(59) (uEKafhin = [ HOSO A Kl = Valh),
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For b > M,,(A), put
b
L m(b) :=1log —— > 0.

If m = ¢, then pam,(b) = pao(be™).

The Gaussian-energy formulation and Gibbs stationarity are precedents from [13, Sections 2 and 3|; see
also [14, Section 2|. The next lemma proves the full entropy identity and optimiser correspondence in the
present setting, without a small-noise restriction.

Lemma A.1. For every b > M,,(A), the infimum in (3) is a positive finite minimum. Moreover,

log b+ Ent.4(f) — / m(t) £(£) dt
(60) pam(b) = min VA(f)A .

feD(A) \/

Va(f)>0
Every RKHS minimiser h satisfies

(61) / MR qp — b,
A
For such an h, set
m(t)+h(t) K
e af
62 t) i = ——— V.=V, = —.
(62) IOE—— A0, o
Then f is a strictly positive continuous probability density, V' > 0, f is a minimiser in (60), and
(63) 91125 a) = 1, h = pam(b)g.
Conversely, if f is a minimiser in (60), then
K
h = pA,m(b) af

Va(f)

is an RKHS minimiser and f = ™" /b almost everywhere. Thus the two minimiser sets are in bijection
modulo equality almost everywhere.

Proof. Choose tg € A with v(tg) = v¥ > 0. By continuity of R, there are a relative neighbourhood U of
tp in A and a constant ¢g > 0 such that

R(s,t) > o, s,teU.
Since A is a nondegenerate interval, |[U| > 0. Hence, for fy := |U|"!1y,
fo € D(A), Va(fo) > co > 0.
For h € C(A), the Gibbs variational formula gives
(64) log / gD dt = sup { / B(E)F(t) dt — Do f)} .
A fep(a) LJa

The supremum is attained uniquely at
h(t)

m(t)e
fult) = —2 .
/Aqm(s)eh(s) ds

Since m and h are bounded, fj, is a strictly positive continuous probability density and belongs to D(A).
Because the supremum in (64) is attained, including when it is equal to L4 ,,(b), an element h € Hx (A)
is feasible in (3) if and only if it belongs to at least one of the half-spaces

Hy:={heMx(A): (h,Kaf)py(a) = Lam®) +Dam(f)},  feDA).
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If Va(f) =0, then K4f =0 and Hf = @, since Lam(b) + Dam(f) > 0. If V4(f) > 0, then

dist (0, ;) — ZAm(®) ;A ?)xm(f)

Taking the infimum over these half-spaces and using
Lam(® + Dan(f) =logb+ Enta(f) — [ mie)s(t)at

proves the variational identity (60) at the level of infima. The density fp constructed above shows that
this common infimum is finite.
By (59) and the triangle inequality

VAU = 1Kaf o < [ Vo0 (@) d < /i,
Since D g m(f) > 0, it follows that
Lam(b)
VUi

Let (hy,) be a minimising sequence in (3). It is norm-bounded, so weak sequential compactness of closed
balls in a Hilbert space yields, after passage to a subsequence,

hp — h in Hx(A), n — oo.

Point evaluations are continuous on Hx(A), and hence hy,(t) — h(t) as n — oo for every t € A. Further-
more,

> 0.

(65) pam(b) =

SUP|hn(t)| < suthan_[X(A)\/vji1 < 00.
n, n
Dominated convergence therefore preserves the constraint, while weak lower semicontinuity of the norm
gives
[1Pllaex cay < lim inf{|hn [l a)-

Thus h is an RKHS minimiser.
Write p := pam(b). For f € D(A) with Va(f) > 0, put

Ny = Lam(b) +Dam(f), Pf =

The point py is the unique nearest point of Hy to zero.
Fix an RKHS minimiser h and take its Gibbs density

em(t)+h(t)
f(t) =

/ om(s)+h(s) 4
A

It is strictly positive and continuous and belongs to D(A). Gibbs’ formula gives h € Hy, so Va(f) > 0.
Since Hy is contained in the feasible set,

P < |psllrxcay < Ibllwyay = p-
Uniqueness of the nearest point in H; implies h = py, and hence
(66) (hy Kaf)ry(a)y = Ny = Lam(b) + Dam(f)-
Gibbs equality now gives
fA em®)+h(t) J¢
M (A)

Thus the constraint is active and f = e™*" /b, proving (61). Moreover, p = IPl120x 4y = Ny/+/Val(f), so
f attains the minimum in (60). With g as in (62), we have h = py = pg and ||g||3, (a) = 1, proving (63).

log = (h, Kaf)pxa) — Dam(f) = Lam(b).
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Conversely, if f minimises the quotient in (60), then p; € Hy is feasible and has norm p. Thus py is an
RKHS minimiser and its constraint is active by the preceding argument. Consequently,

(rs Kafrxa) — Dam(f) = Lam(b) = log/Aqm(t)epf(t) dt.

Equality in Gibbs’ formula implies f = ¢”™*Pf /b almost everywhere. This proves the asserted bijection
between the two minimiser sets. O

Lemma A.2. For every b > My, (A), the lower bound (2) holds. Moreover, for all r > 1
(67) (BALxn(A) DY < My r/2)0(A)
and for all b > M,,(A)ea, we have

(69) P{Lx,m(4) > b} < exp {—W} .

*
207

Proof. By Lemma A.1, choose a strictly positive continuous minimising density f with V4(f) > 0. Jensen’s
inequality gives

log T (4) 2 [ (X(0) +m()  log f(1) f(1) .

A
The Gaussian random variable [, X (t)f(t)dt is centred with variance V4(f) and hence

logb + Ent(f) — [, m(t)f(t) dt)

VA(f) = ‘Il(pA,m(b))a

which is the Jensen—Gaussian bound of |3, Proposition 2.3| optimised using (60).
For r > 1, Minkowski’s integral inequality and the Gaussian moment-generating formula yield

(E{Lxm(A) )" < /

A

(69) P{Ixm(4) > b} > ¥ <

1/r
0 (BN) = )

This proves (67); see also [3, Proposition 2.13(ii)]. The Jensen argument applies on compact rectangles,
and the moment bound applies on measurable subsets of a compact parameter domain. Finally, writing
L = L m(b), Markov’s inequality yields

r%jﬁl

P{Ixm(A) > b} < exp {—rL + 2} .

Choosing r = L/v% > 1 proves (68).

We shall also need a moment estimate uniform in the amplitude.
Lemma A.3. Let X(t),t € [0,1] be a centred GP with almost surely continuous sample paths. Set
of:=w(1) >0, q(t) == o} —v(t)

and suppose that q(t) > ¢(1 —t) for all t € [0,1] and some ¢ > 0. Let o € (0,2] and v := min{«,1}. If
a < 1 suppose further that for some e € (0,1] and c¢q > 0 condition (25) holds. For a > 1 set

1
Ju ::/ X () q¢.
0

Then uniformly fora > 1 and XA > 2

A ofa®? A 2 2
(70) logE{J;} < 5 5 log(a®X) 4+ O (A +log(a’N)) .
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Proof. For n € N the Gaussian moment-generating formula gives

2 2.2
E{JI'} = exp { o1a°n }K

2

n
a2 CL2

Ka,n = /[071]71 €xp _7 Z Q(ti) - E Z E{(X(tl) - X(tj))Q} dt.

i=1 1<i<j<n

1 n n
K. < /e_“‘I(t)/th (¢
W1y —_ O - u

1
D(s,t) = q(s) + q(t) + B{(X(s) = X(1))2},  Bu(x) = /0 Ul (ta)/4 gy

Write u := a?n. If & > 1 then

If o <1 put

Choose U = [1 — €¢,1] with 0 < g9 < &. When 2 ¢ U the lower bound on ¢(z) gives B, (z) < e~c0%/4,
When x € U the integral over U€ is exponentially small and the increment lower bound gives

/ et/ gy < / e—cault—21"/4 g4 < -1/,
U U

Consequently sup,coq] Bu(z) < Cu~% for u > 1. The exponent in K,, equals —a? >oii=1 T(tinty) /4.
For Dj :=>"" | I'(t;, t;), convexity gives

2 n n
a 1 U 1 —uD. /4
exp —ZZ F(ti,tj) = exp EZ_ZDJ < —Ze uDj/4
i,j=1 7j=1 j=1
Using I'(x, ) = 2¢(x) and symmetry, we obtain
n—1

1
K,pn < / e‘ml(gﬁ)ﬂBu(:13)”_1 dz < (C’u_l/o‘)
0

Thus uniformly for a > 1 and n € N

o?a’n?

(71) log E{J"} < - % log(a®n) + O (n + log(a’n)) .

For A > 2 let n := |A| and p := A\/n € [1,2). Jensen’s inequality on [0,1] gives Ji < Jp, and hence
E{J}} <E{J}}. Since

(pa)*n? = a®\?, nlog{(pa)*n} = Mog(a*)\) + O (1+ log(aQ)\))
(71) proves (70) with an implied constant independent of a and . O
A.2. Gaussian regression and short-interval estimates.

Lemma A.4. Let b > M,,(A), choose a minimiser h in (3), and write

m(t)+h(t
pmoan®.  S0= " Vv, g=t =L
Setting
(72) 7= 1/ X dt, W) = X(t) — g(t)Z,
VV Ja

we have that Z is independent of W and

(73) 7~ N,1), / W) () dt=0 as.
A
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Assume in addition that

(74) g>0 onA, /Al{gzo}(t)f(t) dt = 0.
Then for every w € C(A) there is a unique »x(w) € R such that

(75) /A e#w)aO+0(0) (1) df = 1.

The map » : C(A) — R is continuous in the uniform norm and

(76) x(w) < — »(W) <0 as.

Moreover, (5) is valid and in particular P{Ix n(A) = b} =0, so (5) is unchanged if > is replaced by >.

Remark A.5. If A C [0,T] is a sufficiently small compact interval of positive length containing to with

v(tp) > 0, then (5) holds for every b > M,,(A). Indeed, continuity of R and R(tg,to) = v(to) > 0 allow us

to choose A such that

v(to)
2

With the notation of Lemma A.4, since [, f(t)dt = 1, we obtain

LR 9F6)ds _ ult)
- \/V > 2\/V > 0, te A

R(s,t) > >0, s, t € A.

g(1)

which verifies (74).

Proof of Lemma A.j. The integral defining Z is Gaussian, and (59) gives
Var(Z) =1,  Cov(X(t).2) = g(t), / g()f(t) dt = VV.
A

Standard Gaussian regression therefore gives Z L W, while the definitions give [, W (t) f(t) dt = 0 almost
surely. This proves (73).
For w € C'(A), set

Fy(z) = / IOy dt, zeR.
A
Under (74), the function F), is continuous and strictly increasing. Indeed, g > 0 everywhere and g > 0 for
f(t) dt-almost every t. For z < 0, the integrand is bounded by el“ll= f(¢), so dominated convergence gives
Fy(z) —0 as r — —00.

Moreover, because {g > 0} = {J,,>;{g > 1/n} has full f(¢)dt-measure, there is an ¢ > 0 for which
/ F(&)dt > 0.
{g9=e}

Fy(x) > eIl / f(t)dt — oo as r — 00.
{g9=e}

Thus there is a unique »(w) € R satisfying (75).
For fixed ¢ € R, the map w +— F,(c) is continuous in the uniform norm. Strict monotonicity gives

{w : s(w) < ¢} ={w: Fy(c) > 1}, {w : 2(w) > c} ={w: Fy(c) < 1}.

It follows that

Both sets are open in C(A); hence s is continuous.
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Applying Jensen’s inequality to (75) yields

0 =log Fy (o)) = () [ gf(0at+ [ wit)feyar

A

= %(w)\/VJr/Aw(t)f(t) dt.

This proves the first inequality in (76); the second follows by taking w = W and using (73).
Since h = pg and €™ 9 = bf, we have

Ixm(A) = / X gy
A
— b/ eXO=p9®) (1) dt
A

— / e Z=PaOFWO) (1) dt = by (Z — p).
A

Since Fyy is strictly increasing,
Ixm(A)>b <= Z>p+xW).
Conditioning on W and using Z L W and Z ~ N(0, 1) proves (5). Similarly,
{Ixm(A) = b} ={Z = p+ (W)},

which has probability zero after conditioning on W.

Lemma A.6. For each b, let
Qb = [up, up + 1), Ty > 0,

and let Xp(t),t € Qp be a centred Gaussian process with continuous sample paths and covariance Ry.
Suppose that for some positive numbers Ty, fized constants cg, Cy,C1 > 0 and a fized exponent o € (0, 2]

(77) coty < Ry(s,t),  Ry(t,t) < Cory, st € Qy,
and
E{(Xy(s) — Xo(t)*} < Curils — %, s,t € Q.
Let my € C(Qy), and put
Xb = Th s M, = / eme () gt
Qp

For ¢, > My, define

Cp
by :=log M,’ P = PQy,my (Cb),
where py is computed for the process Xp. Then
Ly 4y
78 <pp < -
(7) WG = /e
If
(79) (1 + €p)xp — 0, b — o0,

then, for all sufficiently large b
P X OFmu(t) 4t > ¢,
1< {fQ” }

(80) < W)

<14 C(1 + ) Xbs

where C' is independent of b.
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Proof. All constants below depend only on ¢q, Cy, C1, . For every admissible density f,
€b+DQbamb(f) > U, VQb(f) < COT(,Q-
The variational formula gives the lower level bound. For the reverse bound setting
e (t)
My

we have Do, m, (q) = 0 and Vg, (g5) > cor? proving (78).
Choose an RKHS minimiser and write

a(t) ==

e () +hs (1) ky
fo(t) :== 0 Vo =V, (fp), kp(t) := o Ry(t,s)fp(s)ds, gp:= N
By Lemma A.1, hy = ppgp. The covariance bounds imply
cory S Vo < Corgy ety < ky(t) < Cor,
and hence, for fixed 0 < ¢ < ¢ < 00
(81) e < gp(t) < Te, € Q.

In particular, the sign condition (74) is satisfied.
If Zy, W), are the regression variables from Lemma A.4, then

Wy(t) fp(t)dt =0, P {/ eXoFme(t) qp > cb} = E{T(p, — x3)},
Qo Qo

where

Tp = —%b(Wb) > 0.
We use the following deterministic estimate. If i is a probability measure, w is bounded and measurable,
and

g >mg >0, /wd,u—O, /ewxgd,u—l, x>0,

1= /ew_xg dp < e‘mox/ew dp.

Hoeffding’s lemma,' applied under u to the bounded mean-zero function w, therefore gives

then

1 2
(82) r< — log/ew dp < (oscw)” .
mo 8my

We apply this estimate pathwise with p(dt) = fp(t)dt, w = Wy, g = gp, and mg = mpe. Indeed, p
is a probability measure, almost every sample path of W} is bounded on the compact interval ), and
be Wi (t) fo(t) dt = 0. Together with (81), this gives

2

(83) 0<ay, <O

b , wp := oscg, Wp.
Ty

The regression identity gives
E{(Wy(s) = Ws(1))*} = E{(Xy(s) — Xp(t))*} — {ge(s) — gu()}* < C17i/ls — ¢|°.

Define the anchored, rescaled process on [0, 1] by
_ Wi(up + ryu) — Wi (up)

Wy(u) : a3 , 0<u<l.
Ty
Its canonical metric Jb and pointwise variances satisfy
dy(u,v) < /Ch|u — v]*/?, sup Var{Wy(u)} < C.

0<u<l1

L. Hoeffding, Probability inequalities for sums of bounded random variables, Journal of the American Statistical Asso-
ciation 58 (1963), 13-30, p. 22, Eq. (4.16); doi:10.1080,/01621459.1963.10500830.
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Consequently, N ([0, 1},(%,5) < 1+ Ce2/® uniformly in b and ¢ > 0. Dudley’s bound gives a uniform

bound for E{sup,, |W(u)|}, and Borell-TIS, applied also to —W}, gives a uniform sub-Gaussian tail. Since
Wp = TbT?/2 OSC[OJ] Wb,

there are constants 1, K > 0, independent of b, such that

(34) B{exp {né;i)}} < K.

The standard normal hazard rate hy(u) := ¢(u)/¥(u) is increasing and, for u > 0,

1
hy(u) < §{u+\/u2+4} <1l+u.

Therefore, for x > 0, since pp > 0,

g _ Po
logM = / hy(u)du < zhy(pp) < (1+ pp)z,
‘lj(pb) Pb—T
and hence
| < Y(pp — ) < )z,
W(pp)
Combining this with (83) gives
W (pp — xp) { w }
—————— <expi Ay ¢, Ap := C7p(1 + pp) Xo-
W(ps) TEXb ( )

The level comparison (78) implies
Ay < C(1p+ lp)xp — 0, b — o0.
For large b, convex interpolation between 1 and the exponential in (84) yields

w2
E{exp{Ab 2b }} <1+ CAy.
Ty Xb

Consequently we have
B P{ be eXo()+mu(t) 4t > b}

- W(pp)
establishing the proof. O

1 < 1+CTb(1+pb)Xb§ 1+C/(Tb+£b)Xb

A.3. Absolute continuity. The following elementary lemma is a specialization of the classical stratifi-
cation method for Gaussian functionals; see [20, 21, 22]. We give the short argument because it makes the
required nondegeneracy particularly transparent.

Lemma A.7. Let T > 0 and let X (t),t € D :=[0,T]¢ be a real Gaussian random field with almost surely
continuous sample paths where d > 1. If Var(X (t9)) > 0 for some ty € D, then

Ip ::/ eX®) gt
D

has a distribution that is absolutely continuous with respect to Lebesgue measure.

Proof. Setting next

X(to) — u(to)

p(t) =E{X(#)},  o?:=Var(X(ty)) >0, Z:=
we have that Z is a standard Gaussian random variable. Define
a(t) := Cov(X(t), 2), Y(t):=X(t)— p(t) —a(t)Z.

The functions p and a are continuous, and Y has continuous sample paths. Indeed, sample continuity and
Gaussianity imply continuity of the mean and covariance functions. Moreover, we have

Cov(Y(t),Z) =0, teD,
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so joint Gaussianity gives independence of Z from every finite evaluation vector of Y. Evaluations on a
countable dense subset of D generate the Borel o-field of the separable space C'(D). Hence Z and the
C(D)-valued random element Y are independent.

For y € C(D), define

Oy(2) := /D exp{u(t) + y(t) + a(t)z} dt, z e R.

The function ®, is smooth, with

¥/(z) = /D a(t)? exp{u(t) + y(t) + a(t)=} dt.

Since
a(ty) = Cov(X(tp),Z) =0 >0

and a is continuous, there is a relative neighbourhood of ¢y in D on which a > ¢/2. This neighbourhood
has positive d-dimensional Lebesgue measure, including when ¢y is on the boundary of D. Consequently,

Py (2) > 0, z €R.

Hence C% is strictly increasing and has at most one zero.

Let A C R be a Lebesgue-null Borel set. Outside the possible single zero of CD;/, cover R by countably many
compact intervals K on which inf,ex [®}(2)| > 0. The restriction of ®, to each K is strictly monotone with
a Lipschitz inverse; the possible critical point contributes at most one point to the preimage. Consequently

<I>y_1(A) is Lebesgue-null and hence also null for the standard Gaussian law . The map (y, z) — ®y(z2) is

jointly continuous. Independence of Y and Z, followed by Fubini’s theorem, now gives
P{Ip € A} = [ (% (4) Br(dy) =0,
(D)
Thus the law of Ip is absolutely continuous. O
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