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ABSTRACT. We study exact high-level asymptotics for probabilities of the form
]P’{inf X(t)>u}, u — 00,
tela,b]

where X is a centred Gaussian process (GP) with continuous sample paths. As suggested by the findings of
[1], the exponential rate is governed by an optimal-measure problem, while the exact prefactor depends on the
local geometry of the contact set. The main results treat finite-active regimes in which the optimal measure has
finite support. We separate dominated contacts, where residual fluctuations are negligible, from smooth-critical
contacts, where a residual derivative gives an explicit quadratic correction, and rough-critical contacts, where
a tangent GP contributes the local correction. We also study full-contact regimes through a Laplace-transform
reduction and obtain logarithmic refinements for rough fBM. Applications include integrated fractional Brownian
motion, a two-interval fractional Brownian phase transition, a fractional Brownian sheet, passive contacts, and
smooth and rough endpoint contacts.

1. INTRODUCTION

Let X (t), t € T be a centred GP with continuous sample paths on a compact metric space 7 and let R(s,t), s,t €
T be its covariance function. With motivation from [1] in this paper we are interested in the extreme value
properties of the infimum my = infe7 X (¢). In order to avoid degenerate cases, we shall assume hereafter that
there exists ug > 0 such that for all u > wug

(1) pr(u) :=P{mx > u} > 0.

Consider first the simplest case 7 = {t1,...,t,},n > 1 and let ¥ = (R(%;,t;))1<ij<n be nonsingular. It is
well-known that the asymptotics of py(u) as u — oo are governed by the quadratic programming problem

n

min p' Ep, A, :=<pe[0,00)": Zpi =1

PEAR =1
Let p, be the minimiser and put
Eps)i
02 := (ps) " Sps > 0, m(t;) = ( 02*>Z, i=1,...,n.
*
The optimality conditions imply that
m(t;) =1, 1=1,...,n

with equality whenever the ith component of p, satisfies py; > 0. Thus if
S:i={tieT :ps; >0}

is the active set, E = {t; € T : m(t;) = 1} is the contact set, and P = F\S is the passive set with ¢ elements,
then

(2) pr(w) ~ pp(u) ~ CP{min X(1) > u},  u— o,

where C' = 1 if £ = 0, while for £ > 0, C' is the orthant probability of the centred Gaussian regression residual
at the passive points ¢; with p,.; = 0; see Lemma 4.2 and [2, Example 6.1 and Theorem 5.1]. Moreover, [3,
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Theorem 2.1] implies that the df H of mx belongs to the Gumbel max-domain of attraction (GMDA) with
scaling function a defined asymptotically by a(u) = 02/u, i.e.,
1 — H(u+ za(u))

(3) JLII(}O T H(w) =e ¥ VxelR.

For T a compact interval of R, the GMDA of H was established under smoothness assumptions in [1]. For
continuous GPs on general compact metric spaces, the GMDA property under the standing non-degeneracy
assumption (1) follows from [3, Theorem 2.1].

If H possesses a density h = H’, then its canonical scaling is a(u) = (1 — H(u))/h(u) for all u large. The
additional condition

(4) lim a'(u) =0

u—00

i.e., the von Mises condition, does not follow from GMDA and absolute continuity alone.
For a general compact parameter space T our first question concerns the stronger canonical von Mises condition:

Q1. Under what additional conditions does the canonical scaling of H satisfy the von Mises condition (4)?

Next, let M1(T) denote the set of Borel probability measures on 7. For every u € M1(T) averaging implies
the following upper bound

(5) pr() <PX > K- [ X(Ou(a)

By weak compactness of M;(7) and continuity of the covariance function of X, the energy functional p +—
Var(X,,) is continuous under weak convergence of probability measures and the minimum is attained. Any
minimiser p, € M1(T) is called an optimal measure and we set

2 .
= Var(X,).
7ii= duin Var(X,)

In view of [1], the non-degeneracy assumption (1) implies
(6) o2 = Var(X,,) > 0.

Indeed, if 02 = 0, then X us = 0 almost surely, which is incompatible with p7(u) > 0 for v > ug.

Next, let p4 be an optimal measure. In view of the optimality criterion in Lemma A.1, its normalised potential
Cov(X(t), X
m(t) = V( ( ) M*) 7

Var(X,,)

teT,

satisfies
m(t) =1, teT, and m(t) =1 on supp(psx) =: S
and hence the support S, which may depend on the choice of optimal measure, is contained in the contact set,
ie.,
ScE:={teT:m((t)=1}.
Moreover, both E and S are compact and further

(7) X(t) = m(t)Xﬂ* + Z«(t), teT,

where the residual process Z, is a centred GP independent of X, ~ N (0, 02), see e.g., [1, 3].

Thus S, E, and u, are the continuous counterparts of the active set, contact set, and optimal weights in the

finite-dimensional problem introduced above.

Optimising the upper bound (5) over p and using the corresponding large-deviation lower bound [1, 4] gives
.1 .1 o1 1

(8) lim ﬁlong(u) = 1}11)%0 ﬁlogps(u) = uh_r}go ?logP{Xu* >u}p = 552 < 0.

u—00 ot
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In this Gaussian setting log-concavity of p together with (8) yields the GMDA property, see [3, Section 3.2].
In the case E = T, referred to as the full-contact regime, even without knowing the support S explicitly (7)
reduces to

(9) X(t) = Xus + Z*(t)a teT,

with Z, a centred GP independent of X,,, ~ N(0,02).
This class of GP’s with full contact is broad. Indeed, if Z, is a centred GP with continuous sample paths and
if ps € M1 (T) satisfies

f Z,(t) s (dt) = 0

T

almost surely, then for an independent Gaussian random variable (rv) Y ~ N(0,02) the process
X(t):=Y + Z.(t), teT

has s as an optimal measure and has full contact set £ = 7.
In the full-contact regime, integrating (9) against p, yields almost surely

(10) L Za (1) pialdt) = 0

and hence

. 1= gl;Z*(t) < 0.

Moreover with X,,, ~ N(0,02) independent of mz,

mz

my = X#* +mz,

and consequently as shown already in [5] for every u € R

2 2 0 2
exp (—u /(20*))J‘ < ue € >
11 u) = exp| —— — —= | P{mz, > —¢c} de.
(11) pr(u) Tona R G {mz, }
An immediate Abelian consequence of the above identity is
im 2T piw, oy

u—oo P{X,, > u}
If P {my, = 0} is positive, then both the exact asymptotics of py(u) and the von Mises condition (4) holds.
We shall show that (4) is still valid even when P{my, = 0} = 0. For the latter case, the exact formula (11)

can be used to transfer the problem to the investigation of r(¢) := P{my, > —¢} as ¢ | 0. Indeed, if for some
ultimately positive function ¢, slowly varying at infinity

(12) r(e) ~ Ke%¢(1/e), K>0, a=0

holds as € | 0, then by Karamata’s Abelian theorem for Laplace transforms and (11) we obtain

KT +1 2a+1 2

~ (OZ )0'* uf(oHrl)E(u) exp _LQ 7 U — 0.
V2 20%

Explicit calculations of the asymptotics of r(¢), as € | 0 are possible in few particular cases, see Example 2.1

below.

Exact asymptotics of py(u) are available in particular in the smooth settings of [1] and in special Brownian

cases; see [6, 7]. This leads to our second question.

(13) pr(u)

Q2. Under what conditions can we derive an explicit exact asymptotic expansion of pr(u) as u — 00 in finite-
contact regimes?

We shall address the above question by restricting to the case of the contact set E is finite. This implies that
every optimal measure p, has finite support and can be written as

k k
(14-) s = ZP*,i(St“ p*,i > 07 v = ]-7 ey k? Zp*,z = ]-7
i=1 =1
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where d;, denotes the Dirac probability measure at ¢;.
The support is S = {t1,...,t} and the weight vector is px = (Pa1s---,Psk) - If Su = (R(ti, 1)) 1<ij<k i
nonsingular and Xg = (X (¢1),...,X(tx)) ", then by Lemma A.1

Yups = 021, 1=(1,...,1)" e R
which implies
(15)  mt)=a®)'1>1, X@t)=alt)'Xs+Z(t), at):=2 (R(t1,t),...,R(ty,t)", teT,
where Z is a centred GP independent of Xg. The support points of the optimal measure are special since
m(t) =1,  Z(t;)=0, 1<i<k

The support points in S are called active contacts, while the points in P = E\S are called passive contacts.
In general the two residual processes Z and Z, differ since

Zy(t) - Z(t) =a(t) (Xs —1X,,), teT,

however if S is a singleton, then

Z(t) = Z(1), teT.
The loss-of-dimension phenomenon in (2), i.e., S and not E plays a crucial role in the asymptotics of py(u)
need not hold for an infinite parameter set, even when F is finite. To see this, let £, be independent standard
normal rv’s and for o, A > 0 set

X(t) == &(1+ At|*) +nt, te T =[-1,1].
For this process, we have
s = 00, S =FE = {0}, o2 =1, m(t) — 1 = A|t]%, Z(t) = nt, te[-1,1]
and the residual GP Z satisfies the mean-square Holder condition
Var(Z(t +h) — Z(t+0) <cglh— 0%,  tt+ht+LeT,

with 8 = ¢y = 1. Direct calculation gives

1, 0<a<?,
. pr(u) 1\ Y2
lim ———— = - _
wmsn P{E > u} (1 * m)  @=3
0, a > 2.

The three regimes in the above limit reflect the competition between the rate at which m(t) — 1 vanishes near
0, controlled by «, and the residual smoothness exponent 5 = 1.

Critical contacts balance potential separation of order |h|?® with residual fluctuations on the scale |h|?. The
smooth-critical case has quadratic separation and a linear residual tangent, as when o« = 2 above. Critical
contacts with 5 € (0,1) are called rough-critical. The Brownian endpoint model in Example 3.9 has 8 = 1/2
and gives an explicit nontrivial correction factor.

For dominated contacts and the smooth- and rough-critical cases, we obtain exact asymptotics for py(u) under
local assumptions. Passive orthant factors and smooth quadratic corrections already appear under stronger
smoothness assumptions in [1, Theorem 4.1 and equation (4.3)]. Our finite-contact results use local assumptions
and also treat rough tangents.

The main contributions are as follows.

(1) We give an exact finite-contact reduction for dominated support contacts, including the Gaussian orthant
factor generated by finitely many passive contacts. Our results cover also general random fields including
the fractional Brownian sheet and several other models.

(2) For a one-point active endpoint, we identify the exact corrections in rough-critical and smooth-critical
regimes through a tangent process or a residual derivative.

(3) In the full-contact regime, we establish the canonical von Mises condition and derive logarithmic refine-
ments for rough fBM using the Laplace-transform representation and small-deviation estimates.
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The paper is organised as follows. Section 2 treats the full-contact regime. Section 3 contains the finite-
contact results and examples. The proofs are collected in Section 4, and the Appendix records the auxiliary
optimal-measure results used in the main text.

2. FULL-CONTACT REGIME

Let X(t),t € T, px, 02,8, E,m(t),t € T be as in the Introduction and keep our standing assumption o2 :=

Var(X,, ) > 0.
Except for the comparison in the opening example, this section concerns the full-contact regime

E={teT :mt)=1}=7T.

The transfer principle in (9) allows us to reduce the problem of the tail asymptotics of py(u) to the study of
the small deviation asymptotics of the residual process Z.(t),t € T. In particular cases this is a powerful tool
for Q1 and for exact full-contact asymptotics. The following fractional Brownian example compares this regime
with dominated contact. Throughout the paper we denote by By, H € (0,1) a standard fractional Brownian
motion (fBM).

Example 2.1. Consider By, H € [1/2,1),0 < a; < b; < az < by < o0 and set
K :=[a1,b1] U [az, ba], pr(u) =P {}HIEBH(L‘) > U} :
€
Suppose first that H > 1/2, then the normalised potential of d,, is
_ t2H 4 a%H —(t —a1)*"

te K.
H )
2@%

mi(t)
Since
2 > @ 4 (¢ —ay)* t>ai,
the optimality criterion and its finite-support corollary imply
s = Oq, S =F ={a}, P=2.
Moreover we have

H
mH(t)—1~ a(t—al), tlal.

For Z(t) := By (t) — mpg(t)Bg(a1) the regression-residual property gives
E{(Z(t) - Z(s))*} < [t — s, s;tek.

Thus the dominated-contact assumptions hold with ¢ = 1 and 8 = H. The extension in Remark 3.3 therefore
yields

atl u?
pu(u) ~P{Br(a1) > u} ~ \/ﬂuexp{_QaZH}7 U — 0.
1

Now let H = 1/2 and write B := By/y. In this case m;, =1 on K, so E' = K. The measure d,, is nevertheless
the unique optimal measure, because for every u e M;j(K)

Var (LB(t)Mdt)) - be [z, bo])2 da > an,

al

with equality only for 1 = d,, and hence
02 =ay, Z(t) = B(t) — B(a1).

Set now

and let
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Then W is a standard Brownian motion independent of B(a;). Writing

o= e {-2h ew = [ awa

the reflection principle on the first interval and the Markov property across the gap yield

=F inf W(t) > —
rc(e) {te[o,A]u[AlfQAmw] (t) > g}

= [Cteatr-a - patv+ ) [ “vat - {22 (5) -1} @z

Consequently, by dominated convergence
ric(e) ~ kagee, €10,
where

KAGC = LOO 2Zysm(y) LOO va(z —y) {24) (\%) - 1} dzdy € (0,0).

Substitution into (13) yields

3/2 2
prj(u) ~ PAGCI =2 ) U U — 0O
1/2 /727_‘_ 2@]_ ) .
For a single interval, k = 1/2/(mw(b; — a1)), recovering the asymptotic in [6]. Thus H = 1/2 is a full-contact

boundary case, whereas every H > 1/2 lies in the dominated regime.

The first result shows that the von Mises condition (4) holds for our full-contact regime without further restric-
tions.

Theorem 2.2. If E = T and 02 > 0, then the infimum my = infier X (t) has a strictly positive C*-density
fr on R and both

(16) hr(u) = £;EZ; = % + o(1), P (u) = % +o(l), u— o0
and

u) o2 o2
(17) ar(u) = ?;EU; = ;* +o(u™?), ar(u) ~ —u—;, u — 00.

The logarithmic asymptotic in (8) was refined for Gaussian Markov processes in [5, Theorem 3.1]. For the
rough fBM considered below, [5, Theorem 3.2] already gives the lower correction bound once full support of the
optimal measure is known. The matching upper bound follows from the optimal-measure density bound and
an L' small-deviation estimate.

We focus for the rest of the paper on

T = [a,b], 0<a<b<w

unless otherwise stated. For X = By with H € (0,1/2), [3, Example 2.7 and Lemma A.2] gives S = E = [a, b]
and pu.(dt) = ndt on (a,b) for some n > 0. Our next result identifies the order of the correction to (8).

Proposition 2.3. If X = By, H € (0,1/2), then there exist constants D+ = D4 (a,b,H), with0 < D_ < D4 <
00, such that for all sufficiently large u

2
— DO+ < logIP’{ inf X(¢t) > u} + 2 5 < —D_yY/(A+H),
t€la,b] 0%
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3. FINITE CONTACT SETS

We consider 7 = [a,b], —00 < a < b < 00 and assume next that the contact set is finite with
SZ{tl,...,tk}, Ez{te’T:m(t):l}:SuP, P={81,...,Sg}.

Further we suppose that s is the unique optimal probability measure. The support covariance matrix >, =
(R(ti,t;))1<ij<k is then nonsingular. Indeed, if ¥, v = 0, then

17w = U*_QpIZ*v =0,

and p, + v is a distinct optimal probability vector for all sufficiently small nonzero €, unless v = 0. Hence pu,
is given from (14) and the finite-support optimality relations imply

Yupe =021,  m(t)=at)'1=1, teT,
where
a(t) =3 1r@t), 7)) :=(R(t,1),...,R(tr,t)".
Writing
Xg=(X(t1),...,X(tx)"
the decomposition (15) has a centred Gaussian residual Z, independent of Xg such that
a(t;) = e;, Z(t;) =0, i=1,...,k,
where e; is the i-th standard basis vector. Setting
Sy = u(Xg —ul)

yields for every v > 0
(18) X() —u = ulm(t) — 1) + Z(8) + %a(t)TSu, teT.

Thus points outside E have a positive deterministic separation m(t) — 1. At a passive contact s € P by contrast
m(s) = 1 but Z(s) need not vanish, whereas Z(t;) = 0 at every support contact.

3.1. Dominated contacts. A support point ¢; is called dominated if there exist finite positive constants
Bi, Ci, A and 0 < ¢; < 20; such that for all sufficiently small admissible h

(19) m(t; + h) — 1= \|h|%,
and for all sufficiently small admissible h, £

Var{Z(t; + h) — Z(t; + £)} < Cs|h — £?%:.
Here and below admissible means that every displayed point belongs to [a, b].

Theorem 3.1. Under the standing assumptions of this section, if every t; € S is dominated, then

P{inf X(t)>u}~C’IP’{X(ti)>u,izl,...,k}, u — 00,

tefa,b]
with the convention C =1 when P = @ and otherwise C := P{Z(s) > 0, Vs € P} > 0.
Remark 3.2. The regression decomposition and independence give for s,t € T
Var(Z(t) — Z(s)) = Var(X(t) — X(s)) — Var ((a(t) — a(s))TX5> < Var(X(t) — X(s)).
Consequently, in the definition of a dominated contact it is enough to verify the corresponding local mean-square

Holder bound for X.

Remark 3.3. The preceding theorem remains valid when 7 = K is a compact subset of R%. In that case, replace
the local dominated-contact assumptions by the following bounds, valid for all sufficiently small admissible
h,h e R¢
. 2 .
m(ti+h)—1 ZAZHth’, E{(Z(tz—l—h) —Z(ti—i-h,)) } < C,L'Hh—h/”26’, q; < 20;.

Here admissible means that all displayed points belong to K. All other assumptions and the conclusion are
unchanged, with the infimum taken over K.
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Remark 3.4. Let T = [a,b], where 0 < a < b, and suppose that R(a,a) > 0. If
R(t,a) > R(a,a), t € (a,bl,

then ¢, is the unique optimal measure and

S = F = {a}, 'm(t):R(a a)

If X has stationary increments, X (0) = 0 almost surely, and V(¢) := Var(X(¢)), the preceding condition is
equivalent to
Via+h)>V(a)+V(h), 0<h<b-—a.
If for all sufficiently small A > 0
V(ia+h)—V(a)—V(h)=cohd,  V(h)<Ch*,  ¢<28,
then a is dominated and

]P’{inf X(t)>u}~IP’{X(a)>u}, u — 00.
tela,b]

This includes fractional Brownian motion with H > 1/2, for which ¢ =1 and 5 = H.
The same criterion applies to

I(t) := Jo Y (s)ds,

where Y is a centred stationary Gaussian process with continuous nonnegative covariance r satisfying r(0) > 0.
Indeed, I has stationary increments, its increment covariance at a is positive and of order A, and its increments
are locally mean-square Lipschitz. Thus ¢ = § = 1. The covariance criterion can also be verified directly for
the Riemann—Liouville process

XRE(4) 1= Lt(t —s)7-34B(s), He(1/2,1),

for which the covariance separation is of order h and the local increment variance is of order |h — ¢|?!. Hence
g=1land f=H.

Let .
Ig(t) = f By (r)dr, He(0,1),
where By is a standard fractional Brownian mgtion7 and fix 0 < a < b < o0. Write
Ry (r,s) := Cov(Bg(r), Bu(s)).
For t > a we have Vo
Cov(Ig(a),Ig(t)) — Var(Ig(a)) = J J Ry (r,s)dsdr > 0.
Thus 9, is the unique optimal measure and v
S =FE = {a}, P=o.

Moreover we have S
9 G H+1
- - h)—1~

o; S 12’ m(a + h)

h, h 0,
while for s,t € [a, b]

Var(Ig(t) — Ig(s)) < C|t — s|?.
Hence ¢ = 8 =1, so a is dominated and

H+1
. a H+1,
P f Ig(t) > ~ P{I > ~— — , — 0.
{tel[ltlz,b] a(t) u} {Ir(a) > u} 5 W(H+1)uexp{ 2H2Y } u

Let X be the centred Gaussian process with covariance
2st

R(s,t) = 7 s,t > 0;
s
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see [8]. On T = [a,b], where 0 <a <b < ©

Thus ¢, is the unique optimal measure and
fse = Oq, S =FE = {a}, 02 =a.
For the regression residual Z(t) = X (t) — m(t)X (a)
h h
> YR
2a+h = 2b

(t=5? _(t—s)

h)—1= <
m(a—i— ) t+ s 2a

Var{Z(t) — Z(s)} <
Hence ¢ = 6 =1 and

]P’{inf X(t)>u}~IP’{X(a)>u}, U — 00.

te[a,b]
Notice that lim; o R(s,t) = 2s > 0, so this process does not satisfy the additional condition in [1, Proposi-
tion 3.1].

Let X be the fractional Brownian sheet with common Hurst index H € (1/2,1) and covariance

H

2H+t2H |8] _tj|2H

On T = [a,b]?, where 0 < a < b < o, put tg = (a,a). The normalised potential of &, is
221 4 @2l (1 — q)2H
2aq2H

Strict superadditivity of x +— x2H gives my(x) > 1 for £ > a. Therefore we obtain

My = 6t0> S=E= {tO}a O—i = a*f.

m(t) = my(t)mu(ts),  mu(e):=

Moreover we have

H
mH(a+x)—1:Ex+o(ac), z]0

and uniformly on [a, b]?
Var{X(t) — X(s)} < C|t — s|*!.
The same bound holds for the regression residual. For sufficiently small h = (hq, ho) with hy, he =0

m(to+h) — 1= max{mH(a + hj) — 1} = cmax(hy, he) >

ol

for some ¢ > 0. Thus ¢ =1, § = H and ¢ < 23. An application of Remark 3.3 gives

IP’{ inf X(t)>u}~]P’{X(a,a)>u}, u — 00.
te[a,b]?

Example 3.5. Let £, &2, ¢ be independent standard normal rv’s, let 7 = [—1, 1], and put

o) =P-2), )= I g = 00,
Define
X(t) = a1(t)é + az(t)e + (1 =), te[-1,1].
For
Mo = %(571 + 01)
we have
Xy = &1 42-§2’ 02 = %, m(t) = ai(t) + as(t) = 1 + g(t).

Hence u, is optimal and

S={-1,1}, E={-1,0,1}, P={0}.
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Any other optimal measure must be supported on E. If its masses at —1,0, 1 are z, ¥, 2z, respectively, then

1
Var (J Xdu) = (@ +9/2° + (2 +y/2" +9° > 5+
-

Thus equality is possible only when y = 0 and x = z = 1/2, proving uniqueness of .
The support-regression residual is Z(t) = (1 — t2)(. Since

g(=1+h)=2n+0(h?),  g(1—h)=_2hn+0(h?,
and
Var{Z(t) — Z(s)} = (t* — s%)? < 4|t — s|?,
both support contacts are dominated with ¢ = 8 = 1. At the passive contact, Z(0) = ¢, so
1
C=P{Z(0)>0} = X

Consequently, we have
1
P{ inf X(t)>u}~P{§1>u, & > u}, u — 00.
te[—1,1] 2
3.2. Critical rough and smooth contacts. For simplicity, we consider only the case where the optimal
measure is a Dirac measure at a single point b, with R(b,b) > 0, and
E =S = {b}.

Then ps = dp is the unique optimal measure and

m(t) = géz Z; mb) =1,  m#)>1, teT\{b).

Since the support is a singleton, there is no distinction between the optimal-measure residual and the support-
regression residual. Thus, throughout this subsection

Z(t) = X(t) —mt)X(b), teT,

is independent of X (b), satisfies Z(b) = 0, and has continuous sample paths.
We say that b is a tangent-critical endpoint contact with exponent 5 € (0, 1], coefficient A > 0, and tangent
process W, if the following conditions hold. First, for some C >0 and 0 <rg <b—a

(20) Var{Z(b—h) —Z(b -0} <Clh—0*’,  0<h, L <.
Second, as h | 0
(21) m(b—h) —1 = M + o(h?P).

Third, for every L > 0, as r | 0, the following convergence of finite-dimensional distributions holds:
(22) {r’ﬁZ(b—m), OgmgL}z{W(a:), 0<xz<L}

where W = {W(z), z > 0} is a centred GP with continuous sample paths and W (0) = 0. When 3 € (0,1), we
call the contact rough-critical.

A smooth-critical endpoint contact is the differentiable tangent-critical case 5 = 1, in which the residual has a
linear L2-tangent. More precisely, we assume that as h | 0

m(b—h) —1 = \h? + o(h?)
for some A > 0, and that for some centred Gaussian rv 7
Z((b—h)
h
We also assume that (20) holds for some C' > 0,0 <79 < b—a with 5 = 1.

— 1 in L2, hlo0.
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Theorem 3.6. Under the standing assumptions, let T = [a,b] with a < b. Assume that R(b,b) > 0, that p = &
is optimal, and that E = {b}. If b is a tangent-critical endpoint contact, then M := inf =o{W (z) + \z?5} €
(—00,0] almost surely, and

pr(u) ~ CuP{X(B) > u},  Ch—E {exp {R(]‘b{b) }} , .

Corollary 3.7. Under the standing assumptions assume that R(b,b) > 0, that u, = 0y is optimal, and that
E = {b}. If b is a smooth-critical endpoint contact and v? := Var(n), then

02 -1/2
pr (1) ~ {; + % (1 + 2AR(bJ>)) }P{X(b) cul, u— .

Remark 3.8. The left-endpoint versions follow by applying the results to X (t) :==X(a+b—1).
For an interior one-point contact tg, the local increment bound must hold across both sides. Suppose also that
for every L > 0

sup ‘T*Z*B{m(to +rx) — 1} — d(az)‘ — 0, r 0,

|z|<L
and
{rPZ(to+rz), |2| <L} = {W(a), |2| <L} inC[-L,L], rlo0,

and that m(tg +h) — 1 > c|h|?? for all sufficiently small |h|. The same proof then uses the two-sided variational
term

M = inf{W(z) + d(z)}.
zeR
In the symmetric smooth case, W (z) = nx and d(z) = Az?, so M = —n?/(4)). In the asymmetric case
M = min{M_, M, }, M_ = ui%{W(a:) +d(z)}, My = 1r>1%{W(x) +d(z)},
T r=
where the two branches come from the joint two-sided tangent.
Example 3.9. Let B be a standard Brownian motion independent of £ ~ N (0, 1), and define
X(t) :==&(1+ M) + 0B(t), te[0,1], A0 > 0.
Then
s = 60, S =FE ={0}, m(t) =1+ X, Z(t) = oB(t).
Brownian scaling implies the following equality in distribution for every L < oo
(r12Z(rz), 0<z <L} L {0B(z), 0 <z < L}.
Thus 0 is a rough-critical left-endpoint contact with g = 1/2, and
M = inf{oB(x) + A\z}.
=0

Since —M is exponential with rate 2)\/0?, the left-endpoint version of Theorem 3.6 gives

. 2A
P{OgtlilX(t)>u}~2)\+U2P{€>u}’ u — 00.

Example 3.10. Fix 0 <c <1, a > 1 and set
B(t
X(t) = t(a) teT =[c1].
Since X (1) = B(1) and
_ Cov(X(1), X(1))

m(t) VarX(1) B,

the optimality criterion gives

pe =01, E=S={1}, Z(t)=t"{B(t) - tB(1)}.
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Ash |0
m(l—h)—1=(a—1)h+ o(h),

locally uniformly after replacing h by rx with z in a compact interval. Moreover, for s < ¢ near 1

t—s

Var(X(t) — X(s)) = S T s(t — 370‘)2 < Ot — s).

The same bound holds for the regression residual Z.
For fixed L < oo and sufficiently small r, set

B(x):=rY*B1)—B(1—rz)}, 0

N
8

VAN
h

Then B, is a standard Brownian motion on [0, L], and
r Y271 —rz) = (1 —ra)"*{=B,(z) + r'/?zB(1)} = —B(x)
in C[0, L], where B is a standard Brownian motion. Hence 1 is rough-critical with
1
== A=a—1.
f=5. o
By Brownian symmetry, its variational rv may be written as
M = inf {B(z) + (a — 1)z}.
z=0
Since —M is exponential with rate 2(c — 1), Theorem 3.6 yields
Bt 2(a—1
P{ inf ﬁ>u ~MP{B(1)>U}, u — 00.
te[e,1] ¢ 200 — 1

Remark 3.11. Let Y ~ N(0,7%), 7 > 0, and let V be a centred Gaussian random element of C''[0, 1], independent
of Y, with V(1) = 0 almost surely. Suppose that m € C[0, 1] satisfies

m(1)=1, m(t)>1, 0<t<1l, m(l—~h)=1+?+o(h?
for some A > 0, and put X (t) = m(t)Y + V(¢). Then
s = 01, E =S = {1}, o2 =12, Z=1V.
Moreover, Fernique’s theorem and the fundamental theorem of calculus give
V(1—h)

; ~V'(1) in L%

E{(V(t) = V(s))*} < [t = sPE{IV'| %},

Thus Corollary 3.7 applies with v? = Var(V’(1)) and yields

11 v? 2

4. PROOFS

Standing notation for finite-active proofs: Whenever a finite-support optimal measure is under consideration,
we write

Au:{X(tl)>u77’:17ak}7 Buz{lnf X(t)>U},
t€[a,b]

and
Pu(-) :=P(- | Ay), Sy = u(Xg —ul).
If the passive set is finite, we write
P ={s1,...,s¢}.
Since B, c A,, all exact-asymptotic proofs below reduce to proving

lim P, (B,) = C
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for the appropriate constant C. The residual process 7 is independent of X g and remains so after conditioning

on A,. Setting
- D=
0:=>11="2
we have ; > 0 for every i. For & € (0,00)F a change of variables in the Gaussian density shows that the
conditional density of S,, under P, is

Gu (T 1 _
u(@) , gu(x) 1= exp {—GT:L' - ﬁmTE* 193} .

fu(w) =
f 9u(y) dy
(0,00)*

Since X! is positive definite

0<gu(x) < exp{—OTm},
and the function on the right is integrable on (0, oo)k. Dominated convergence therefore gives under P,
(23) Su=&:=(&,..., &), u — o0,

where the coordinates of £ are independent exponential random variables with respective rates 61,...,60. In
particular, S, is tight under P,.

In the one-point endpoint proofs below we take ¢; = b. Then A, = {X(b) > u}, S, = w(X(b) — u), and the
preceding convergence holds with exponential rate

The regression decomposition (18) gives
_ sup Z(t 1
sup |u 1X(t) - m(t)| < supier | Z()] + — sup [a(t)| [ Sull-
teT u U= teT

The first term tends to zero in P,-probability because Z has continuous sample paths and is independent
of A,; the second does so by compactness and the tightness in (23). Hence, if D < [a,b] is compact and
infp(m — 1) > 0, then

Uu—>00 teD

(24) lim P, {ian(t) > u} ~ 1

4.1. Proofs for full contact.

Proof of Theorem 2.2. Set next

V = —inf Z,(¢), r(e) :=P{V < e}, e >0,
teT

and write s := o2. Path continuity and compactness of 7 make V finite almost surely, while (10) gives V > 0.
Since £ =T
Vi

where X, ~ N(0,s) is independent of V. Consequently, we have

This density is strictly positive. Every derivative of the Gaussian density is bounded, so differentiation under
the expectation also shows that fr € C*(R). With the notation

mx = Xﬂ* -

fr(u) =

in view of (11)

(25) pr(u) = —7=1I(u).
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For every § > 0, the centred Gaussian random element Z, has positive probability of belonging to every
neighbourhood of zero. Consequently () > 0. Define the finite measure

v(de) := 6_52/(2S)r(6) de, e >0,

and the probability measure
ey (de)

IT,(de) := T(w)

For every fixed 6 > 0, we have v((0,9/2)) > 0 and
I(u) = e "/29p((0,6/2)),  u>0.
Since 0 < r < 1, the second moment of v is finite. Splitting at J, we therefore obtain

foo e~w/s (2 e2 y(de)

211, (de) < 62
g & ) S O e (0,6/2)

< 6% + Csem0/(29),

Letting first u — o0 and then § | 0 gives

0

(26) lim | &*M,(de) = 0.

u—00 0
Set

Q0
Ey = f e I, (de), 7'3 := Varpy, (¢).
0

In view of the Cauchy—Schwarz inequality and (26), we have as u — o

s 1/2 0
J g2 Hu(d5)> — 0, 0<712< J 211, (de) — 0.

(27) 0<5u<< o
0 0

Since 0 < r < 1, the Gaussian factor provides an integrable bound for the first two derivative integrands.
Differentiation under the integral sign therefore gives

Let

Since p-(u) = — fr(u), we have ¢'(u) = hy(u). In light of (25), we can write

P(u) = ;z + log V27ms — log I(u)

implying
u+ & 1 72
hrlw) = ') = "I ) = = L - T
Together with (27), these identities prove (16). Since a7 = 1/hy, the same identities imply
s s _2 , O s —T12 s
ar(v) u+é&, u o(u™), ar(u) hy(u)? (u+ &y)? u?’
establishing the claim. O
Lemma 4.1. Assume that E =T and o2 > 0 and set
myz = inf Z, (1), r(e) :=P{mz > —¢}.
teT

If for some 8, A1, Aa,e9 > 0
(28) exp{—Aoe P} < P{my > —e} <exp{—A1c7V/P},  0<e <ey,
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then there exist constants 0 < C_ < Cy < o such that for all sufficiently large u

2
1/(B+1 u
(29) —Cu/ P <log pr(u) + 5,7

*

< _C M),

Proof of Lemma 4.1. Write

© ue g2
I, = - — d
w Jo exp { 2 " 352 } r(e) de

and put k :=1/(f+ 1) and ¢, := w BB For all large u, 2, < eo. Splitting at e, using monotonicity of r
on the first part and r < 1 on the second, gives

2 2
g _ 2 g _ K K2
I, <= [T(Eu) +e uau/U*] < 2 [e Agut - /U*] .
u u

Hence log I, < —cou® for some co > 0 and all large u.
For the lower bound, monotonicity and (28) give r(g) = r(e

e
Iu>€uexp{( ;)u }

for all sufficiently large u; here the final constant bounds £2/(202) uniformly on [e,,2¢,]. Since |loge,| =
O(logu) = o(u®), we obtaln log I, = —cgu”. Finally, (11) gives

—Asu”

e on [ey,2¢e,]. Consequently, we obtain

2

u
log pr(u) + 992 log I,, — log(v2moy),
*
and the claimed two-sided bound follows after adjusting the constants. O

Proof of Proposition 2.3. Let us be an optimal measure. By [3, Example 2.7 and Lemma A.2], there exists
n > 0 such that
b
| Retmtds) a2 telabl, @ =gt on (@)
a

In particular, 02 > 0 and E = [a, b]. Define

b
Y = f X (t) s (dt), Z(t):=X(t)-Y, mg = teiﬁfb] Z(t).

Thus Z = Z,, Y ~ N(0,02), Y is independent of Z, and

Jb Z(t) ps(dt) = 0 a.s.

a

We first record the small-deviation estimates needed below. For some ¢, C,gp > 0, and all 0 < & < g9

IP’{ sup | X (t)] < 5} > exp{—Ce VY,

0<t<b

P {Lb | X (¢)] dt < a} < exp{—ce VH},

The first inequality is the sup-norm small-deviation estimate of [9]; the second follows from [10, Theorem 5.7
and equation (5.13), with N = D = ¢ =1].
Put

(30)

b
re) = Plmy > —e},  |flh = j )] dr.
If supg<s<p | X ()| < /3, then for ¢ € [a, b]

f (X() = X(5)} ja(ds)| <
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The first estimate in (30) therefore gives for some 0 < Az < o0 and all sufficiently small ¢ > 0
r(e) = P{ sup |X(¢)] < 6} > exp{—Ae”VH}.
0<t<b 3

The lower-bound argument in the proof of Lemma 4.1, with 8 = H, now gives the required lower correction
bound.

For the upper bound, write s := 02. We use the change of measure in the proof of [5, Theorem 3.1]. Applied
to the independent Gaussian coordmate Y, it gives

’lL2 S —U S
e /2 )pT(u) =E [6 Y/ 1{inft€[a,b]X(t)>0}] .
On the event in the indicator, the lower density bound for p, implies
v = [ X@mta =0 [ 1XO1a = 1]

Consequently, for every € > 0
1) pr(u) < e £ P{| Xy < e).

Taking ¢ = u~/(0+H)  the second estimate in (30) gives
euz/(2s)p7—(u) < 6_(77/5)u1/(1+H) n e_cul/(1+H).
The required upper correction bound follows after taking logarithms and adjusting the constant. ]

4.2. Proofs for finite contact.

Lemma 4.2. Assume that
foe = D Peibt,  Peq >0, i=1,..k

is the unique optimal probability measure. If P = E\S = {s1,...,8¢} is nonempty, then
P{Z(s;) =0, j=1,....0} =P{Z(sj) >0, j=1,...,¢} > 0.
Proof. Define next
A= (Z(s1),...,Z(s0))"
and let L < R? be the linear support of its centred Gaussian law. Suppose that
P{A; >0, j=1,...,¢} =0.
Then L n (0,0)¢ = @. Gordan’s alternative provides a nonzero vector X € [0,90)* such that
Az =0, xel.

Consequently, AT A = 0 almost surely.
Let
A = (ai(s)))1<i<k; c:= A
1<yt

Since m(s;) = Z;Ll ai(sj) =1

As every py; > 0, for all sufficiently small ¢ > 0

k
Z:p*Z ec; 5,51—1-52/\5

is a probability measure. Indeed, its coefficients are nonnegatlve and the preceding identity shows that their
sum is one. Writing

Xp = (X(s1),.... X(s))7,
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we have Xp = AT Xg + A, and hence

f X (t) pe(dt) —f X () ps(dt) = e (N Xp — ¢ X5)
T T
= E)\T (Xp — ATXs)
=eATA=0 a.s.

Thus . is another optimal measure. It is distinct from p, because A # 0 and s; ¢ S, contradicting uniqueness.
Therefore

P{A; >0, j=1,...,4} > 0.
In particular, no A; is identically zero. Each coordinate is therefore a nondegenerate Gaussian rv, so
P{A; =0} =0, j=1,...L
Consequently, we obtain
P{A; >0, j=1,....0} =P{A; >0, j=1,...,¢} >0,

as claimed. 0

Proof of Theorem 3.1. Lemma 4.2 yields
C:=P{Z(s) >0, se P} >0

and almost surely no passive value is zero. When P = &, these conditions are void and C' = 1.
For each i, choose

On sufficiently small relative neighbourhoods U; of t;, the dominated-contact assumptions and Gaussian moment
estimates give

m(t; +h) — 1= N|h|%,  E{|Z(t; + h) — Z(t; + )N} < Oy n, [ — B |NiPE
After shrinking U;, the Kolmogorov—Chentsov theorem and Z(t;) = 0 therefore yield an almost surely finite rv
K; such that

‘Z(ti+h)| SKZ'”L’%, ti+ h e U,

for the given continuous version.
For x € (0,0)* and z € C[a, b], put

Hy(z,2) = 1{ inf [u{m(t) — 1)+ 2(t) + “(’ZT“”] > o}.

te[a,b]
We claim that, for every fixed x € (0,0)* as u — o0 we have
Hy(x,Z) — 1{Z(s) > 0, se P} a.s.

Fix a residual path satisfying the preceding bounds and having no zero passive value. If Z(s) < 0 at some
s € P, evaluating at s, where m(s) = 1, shows that H,(z,Z) = 0 for all large u.

Suppose instead that all passive values are positive. Near each active contact, continuity and a(t;) = e; give
a(t)'x > x;/2. Since ¢;/2 < v; < ¢

sup{K;7% — Njur%} = O (u—%‘/(qr%)> — O(U—l)‘
r=0

Thus the expression defining H,, is bounded below by z;/(2u) — o(u~!) > 0, uniformly on a sufficiently small
relative neighbourhood of ¢;. Near each passive contact, continuity makes Z bounded below by a positive
constant; since m > 1 and a is bounded, the same expression is positive there for all large u. The complement
of these relative open neighbourhoods is compact and disjoint from E. If nonempty, it has inf(m —1) > 0, while
Z and a are bounded. Positivity follows there as well, proving the claim.
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Using the conditional density f, and its unnormalised version g, from the standing notation, independence of
Z and Xg gives

f(o N gu(x)EH,(x, Z) dx
,00

Pu(By) =
f gu(x) dx
(0,00)k
The pointwise convergence above and 0 < H, < 1 imply EH, (x,Z) — C. Since
0 < gulx) < efeTw, gu(x) — e*GT‘”, U — 0
and every 6; > 0, dominated convergence yields lim,_,, P, (B,) = C. Finally since P(B,) = P, (B,)P(A,) the
claim follows. O

Proof of Remark 3.3. For each i, choose an even integer p; > 2 sufficiently large that

Di (ﬁi— %) > d,

% . d
Vi € (27 min {qluﬁl - }) .
2 bi
Gaussian moment estimates imply

E{|Z(t; + h) — Z(t; + )P} < Cyp,|h — B [PPP2

and then choose

Writing N(K, || - |, ) for the Euclidean covering number, every compact K < R? satisfies
N(K,|-|.e) <Cke™  0<e<l

Therefore, the standard dyadic-net proof of the multidimensional Kolmogorov—Chentsov theorem yields an
almost surely finite rv H; such that

|1Z(ti + h)| < Hil|h|™
for all sufficiently small admissible h. This is the only dimension-dependent step. Since ¢;/2 < 7; < ¢;, the
remainder of the proof is unchanged, with relative Euclidean balls and norms replacing intervals and absolute
values. ]

Lemma 4.3. Fiz § € (0,1]. Let D c [0,R] be a nonempty compact set containing 0, where R = 0. Let
G = {G(x), z € D} be a centred GP with continuous sample paths, G(0) = 0, and suppose that for some
0<A<w

E{(G(x) - G(y)*} < A’le —y*’,  w,yeD.

Then there exists a constant Kg < o0, depending only on B3, such that uniformly in A, R, and D

E {sup ]G(m)|} < KAR”, sup Var G(z) < A2R%.
zeD zeD
Proof. If A = 0 or R = 0, the result is immediate from anchoring and continuity. Otherwise, the canonical
metric satisfies
da(z,y) < Alx —yl®,  N(D,dg,e) <1+ R(A/e)"/5.
Since G(0) = 0, the variance bound follows by taking y = 0. Dudley’s entropy bound and Gaussian symmetry
give, with a universal constant K

xeD

1
— 2K AR’ f log (1+ s~1/8) ds < KzARP.
0

The integral is finite for every 8 > 0. g
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Lemma 4.4. Under the assumptions of Theorem 3.6, there exists rqg > 0 such that, with ,, := uwYP, we have

lim limsupP{ inf  [u*{m(b—h) — 1} + uZ(b—h)] < 0} =0.

L—-w© y—om Lry<h<rg

Proof. By (21), after decreasing rg > 0 if necessary, we may assume that o < b— a, that the local mean-square
Holder bound holds for Z(b — h) whenever 0 < h < 19, and that

A
m(b—h)—1>§h25, 0<h<r.

Split [Lry,ro] into the nonempty intervals
In,u = [Q’VLTU7 2Qnru] N [077'0]7 Qn = 2nL7 n =0,

and put Ry, := min{2Q,r,,ro}. By Lemma 4.3 and the increment bound

E{ sup  |uZ(b— h)\} < KgVCuRl, < C2QF,

O0<h<Rn,u

where C5 is independent of u,n, L. On I, ,, the deterministic term is at least (\/2) 28 Markov’s inequality
therefore gives

P {h;?ju [u*{m(b—h) — 1} + uZ(b— h)] < 0}

A 2
<]P’{ sup |uZ(b—h)]>QZﬁ}<02Qn’3.
0<h<Rn,u 2 A
Summing over the intervals yields
205 _
. 2 o - _ B
P{Lrulénffém [u {m(b—h)—1}+uZ(b h)] < 0} < NI 2_5)L ,
which proves the claim. O

Proof of Theorem 3.6. By the standing reduction, it remains to identify the limit of P, (B,). We use the one-
point overshoot convergence stated above and put
—uZ(t) —u?{m(t) — 1
i TUE0 =) = 1)
tefa,b] m(t)

Since m > 1 and Z(b) = 0, we have T;, > 0. Gaussian regression, compactness and continuity give the exact
identity

By = {S, > T.}.
The rv T, depends only on Z, so it is independent of S, and its law is unchanged under P,,.
We first verify that M > —oo almost surely. Since all processes in (22) are centred Gaussian, taking r | 0 in
the endpoint increment bound gives for some C' < o0

E((W () - W(y)*} < Cla -y, wy>0.

Applying Lemma 4.3 on [0,2""!] and then Markov’s inequality, we obtain a constant ¢ < co such that for every
n=0

A
}P’{ sup |[W(x)| > 2225"} < c27Pm,

o<rg2nt!

The right-hand side is summable. Hence, by Borel-Cantelli, almost surely, for all sufficiently large n and every
T e [Qn’ 2n+1]

A
W (z) + A% > 5225" > 0.

Continuity of W on compact intervals therefore gives M > —oo. Since W (0) = 0, also M < 0.
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For every fixed L < oo, the expansion (21) gives, uniformly on 0 < z < L

w*{m(b — ryz) — 1} — X2, m(b—ryx) — 1.
Indeed, the error in the first convergence is bounded by
b—h)—1
L2B sup % — Al
0<h<ryL h

Moreover, the finite-dimensional convergence (22) holds in C[0, L]. To see this, choose an even integer p with
pB > 1. The increment bound and Gaussian moments imply, uniformly for all sufficiently large u

E{[uZ(b—ryw) —uZ(b—ry)l’} < Cple =y, 0<w,y<L.
The Kolmogorov—Chentsov criterion therefore gives tightness. Setting
—uZ(b—ryz) — u?{m(b — ryz) — 1}

Ty := su ,
uwk 0<x1\<)L m(b — ryx)
Dy := inf {W(z)+ Az},
0<x<L

the continuous mapping theorem gives T, , = —Dy,.
Choose 79 as in Lemma 4.4. Since E = {b},

do:= inf {m(t)—1}>0.

a<t<b—rg

As T, 1, = 0, an outside point can change the supremum only if its numerator is positive. Hence, for all
sufficiently large u

P{T, + Ty} < IP’{ inf  [u*{m(b—h) — 1} +uZ(b—h)] < o}

Lry<h<rg

+IP’{ sup |Z(t)] = udo} .
te[a,b]

The last probability tends to zero by path continuity and compactness. Together with Lemma 4.4, this proves
im limsup P{T, # T, .} = 0.

1
L—w 4w

Since Dy, | M > —oo, we conclude that T,, = —M. Independence and the one-point overshoot limit therefore
give, under P,

(Su, Tw) = (£,—M),
where £ is independent of M and is exponential with rate 1/R(b,b). In particular, P{€ = —M} = 0, and hence

lim Py(B,) = P{€ > —M} = Eexp{Rébwb)} .

This proves the assertion. ]

Proof of Corollary 3.7. For every fixed L < o0, the quadratic expansion gives uniformly for 0 < z < L
w*{m(b — z/u) — 1} — \a?, u — 00.
We also have
{uZ(b—z/u), 0 <
=

Indeed, for every fixed x

x < L}={nr, 0<x <L} in finite-dimensional distributions, U — 0.
0
Z(b—z/u)

x/u
with the value at = 0 understood as zero. This gives convergence of the finite-dimensional distributions.
Together with the assumed local mean-square Lipschitz bound, this verifies the tangent-critical assumptions.
Thus b is a tangent-critical endpoint contact with

g =1, W(z) =nz, z=>0.

uZ(b—x/u) =x —nz in L?,
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Its variational term is
(max{—n,0})
1
The conclusion of Theorem 3.6 therefore applies. Writing s := R(b,b), a standard Gaussian calculation gives
also when v =0

—1/2
(max{—n, 0})? 1 1 7 1 1 02\
E _maxden, 00T L g oL (i )
{GXP{ s 2 TP TS T2 U T ans

This proves the assertion. ]

i 2y _
My, = glcr;t;){nx + Az°} =

APPENDIX A. AUXILIARY RESULTS

Let 7 be a nonempty compact metric space and let X (t), t € T be a centred real-valued GP with almost surely
continuous sample paths and continuous covariance function R. For a finite signed measure n on 7T, define the
energy associated with the current covariance kernel R by

Enln) = f f R(s. £) n(ds)n(dt) > 0.
T2

For u e M;(T) define its potential and energy by

0u(0) 1= | Rlayptds). a0 = Enli)

We call i an optimal measure if

2(w)= inf o2(v).
() ue./{/rll1(’7')o' )

We use the following standard optimality criterion for minimum-energy probability measures; see [3, The-
orem 3.1]. Related formulations appear in [4, Theorem 4.3 and Remark 4.5], [11, Theorem 2.1}, and [12,
Theorem 1.1].

Lemma A.1. An optimal measure exists. A probability measure € M1(T) is optimal if and only if
ou(t) = 0*(n),  teT.
For every optimal p, equality holds on supp(u). If further Er(n) > 0 for every nonzero finite signed measure 1

with n(T) = 0, then the optimal measure is unique.

Corollary A.2. Let S = {t1,....tn} = T, assume that ¥ = (R(t;,t;)){_; is invertible and set

| 1 N
vy STy o {teT:ijR(tj’t) i }

If all components of w are positive and
m
Z ij(tj,t) = c, teT,
j=1

then py = Z;n=1 w;dy; is an optimal measure with support exactly S. If further either Er(n) > 0 for every
nonzero finite signed measure n on T with n(T) =0, or E = S, then us is the unique optimal measure. Con-
versely, if an optimal measure has support exactly S, then it equals Z;n=1 w;ot;, and w has positive components.

Proof. Because ¥ is an invertible covariance matrix, it is positive definite. Hence ¢ > 0, 1Tw = 1, Yw = cl,
and 02(p4) = c. The assumed potential inequality and Lemma A.1 give optimality; the strict-energy alternative
gives uniqueness.

Suppose instead that E = S, and let v be another optimal measure. Since ¢,, > ¢ and both measures have
energy ¢

0<€R(V—,u*)=2c—2f Gy dv <0
T
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and hence ST(¢M* — ¢)dv = 0. Continuity and nonnegativity imply supp(v) € E = S. Writing v = | 5 V50t
we obtain
0=CEp(v—ps) = (v—w) V(v —w)
and positive definiteness gives v = w.
For the converse, write the optimal measure as p = > ; V0, and put d := o%(p). Equality of its potential and

energy on its support gives v = d1. Together with 17v = 1, this yields d = ¢ and v = w. Exact support gives
vj > 0 for every j. O
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