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Abstract. We study exact high-level asymptotics for probabilities of the form

P
"

inf
tPra,bs

Xptq ą u

*

, u Ñ 8,

where X is a centred Gaussian process (GP) with continuous sample paths. As suggested by the findings of
[1], the exponential rate is governed by an optimal-measure problem, while the exact prefactor depends on the
local geometry of the contact set. The main results treat finite-active regimes in which the optimal measure has
finite support. We separate dominated contacts, where residual fluctuations are negligible, from smooth-critical
contacts, where a residual derivative gives an explicit quadratic correction, and rough-critical contacts, where
a tangent GP contributes the local correction. We also study full-contact regimes through a Laplace-transform
reduction and obtain logarithmic refinements for rough fBM. Applications include integrated fractional Brownian
motion, a two-interval fractional Brownian phase transition, a fractional Brownian sheet, passive contacts, and
smooth and rough endpoint contacts.

1. Introduction

Let Xptq, t P T be a centred GP with continuous sample paths on a compact metric space T and let Rps, tq, s, t P

T be its covariance function. With motivation from [1] in this paper we are interested in the extreme value
properties of the infimum mX “ inftPT Xptq. In order to avoid degenerate cases, we shall assume hereafter that
there exists u0 ą 0 such that for all u ą u0

(1) pT puq :“ P tmX ą uu ą 0.

Consider first the simplest case T “ tt1, . . . , tnu, n ě 1 and let Σ “ pRpti, tjqq1ďi,jďn be nonsingular. It is
well-known that the asymptotics of pT puq as u Ñ 8 are governed by the quadratic programming problem

min
pP∆n

pJΣp, ∆n :“

#

p P r0,8qn :
n
ÿ

i“1

pi “ 1

+

.

Let p˚ be the minimiser and put

σ2˚ :“ pp˚qJΣp˚ ą 0, mptiq :“
pΣp˚qi

σ2˚
, i “ 1, . . . , n.

The optimality conditions imply that

mptiq ě 1, i “ 1, . . . , n

with equality whenever the ith component of p˚ satisfies p˚,i ą 0. Thus if

S :“ tti P T : p˚,i ą 0u

is the active set, E “ tti P T : mptiq “ 1u is the contact set, and P “ EzS is the passive set with ℓ elements,
then

(2) pT puq „ pEpuq „ CPtmin
tPS

Xptq ą uu, u Ñ 8,

where C “ 1 if ℓ “ 0, while for ℓ ą 0, C is the orthant probability of the centred Gaussian regression residual
at the passive points ti with p˚,i “ 0; see Lemma 4.2 and [2, Example 6.1 and Theorem 5.1]. Moreover, [3,
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Theorem 2.1] implies that the df H of mX belongs to the Gumbel max-domain of attraction (GMDA) with
scaling function a defined asymptotically by apuq “ σ2˚{u, i.e.,

lim
uÑ8

1 ´Hpu` xapuqq

1 ´Hpuq
“ e´x, @x P R.(3)

For T a compact interval of R, the GMDA of H was established under smoothness assumptions in [1]. For
continuous GPs on general compact metric spaces, the GMDA property under the standing non-degeneracy
assumption (1) follows from [3, Theorem 2.1].
If H possesses a density h “ H 1, then its canonical scaling is apuq “ p1 ´ Hpuqq{hpuq for all u large. The
additional condition

lim
uÑ8

a1puq “ 0(4)

i.e., the von Mises condition, does not follow from GMDA and absolute continuity alone.
For a general compact parameter space T our first question concerns the stronger canonical von Mises condition:

Q1. Under what additional conditions does the canonical scaling of H satisfy the von Mises condition (4)?

Next, let M1pT q denote the set of Borel probability measures on T . For every µ P M1pT q averaging implies
the following upper bound

(5) pT puq ď PtXµ ą uu, Xµ :“

ż

T
Xptqµpdtq.

By weak compactness of M1pT q and continuity of the covariance function of X, the energy functional µ ÞÑ

VarpXµq is continuous under weak convergence of probability measures and the minimum is attained. Any
minimiser µ˚ P M1pT q is called an optimal measure and we set

σ2˚ :“ min
µPM1pT q

VarpXµq.

In view of [1], the non-degeneracy assumption (1) implies

(6) σ2˚ “ VarpXµ˚q ą 0.

Indeed, if σ2˚ “ 0, then Xµ˚ “ 0 almost surely, which is incompatible with pT puq ą 0 for u ą u0.
Next, let µ˚ be an optimal measure. In view of the optimality criterion in Lemma A.1, its normalised potential

mptq :“
CovpXptq, Xµ˚q

VarpXµ˚q
, t P T ,

satisfies

mptq ě 1, t P T , and mptq “ 1 on supppµ˚q “: S

and hence the support S, which may depend on the choice of optimal measure, is contained in the contact set,
i.e.,

S Ă E :“ tt P T : mptq “ 1u.

Moreover, both E and S are compact and further

(7) Xptq “ mptqXµ˚ ` Z˚ptq, t P T ,

where the residual process Z˚ is a centred GP independent of Xµ˚ „ Np0, σ2˚q, see e.g., [1, 3].
Thus S, E, and µ˚ are the continuous counterparts of the active set, contact set, and optimal weights in the
finite-dimensional problem introduced above.
Optimising the upper bound (5) over µ and using the corresponding large-deviation lower bound [1, 4] gives

(8) lim
uÑ8

1

u2
log pT puq “ lim

uÑ8

1

u2
log pSpuq “ lim

uÑ8

1

u2
logPtXµ˚ ą uu “ ´

1

2σ2˚
ă 0.
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In this Gaussian setting log-concavity of pT together with (8) yields the GMDA property, see [3, Section 3.2].
In the case E “ T , referred to as the full-contact regime, even without knowing the support S explicitly (7)
reduces to

(9) Xptq “ Xµ˚ ` Z˚ptq, t P T ,
with Z˚ a centred GP independent of Xµ˚ „ Np0, σ2˚q.
This class of GP’s with full contact is broad. Indeed, if Z˚ is a centred GP with continuous sample paths and
if µ˚ P M1pT q satisfies

ż

T
Z˚ptqµ˚pdtq “ 0

almost surely, then for an independent Gaussian random variable (rv) Y „ Np0, σ2˚q the process

Xptq :“ Y ` Z˚ptq, t P T
has µ˚ as an optimal measure and has full contact set E “ T .
In the full-contact regime, integrating (9) against µ˚ yields almost surely

(10)

ż

T
Z˚ptqµ˚pdtq “ 0

and hence
mZ˚

:“ inf
tPT

Z˚ptq ď 0.

Moreover with Xµ˚ „ Np0, σ2˚q independent of mZ˚

mX “ Xµ˚ ` mZ˚

and consequently as shown already in [5] for every u P R

(11) pT puq “
exp

`

´u2{p2σ2˚q
˘

?
2πσ˚

ż 8

0
exp

ˆ

´
uε

σ2˚
´

ε2

2σ2˚

˙

PtmZ˚
ą ´εu dε.

An immediate Abelian consequence of the above identity is

lim
uÑ8

pT puq

PtXµ˚ ą uu
“ P tmZ˚

“ 0u .

If P tmZ˚
“ 0u is positive, then both the exact asymptotics of pT puq and the von Mises condition (4) holds.

We shall show that (4) is still valid even when P tmZ˚
“ 0u “ 0. For the latter case, the exact formula (11)

can be used to transfer the problem to the investigation of rpεq :“ PtmZ˚
ą ´εu as ε Ó 0. Indeed, if for some

ultimately positive function ℓ, slowly varying at infinity

(12) rpεq „ Kεαℓp1{εq, K ą 0, α ě 0

holds as ε Ó 0, then by Karamata’s Abelian theorem for Laplace transforms and (11) we obtain

(13) pT puq „
KΓpα` 1qσ2α`1

˚?
2π

u´pα`1qℓpuq exp

"

´
u2

2σ2˚

*

, u Ñ 8.

Explicit calculations of the asymptotics of rpεq, as ε Ó 0 are possible in few particular cases, see Example 2.1
below.
Exact asymptotics of pT puq are available in particular in the smooth settings of [1] and in special Brownian
cases; see [6, 7]. This leads to our second question.

Q2. Under what conditions can we derive an explicit exact asymptotic expansion of pT puq as u Ñ 8 in finite-
contact regimes?

We shall address the above question by restricting to the case of the contact set E is finite. This implies that
every optimal measure µ˚ has finite support and can be written as

(14) µ˚ “

k
ÿ

i“1

p˚,iδti , p˚,i ą 0, i “ 1, . . . , k,
k
ÿ

i“1

p˚,i “ 1,
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where δti denotes the Dirac probability measure at ti.
The support is S “ tt1, . . . , tku and the weight vector is p˚ “ pp˚,1, . . . , p˚,kqJ. If Σ˚ “ pRpti, tjqq1ďi,jďk is

nonsingular and XS “ pXpt1q, . . . , XptkqqJ, then by Lemma A.1

Σ˚p˚ “ σ2˚1, 1 “ p1, . . . , 1qJ P Rk,

which implies

(15) mptq “ aptqJ1 ě 1, Xptq “ aptqJXS ` Zptq, aptq :“ Σ´1
˚ pRpt1, tq, . . . , Rptk, tqqJ, t P T ,

where Z is a centred GP independent of XS . The support points of the optimal measure are special since

mptiq “ 1, Zptiq “ 0, 1 ď i ď k.

The support points in S are called active contacts, while the points in P “ EzS are called passive contacts.
In general the two residual processes Z and Z˚ differ since

Z˚ptq ´ Zptq “ aptqJ
`

XS ´ 1Xµ˚

˘

, t P T ,

however if S is a singleton, then

Zptq “ Z˚ptq, t P T .
The loss-of-dimension phenomenon in (2), i.e., S and not E plays a crucial role in the asymptotics of pT puq

need not hold for an infinite parameter set, even when E is finite. To see this, let ξ, η be independent standard
normal rv’s and for α, λ ą 0 set

Xptq :“ ξ
`

1 ` λ|t|α
˘

` ηt, t P T “ r´1, 1s.

For this process, we have

µ˚ “ δ0, S “ E “ t0u, σ2˚ “ 1, mptq ´ 1 “ λ|t|α, Zptq “ ηt, t P r´1, 1s

and the residual GP Z satisfies the mean-square Hölder condition

VarpZpt` hq ´ Zpt` ℓqq ď cH |h´ ℓ|2β, t, t` h, t` ℓ P T ,

with β “ cH “ 1. Direct calculation gives

lim
uÑ8

pT puq

Ptξ ą uu
“

$

’

’

’

&

’

’

’

%

1, 0 ă α ă 2,
ˆ

1 `
1

2λ

˙´1{2

, α “ 2,

0, α ą 2.

The three regimes in the above limit reflect the competition between the rate at which mptq ´ 1 vanishes near
0, controlled by α, and the residual smoothness exponent β “ 1.
Critical contacts balance potential separation of order |h|2β with residual fluctuations on the scale |h|β. The
smooth-critical case has quadratic separation and a linear residual tangent, as when α “ 2 above. Critical
contacts with β P p0, 1q are called rough-critical. The Brownian endpoint model in Example 3.9 has β “ 1{2
and gives an explicit nontrivial correction factor.
For dominated contacts and the smooth- and rough-critical cases, we obtain exact asymptotics for pT puq under
local assumptions. Passive orthant factors and smooth quadratic corrections already appear under stronger
smoothness assumptions in [1, Theorem 4.1 and equation (4.3)]. Our finite-contact results use local assumptions
and also treat rough tangents.
The main contributions are as follows.

(1) We give an exact finite-contact reduction for dominated support contacts, including the Gaussian orthant
factor generated by finitely many passive contacts. Our results cover also general random fields including
the fractional Brownian sheet and several other models.

(2) For a one-point active endpoint, we identify the exact corrections in rough-critical and smooth-critical
regimes through a tangent process or a residual derivative.

(3) In the full-contact regime, we establish the canonical von Mises condition and derive logarithmic refine-
ments for rough fBM using the Laplace-transform representation and small-deviation estimates.
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The paper is organised as follows. Section 2 treats the full-contact regime. Section 3 contains the finite-
contact results and examples. The proofs are collected in Section 4, and the Appendix records the auxiliary
optimal-measure results used in the main text.

2. Full-Contact Regime

Let Xptq, t P T , µ˚, σ
2
˚, S, E,mptq, t P T be as in the Introduction and keep our standing assumption σ2˚ :“

VarpXµ˚q ą 0.
Except for the comparison in the opening example, this section concerns the full-contact regime

E “ tt P T : mptq “ 1u “ T .

The transfer principle in (9) allows us to reduce the problem of the tail asymptotics of pT puq to the study of
the small deviation asymptotics of the residual process Z˚ptq, t P T . In particular cases this is a powerful tool
for Q1 and for exact full-contact asymptotics. The following fractional Brownian example compares this regime
with dominated contact. Throughout the paper we denote by BH , H P p0, 1q a standard fractional Brownian
motion (fBM).

Example 2.1. Consider BH , H P r1{2, 1q, 0 ă a1 ă b1 ă a2 ă b2 ă 8 and set

K :“ ra1, b1s Y ra2, b2s, pHpuq :“ P
"

inf
tPK

BHptq ą u

*

.

Suppose first that H ą 1{2, then the normalised potential of δa1 is

mHptq “
t2H ` a2H1 ´ pt´ a1q2H

2a2H1
, t P K.

Since

t2H ą a2H1 ` pt´ a1q2H , t ą a1,

the optimality criterion and its finite-support corollary imply

µ˚ “ δa1 , S “ E “ ta1u, P “ ∅.

Moreover we have

mHptq ´ 1 „
H

a1
pt´ a1q, t Ó a1.

For Zptq :“ BHptq ´mHptqBHpa1q the regression-residual property gives

Et
`

Zptq ´ Zpsq
˘2

u ď |t´ s|2H , s, t P K.

Thus the dominated-contact assumptions hold with q “ 1 and β “ H. The extension in Remark 3.3 therefore
yields

pHpuq „ PtBHpa1q ą uu „
aH1?
2π u

exp

"

´
u2

2a2H1

*

, u Ñ 8.

Now let H “ 1{2 and write B :“ B1{2. In this case m1{2 ” 1 on K, so E “ K. The measure δa1 is nevertheless
the unique optimal measure, because for every µ P M1pKq

Var

ˆ
ż

K
Bptqµpdtq

˙

“ a1 `

ż b2

a1

µprx, b2sq2 dx ě a1,

with equality only for µ “ δa1 and hence

σ2˚ “ a1, Z˚ptq “ Bptq ´Bpa1q.

Set now

A :“ b1 ´ a1, G :“ a2 ´ b1, C :“ b2 ´ a2,

and let

W ptq :“ Bpa1 ` tq ´Bpa1q, t ě 0.
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Then W is a standard Brownian motion independent of Bpa1q. Writing

φtpxq :“
1

?
2πt

exp

"

´
x2

2t

*

, Φpxq :“

ż x

´8

φ1pyq dy

the reflection principle on the first interval and the Markov property across the gap yield

rKpεq :“ P
"

inf
tPr0,AsYrA`G,A`G`Cs

W ptq ą ´ε

*

“

ż 8

0
tφApy ´ εq ´ φApy ` εqu

ż 8

0
φGpz ´ yq

"

2Φ

ˆ

z
?
C

˙

´ 1

*

dz dy.

Consequently, by dominated convergence

rKpεq „ κA,G,Cε, ε Ó 0,

where

κA,G,C :“

ż 8

0

2y

A
φApyq

ż 8

0
φGpz ´ yq

"

2Φ

ˆ

z
?
C

˙

´ 1

*

dz dy P p0,8q.

Substitution into (13) yields

p1{2puq „
κA,G,Ca

3{2
1?

2π
u´2 exp

"

´
u2

2a1

*

, u Ñ 8.

For a single interval, κ “
a

2{pπpb1 ´ a1qq, recovering the asymptotic in [6]. Thus H “ 1{2 is a full-contact
boundary case, whereas every H ą 1{2 lies in the dominated regime.

The first result shows that the von Mises condition (4) holds for our full-contact regime without further restric-
tions.

Theorem 2.2. If E “ T and σ2˚ ą 0, then the infimum mX “ inftPT Xptq has a strictly positive C8-density
fT on R and both

(16) hT puq :“
fT puq

pT puq
“

u

σ2˚
` op1q, h1

T puq “
1

σ2˚
` op1q, u Ñ 8

and

(17) aT puq :“
pT puq

fT puq
“
σ2˚
u

` opu´2q, a1
T puq „ ´

σ2˚
u2
, u Ñ 8.

The logarithmic asymptotic in (8) was refined for Gaussian Markov processes in [5, Theorem 3.1]. For the
rough fBM considered below, [5, Theorem 3.2] already gives the lower correction bound once full support of the
optimal measure is known. The matching upper bound follows from the optimal-measure density bound and
an L1 small-deviation estimate.
We focus for the rest of the paper on

T “ ra, bs, 0 ă a ă b ă 8

unless otherwise stated. For X “ BH with H P p0, 1{2q, [3, Example 2.7 and Lemma A.2] gives S “ E “ ra, bs
and µ˚pdtq ě η dt on pa, bq for some η ą 0. Our next result identifies the order of the correction to (8).

Proposition 2.3. If X “ BH , H P p0, 1{2q, then there exist constants D˘ “ D˘pa, b,Hq, with 0 ă D´ ď D` ă

8, such that for all sufficiently large u

´D`u
1{p1`Hq ď logP

"

inf
tPra,bs

Xptq ą u

*

`
u2

2σ2˚
ď ´D´u

1{p1`Hq.
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3. Finite Contact Sets

We consider T “ ra, bs,´8 ă a ă b ă 8 and assume next that the contact set is finite with

S “ tt1, . . . , tku, E “ tt P T : mptq “ 1u “ S Y P, P “ ts1, . . . , sℓu.

Further we suppose that µ˚ is the unique optimal probability measure. The support covariance matrix Σ˚ “

pRpti, tjqq1ďi,jďk is then nonsingular. Indeed, if Σ˚v “ 0, then

1Jv “ σ´2
˚ pJ

˚ Σ˚v “ 0,

and p˚ ` εv is a distinct optimal probability vector for all sufficiently small nonzero ε, unless v “ 0. Hence µ˚

is given from (14) and the finite-support optimality relations imply

Σ˚p˚ “ σ2˚1, mptq “ aptqJ1 ě 1, t P T ,
where

aptq :“ Σ´1
˚ rptq, rptq :“ pRpt1, tq, . . . , Rptk, tqqJ.

Writing
XS “ pXpt1q, . . . , XptkqqJ

the decomposition (15) has a centred Gaussian residual Z, independent of XS such that

aptiq “ ei, Zptiq “ 0, i “ 1, . . . , k,

where ei is the i-th standard basis vector. Setting

Su :“ upXS ´ u1q

yields for every u ą 0

(18) Xptq ´ u “ upmptq ´ 1q ` Zptq `
1

u
aptqJSu, t P T .

Thus points outside E have a positive deterministic separation mptq ´1. At a passive contact s P P by contrast
mpsq “ 1 but Zpsq need not vanish, whereas Zptiq “ 0 at every support contact.

3.1. Dominated contacts. A support point ti is called dominated if there exist finite positive constants
βi, Ci, λi and 0 ă qi ă 2βi such that for all sufficiently small admissible h

(19) mpti ` hq ´ 1 ě λi|h|qi ,

and for all sufficiently small admissible h, ℓ

VartZpti ` hq ´ Zpti ` ℓqu ď Ci|h´ ℓ|2βi .

Here and below admissible means that every displayed point belongs to ra, bs.

Theorem 3.1. Under the standing assumptions of this section, if every ti P S is dominated, then

P
"

inf
tPra,bs

Xptq ą u

*

„ C PtXptiq ą u, i “ 1, . . . , ku, u Ñ 8,

with the convention C “ 1 when P “ ∅ and otherwise C :“ PtZpsq ą 0, @s P P u ą 0.

Remark 3.2. The regression decomposition and independence give for s, t P T

Var
`

Zptq ´ Zpsq
˘

“ Var
`

Xptq ´Xpsq
˘

´ Var
´

`

aptq ´ apsq
˘J

XS

¯

ď Var
`

Xptq ´Xpsq
˘

.

Consequently, in the definition of a dominated contact it is enough to verify the corresponding local mean-square
Hölder bound for X.

Remark 3.3. The preceding theorem remains valid when T “ K is a compact subset of Rd. In that case, replace
the local dominated-contact assumptions by the following bounds, valid for all sufficiently small admissible
h, h1 P Rd

mpti ` hq ´ 1 ě λi}h}qi , Et
`

Zpti ` hq ´ Zpti ` h1q
˘2

u ď Ci}h´ h1}2βi , qi ă 2βi.

Here admissible means that all displayed points belong to K. All other assumptions and the conclusion are
unchanged, with the infimum taken over K.
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Remark 3.4. Let T “ ra, bs, where 0 ă a ă b, and suppose that Rpa, aq ą 0. If

Rpt, aq ą Rpa, aq, t P pa, bs,

then δa is the unique optimal measure and

S “ E “ tau, mptq “
Rpt, aq

Rpa, aq
.

If X has stationary increments, Xp0q “ 0 almost surely, and V ptq :“ VarpXptqq, the preceding condition is
equivalent to

V pa` hq ą V paq ` V phq, 0 ă h ď b´ a.

If for all sufficiently small h ą 0

V pa` hq ´ V paq ´ V phq ě c0h
q, V phq ď Ch2β, q ă 2β,

then a is dominated and

P
"

inf
tPra,bs

Xptq ą u

*

„ PtXpaq ą uu, u Ñ 8.

This includes fractional Brownian motion with H ą 1{2, for which q “ 1 and β “ H.
The same criterion applies to

Iptq :“

ż t

0
Y psq ds,

where Y is a centred stationary Gaussian process with continuous nonnegative covariance r satisfying rp0q ą 0.
Indeed, I has stationary increments, its increment covariance at a is positive and of order h, and its increments
are locally mean-square Lipschitz. Thus q “ β “ 1. The covariance criterion can also be verified directly for
the Riemann–Liouville process

XRL
H ptq :“

ż t

0
pt´ sqH´ 1

2 dBpsq, H P p1{2, 1q,

for which the covariance separation is of order h and the local increment variance is of order |h ´ ℓ|2H . Hence
q “ 1 and β “ H.

Let

IHptq :“

ż t

0
BHprq dr, H P p0, 1q,

where BH is a standard fractional Brownian motion, and fix 0 ă a ă b ă 8. Write

RHpr, sq :“ CovpBHprq, BHpsqq.

For t ą a we have

CovpIHpaq, IHptqq ´ VarpIHpaqq “

ż a

0

ż t

a
RHpr, sq ds dr ą 0.

Thus δa is the unique optimal measure and

S “ E “ tau, P “ ∅.
Moreover we have

σ2˚ “
a2H`2

2H ` 2
, mpa` hq ´ 1 „

H ` 1

a
h, h Ó 0,

while for s, t P ra, bs
VarpIHptq ´ IHpsqq ď C|t´ s|2.

Hence q “ β “ 1, so a is dominated and

P
"

inf
tPra,bs

IHptq ą u

*

„ PtIHpaq ą uu „
aH`1

2
a

πpH ` 1qu
exp

"

´
H ` 1

a2H`2
u2
*

, u Ñ 8.

Let X be the centred Gaussian process with covariance

Rps, tq “
2st

s` t
, s, t ą 0;
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see [8]. On T “ ra, bs, where 0 ă a ă b ă 8

mptq “
Rpt, aq

Rpa, aq
“

2t

a` t
ą 1, t ą a.

Thus δa is the unique optimal measure and

µ˚ “ δa, S “ E “ tau, σ2˚ “ a.

For the regression residual Zptq “ Xptq ´mptqXpaq

mpa` hq ´ 1 “
h

2a` h
ě

h

2b
, VartZptq ´ Zpsqu ď

pt´ sq2

t` s
ď

pt´ sq2

2a
.

Hence q “ β “ 1 and

P
"

inf
tPra,bs

Xptq ą u

*

„ PtXpaq ą uu, u Ñ 8.

Notice that limtÑ8 Rps, tq “ 2s ą 0, so this process does not satisfy the additional condition in [1, Proposi-
tion 3.1].

Let X be the fractional Brownian sheet with common Hurst index H P p1{2, 1q and covariance

Rps, tq “

2
ź

j“1

s2Hj ` t2Hj ´ |sj ´ tj |
2H

2
.

On T “ ra, bs2, where 0 ă a ă b ă 8, put t0 “ pa, aq. The normalised potential of δt0 is

mptq “ mHpt1qmHpt2q, mHpxq :“
x2H ` a2H ´ px´ aq2H

2a2H
.

Strict superadditivity of x ÞÑ x2H gives mHpxq ą 1 for x ą a. Therefore we obtain

µ˚ “ δt0 , S “ E “ tt0u, σ2˚ “ a4H .

Moreover we have

mHpa` xq ´ 1 “
H

a
x` opxq, x Ó 0

and uniformly on ra, bs2

VartXptq ´Xpsqu ď C}t´ s}2H .

The same bound holds for the regression residual. For sufficiently small h “ ph1, h2q with h1, h2 ě 0

mpt0 ` hq ´ 1 ě max
j“1,2

tmHpa` hjq ´ 1u ě cmaxph1, h2q ě
c

?
2

}h}

for some c ą 0. Thus q “ 1, β “ H and q ă 2β. An application of Remark 3.3 gives

P
"

inf
tPra,bs2

Xptq ą u

*

„ PtXpa, aq ą uu, u Ñ 8.

Example 3.5. Let ξ1, ξ2, ζ be independent standard normal rv’s, let T “ r´1, 1s, and put

gptq :“ t2p1 ´ t2q, a1ptq :“
1 ´ t` gptq

2
, a2ptq :“

1 ` t` gptq

2
.

Define
Xptq :“ a1ptqξ1 ` a2ptqξ2 ` p1 ´ t2qζ, t P r´1, 1s.

For

µ˚ “
1

2
pδ´1 ` δ1q

we have

Xµ˚ “
ξ1 ` ξ2

2
, σ2˚ “

1

2
, mptq “ a1ptq ` a2ptq “ 1 ` gptq.

Hence µ˚ is optimal and
S “ t´1, 1u, E “ t´1, 0, 1u, P “ t0u.
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Any other optimal measure must be supported on E. If its masses at ´1, 0, 1 are x, y, z, respectively, then

Var

ˆ
ż

T
X dµ

˙

“ px` y{2q2 ` pz ` y{2q2 ` y2 ě
1

2
` y2.

Thus equality is possible only when y “ 0 and x “ z “ 1{2, proving uniqueness of µ˚.
The support-regression residual is Zptq “ p1 ´ t2qζ. Since

gp´1 ` hq “ 2h`Oph2q, gp1 ´ hq “ 2h`Oph2q,

and

VartZptq ´ Zpsqu “ pt2 ´ s2q2 ď 4|t´ s|2,

both support contacts are dominated with q “ β “ 1. At the passive contact, Zp0q “ ζ, so

C “ PtZp0q ą 0u “
1

2
.

Consequently, we have

P
"

inf
tPr´1,1s

Xptq ą u

*

„
1

2
Ptξ1 ą u, ξ2 ą uu, u Ñ 8.

3.2. Critical rough and smooth contacts. For simplicity, we consider only the case where the optimal
measure is a Dirac measure at a single point b, with Rpb, bq ą 0, and

E “ S “ tbu.

Then µ˚ “ δb is the unique optimal measure and

mptq “
Rpt, bq

Rpb, bq
, mpbq “ 1, mptq ą 1, t P T ztbu.

Since the support is a singleton, there is no distinction between the optimal-measure residual and the support-
regression residual. Thus, throughout this subsection

Zptq :“ Xptq ´mptqXpbq, t P T ,

is independent of Xpbq, satisfies Zpbq “ 0, and has continuous sample paths.
We say that b is a tangent-critical endpoint contact with exponent β P p0, 1s, coefficient λ ą 0, and tangent
process W , if the following conditions hold. First, for some C ą 0 and 0 ă r0 ď b´ a

(20) VartZpb´ hq ´ Zpb´ ℓqu ď C|h´ ℓ|2β, 0 ď h, ℓ ď r0.

Second, as h Ó 0

(21) mpb´ hq ´ 1 “ λh2β ` oph2βq.

Third, for every L ą 0, as r Ó 0, the following convergence of finite-dimensional distributions holds:

(22)
!

r´βZpb´ rxq, 0 ď x ď L
)

ñ tW pxq, 0 ď x ď Lu,

where W “ tW pxq, x ě 0u is a centred GP with continuous sample paths and W p0q “ 0. When β P p0, 1q, we
call the contact rough-critical.
A smooth-critical endpoint contact is the differentiable tangent-critical case β “ 1, in which the residual has a
linear L2-tangent. More precisely, we assume that as h Ó 0

mpb´ hq ´ 1 “ λh2 ` oph2q

for some λ ą 0, and that for some centred Gaussian rv η

Zpb´ hq

h
ÝÑ η in L2, h Ó 0.

We also assume that (20) holds for some C ą 0, 0 ă r0 ď b´ a with β “ 1.
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Theorem 3.6. Under the standing assumptions, let T “ ra, bs with a ă b. Assume that Rpb, bq ą 0, that µ˚ “ δb
is optimal, and that E “ tbu. If b is a tangent-critical endpoint contact, then M :“ infxě0tW pxq ` λx2βu P

p´8, 0s almost surely, and

pT puq „ CMPtXpbq ą uu, CM :“ E
"

exp

"

M

Rpb, bq

**

, u Ñ 8.

Corollary 3.7. Under the standing assumptions assume that Rpb, bq ą 0, that µ˚ “ δb is optimal, and that
E “ tbu. If b is a smooth-critical endpoint contact and v2 :“ Varpηq, then

pT puq „

#

1

2
`

1

2

ˆ

1 `
v2

2λRpb, bq

˙´1{2
+

PtXpbq ą uu, u Ñ 8.

Remark 3.8. The left-endpoint versions follow by applying the results to rXptq :“ Xpa` b´ tq.
For an interior one-point contact t0, the local increment bound must hold across both sides. Suppose also that
for every L ą 0

sup
|x|ďL

ˇ

ˇ

ˇ
r´2βtmpt0 ` rxq ´ 1u ´ dpxq

ˇ

ˇ

ˇ
ÝÑ 0, r Ó 0,

and

tr´βZpt0 ` rxq, |x| ď Lu ñ tW pxq, |x| ď Lu in Cr´L,Ls, r Ó 0,

and that mpt0 `hq ´ 1 ě c|h|2β for all sufficiently small |h|. The same proof then uses the two-sided variational
term

M “ inf
xPR

tW pxq ` dpxqu.

In the symmetric smooth case, W pxq “ ηx and dpxq “ λx2, so M “ ´η2{p4λq. In the asymmetric case

M “ mintM´,M`u, M´ :“ inf
xď0

tW pxq ` dpxqu, M` :“ inf
xě0

tW pxq ` dpxqu,

where the two branches come from the joint two-sided tangent.

Example 3.9. Let B be a standard Brownian motion independent of ξ „ Np0, 1q, and define

Xptq :“ ξp1 ` λtq ` σBptq, t P r0, 1s, λ, σ ą 0.

Then

µ˚ “ δ0, S “ E “ t0u, mptq “ 1 ` λt, Zptq “ σBptq.

Brownian scaling implies the following equality in distribution for every L ă 8

tr´1{2Zprxq, 0 ď x ď Lu
d
“ tσBpxq, 0 ď x ď Lu.

Thus 0 is a rough-critical left-endpoint contact with β “ 1{2, and

M “ inf
xě0

tσBpxq ` λxu.

Since ´M is exponential with rate 2λ{σ2, the left-endpoint version of Theorem 3.6 gives

P
"

inf
0ďtď1

Xptq ą u

*

„
2λ

2λ` σ2
Ptξ ą uu, u Ñ 8.

Example 3.10. Fix 0 ă c ă 1, α ą 1 and set

Xptq :“
Bptq

tα
, t P T “ rc, 1s.

Since Xp1q “ Bp1q and

mptq “
CovpXptq, Xp1qq

VarXp1q
“ t1´α,

the optimality criterion gives

µ˚ “ δ1, E “ S “ t1u, Zptq “ t´αtBptq ´ tBp1qu.
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As h Ó 0

mp1 ´ hq ´ 1 “ pα ´ 1qh` ophq,

locally uniformly after replacing h by rx with x in a compact interval. Moreover, for s ď t near 1

VarpXptq ´Xpsqq “
t´ s

t2α
` s

`

t´α ´ s´α
˘2

ď C|t´ s|.

The same bound holds for the regression residual Z.
For fixed L ă 8 and sufficiently small r, set

rBrpxq :“ r´1{2tBp1q ´Bp1 ´ rxqu, 0 ď x ď L.

Then rBr is a standard Brownian motion on r0, Ls, and

r´1{2Zp1 ´ rxq “ p1 ´ rxq´αt´ rBrpxq ` r1{2xBp1qu ñ ´ rBpxq

in Cr0, Ls, where rB is a standard Brownian motion. Hence 1 is rough-critical with

β “
1

2
, λ “ α ´ 1.

By Brownian symmetry, its variational rv may be written as

M “ inf
xě0

t rBpxq ` pα ´ 1qxu.

Since ´M is exponential with rate 2pα ´ 1q, Theorem 3.6 yields

P
"

inf
tPrc,1s

Bptq

tα
ą u

*

„
2pα ´ 1q

2α ´ 1
PtBp1q ą uu, u Ñ 8.

Remark 3.11. Let Y „ Np0, τ2q, τ ą 0, and let V be a centred Gaussian random element of C1r0, 1s, independent
of Y , with V p1q “ 0 almost surely. Suppose that m P Cr0, 1s satisfies

mp1q “ 1, mptq ą 1, 0 ď t ă 1, mp1 ´ hq “ 1 ` λh2 ` oph2q

for some λ ą 0, and put Xptq “ mptqY ` V ptq. Then

µ˚ “ δ1, E “ S “ t1u, σ2˚ “ τ2, Z “ V.

Moreover, Fernique’s theorem and the fundamental theorem of calculus give

EtpV ptq ´ V psqq2u ď |t´ s|2Et}V 1}28u,
V p1 ´ hq

h
ÝÑ ´V 1p1q in L2.

Thus Corollary 3.7 applies with v2 “ VarpV 1p1qq and yields

P
"

inf
0ďtď1

Xptq ą u

*

„

#

1

2
`

1

2

ˆ

1 `
v2

2λτ2

˙´1{2
+

PtY ą uu, u Ñ 8.

4. Proofs

Standing notation for finite-active proofs: Whenever a finite-support optimal measure is under consideration,
we write

Au :“ tXptiq ą u, i “ 1, . . . , ku, Bu :“

"

inf
tPra,bs

Xptq ą u

*

,

and

Pup¨q :“ Pp¨ | Auq, Su :“ upXS ´ u1q.

If the passive set is finite, we write

P “ ts1, . . . , sℓu.

Since Bu Ă Au, all exact-asymptotic proofs below reduce to proving

lim
uÑ8

PupBuq “ C
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for the appropriate constant C. The residual process Z is independent of XS and remains so after conditioning
on Au. Setting

θ :“ Σ´1
˚ 1 “

p˚

σ2˚

we have θi ą 0 for every i. For x P p0,8qk a change of variables in the Gaussian density shows that the
conditional density of Su under Pu is

fupxq “
gupxq

ż

p0,8qk
gupyq dy

, gupxq :“ exp

"

´θJx ´
1

2u2
xJΣ´1

˚ x

*

.

Since Σ´1
˚ is positive definite

0 ď gupxq ď expt´θJxu,

and the function on the right is integrable on p0,8qk. Dominated convergence therefore gives under Pu

(23) Su ñ E :“ pE1, . . . , Ekq, u Ñ 8,

where the coordinates of E are independent exponential random variables with respective rates θ1, . . . , θk. In
particular, Su is tight under Pu.
In the one-point endpoint proofs below we take t1 “ b. Then Au “ tXpbq ą uu, Su “ upXpbq ´ uq, and the
preceding convergence holds with exponential rate

θ “
1

Rpb, bq
.

The regression decomposition (18) gives

sup
tPT

ˇ

ˇu´1Xptq ´mptq
ˇ

ˇ ď
suptPT |Zptq|

u
`

1

u2
sup
tPT

}aptq} }Su}.

The first term tends to zero in Pu-probability because Z has continuous sample paths and is independent
of Au; the second does so by compactness and the tightness in (23). Hence, if D Ă ra, bs is compact and
infDpm´ 1q ą 0, then

(24) lim
uÑ8

Pu

"

inf
tPD

Xptq ą u

*

“ 1.

4.1. Proofs for full contact.

Proof of Theorem 2.2. Set next

V :“ ´ inf
tPT

Z˚ptq, rpεq :“ PtV ă εu, ε ą 0,

and write s :“ σ2˚. Path continuity and compactness of T make V finite almost surely, while (10) gives V ě 0.
Since E “ T

mX “ Xµ˚ ´ V,

where Xµ˚ „ Np0, sq is independent of V . Consequently, we have

fT puq “
1

?
2πs

E exp

"

´
pu` V q2

2s

*

.

This density is strictly positive. Every derivative of the Gaussian density is bounded, so differentiation under
the expectation also shows that fT P C8pRq. With the notation

Ipuq :“

ż 8

0
exp

"

´
uε

s
´
ε2

2s

*

rpεq dε

in view of (11)

(25) pT puq “
e´u2{p2sq

?
2πs

Ipuq.
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For every δ ą 0, the centred Gaussian random element Z˚ has positive probability of belonging to every
neighbourhood of zero. Consequently rpδq ą 0. Define the finite measure

νpdεq :“ e´ε2{p2sqrpεq dε, ε ą 0,

and the probability measure

Πupdεq :“
e´uε{sνpdεq

Ipuq
.

For every fixed δ ą 0, we have νpp0, δ{2qq ą 0 and

Ipuq ě e´uδ{p2sqνpp0, δ{2qq, u ą 0.

Since 0 ď r ď 1, the second moment of ν is finite. Splitting at δ, we therefore obtain
ż 8

0
ε2Πupdεq ď δ2 `

e´uδ{s
ş8

0 ε2 νpdεq

e´uδ{p2sqνpp0, δ{2qq

ď δ2 ` Cδe
´uδ{p2sq.

Letting first u Ñ 8 and then δ Ó 0 gives

(26) lim
uÑ8

ż 8

0
ε2Πupdεq “ 0.

Set

ε̄u :“

ż 8

0
εΠupdεq, τ2u :“ VarΠupεq.

In view of the Cauchy–Schwarz inequality and (26), we have as u Ñ 8

(27) 0 ď ε̄u ď

ˆ
ż 8

0
ε2Πupdεq

˙1{2

ÝÑ 0, 0 ď τ2u ď

ż 8

0
ε2Πupdεq ÝÑ 0.

Since 0 ď r ď 1, the Gaussian factor provides an integrable bound for the first two derivative integrands.
Differentiation under the integral sign therefore gives

d

du
log Ipuq “ ´

ε̄u
s
,

d2

du2
log Ipuq “

τ2u
s2
.

Let

ψpuq :“ ´ log pT puq.

Since p1
T puq “ ´fT puq, we have ψ1puq “ hT puq. In light of (25), we can write

ψpuq “
u2

2s
` log

?
2πs´ log Ipuq

implying

hT puq “ ψ1puq “
u` ε̄u
s

, h1
T puq “ ψ2puq “

1

s
´
τ2u
s2
.

Together with (27), these identities prove (16). Since aT “ 1{hT , the same identities imply

aT puq “
s

u` ε̄u
“
s

u
` opu´2q, a1

T puq “ ´
h1
T puq

hT puq2
“ ´

s´ τ2u
pu` ε̄uq2

„ ´
s

u2
,

establishing the claim. □

Lemma 4.1. Assume that E “ T and σ2˚ ą 0 and set

mZ :“ inf
tPT

Z˚ptq, rpεq :“ PtmZ ą ´εu.

If for some β,A1, A2, ε0 ą 0

(28) expt´A2ε
´1{βu ď PtmZ ą ´εu ď expt´A1ε

´1{βu, 0 ă ε ă ε0,
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then there exist constants 0 ă C´ ď C` ă 8 such that for all sufficiently large u

(29) ´C`u
1{pβ`1q ď log pT puq `

u2

2σ2˚
ď ´C´u

1{pβ`1q.

Proof of Lemma 4.1. Write

Iu :“

ż 8

0
exp

"

´
uε

σ2˚
´

ε2

2σ2˚

*

rpεq dε

and put κ :“ 1{pβ ` 1q and εu :“ u´β{pβ`1q. For all large u, 2εu ă ε0. Splitting at εu, using monotonicity of r
on the first part and r ď 1 on the second, gives

Iu ď
σ2˚
u

”

rpεuq ` e´uεu{σ2
˚

ı

ď
σ2˚
u

”

e´A1uκ
` e´uκ{σ2

˚

ı

.

Hence log Iu ď ´c2u
κ for some c2 ą 0 and all large u.

For the lower bound, monotonicity and (28) give rpεq ě rpεuq ě e´A2uκ
on rεu, 2εus. Consequently, we obtain

Iu ě εu exp

"

´

ˆ

A2 `
2

σ2˚

˙

uκ ´ 1

*

for all sufficiently large u; here the final constant bounds ε2{p2σ2˚q uniformly on rεu, 2εus. Since | log εu| “

Oplog uq “ opuκq, we obtain log Iu ě ´c3u
κ. Finally, (11) gives

log pT puq `
u2

2σ2˚
“ log Iu ´ logp

?
2πσ˚q,

and the claimed two-sided bound follows after adjusting the constants. □

Proof of Proposition 2.3. Let µ˚ be an optimal measure. By [3, Example 2.7 and Lemma A.2], there exists
η ą 0 such that

ż b

a
Rps, tqµ˚pdsq “ σ2˚, t P ra, bs, µ˚pdtq ě η dt on pa, bq.

In particular, σ2˚ ą 0 and E “ ra, bs. Define

Y :“

ż b

a
Xptqµ˚pdtq, Zptq :“ Xptq ´ Y, mZ :“ inf

tPra,bs
Zptq.

Thus Z “ Z˚, Y „ Np0, σ2˚q, Y is independent of Z, and
ż b

a
Zptqµ˚pdtq “ 0 a.s.

We first record the small-deviation estimates needed below. For some c, C, ε0 ą 0, and all 0 ă ε ă ε0

P
"

sup
0ďtďb

|Xptq| ď ε

*

ě expt´Cε´1{Hu,

P
"
ż b

a
|Xptq| dt ď ε

*

ď expt´cε´1{Hu.

(30)

The first inequality is the sup-norm small-deviation estimate of [9]; the second follows from [10, Theorem 5.7
and equation (5.13), with N “ D “ q “ 1].
Put

rpεq :“ PtmZ ą ´εu, }f}1 :“

ż b

a
|fptq| dt.

If sup0ďtďb |Xptq| ď ε{3, then for t P ra, bs

|Zptq| “

ˇ

ˇ

ˇ

ˇ

ż b

a
tXptq ´Xpsquµ˚pdsq

ˇ

ˇ

ˇ

ˇ

ď
2ε

3
.
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The first estimate in (30) therefore gives for some 0 ă A2 ă 8 and all sufficiently small ε ą 0

rpεq ě P
"

sup
0ďtďb

|Xptq| ď
ε

3

*

ě expt´A2ε
´1{Hu.

The lower-bound argument in the proof of Lemma 4.1, with β “ H, now gives the required lower correction
bound.
For the upper bound, write s :“ σ2˚. We use the change of measure in the proof of [5, Theorem 3.1]. Applied
to the independent Gaussian coordinate Y , it gives

eu
2{p2sqpT puq “ E

”

e´uY {s1tinftPra,bs Xptqą0u

ı

.

On the event in the indicator, the lower density bound for µ˚ implies

Y “

ż b

a
Xptqµ˚pdtq ě η

ż b

a
|Xptq| dt “ η}X}1.

Consequently, for every ε ą 0

eu
2{p2sqpT puq ď e´ηuε{s ` Pt}X}1 ď εu.

Taking ε “ u´H{p1`Hq, the second estimate in (30) gives

eu
2{p2sqpT puq ď e´pη{squ1{p1`Hq

` e´cu1{p1`Hq

.

The required upper correction bound follows after taking logarithms and adjusting the constant. □

4.2. Proofs for finite contact.

Lemma 4.2. Assume that

µ˚ “

k
ÿ

i“1

p˚,iδti , p˚,i ą 0, i “ 1, . . . , k,

is the unique optimal probability measure. If P “ EzS “ ts1, . . . , sℓu is nonempty, then

PtZpsjq ě 0, j “ 1, . . . , ℓu “ PtZpsjq ą 0, j “ 1, . . . , ℓu ą 0.

Proof. Define next

∆ :“ pZps1q, . . . , ZpsℓqqJ

and let L Ď Rℓ be the linear support of its centred Gaussian law. Suppose that

Pt∆j ą 0, j “ 1, . . . , ℓu “ 0.

Then LX p0,8qℓ “ ∅. Gordan’s alternative provides a nonzero vector λ P r0,8qℓ such that

λJx “ 0, x P L.

Consequently, λJ∆ “ 0 almost surely.
Let

A :“ paipsjqq1ďiďk
1ďjďℓ

, c :“ Aλ.

Since mpsjq “
řk

i“1 aipsjq “ 1
k
ÿ

i“1

ci “

ℓ
ÿ

j“1

λjmpsjq “

ℓ
ÿ

j“1

λj .

As every p˚,i ą 0, for all sufficiently small ε ą 0

µε :“
k
ÿ

i“1

pp˚,i ´ εciqδti ` ε
ℓ
ÿ

j“1

λjδsj

is a probability measure. Indeed, its coefficients are nonnegative and the preceding identity shows that their
sum is one. Writing

XP :“ pXps1q, . . . , XpsℓqqJ,
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we have XP “ AJXS ` ∆, and hence
ż

T
Xptqµεpdtq ´

ż

T
Xptqµ˚pdtq “ ε

`

λJXP ´ cJXS

˘

“ ελJ
`

XP ´ AJXS

˘

“ ελJ∆ “ 0 a.s.

Thus µε is another optimal measure. It is distinct from µ˚, because λ ‰ 0 and sj R S, contradicting uniqueness.
Therefore

Pt∆j ą 0, j “ 1, . . . , ℓu ą 0.

In particular, no ∆j is identically zero. Each coordinate is therefore a nondegenerate Gaussian rv, so

Pt∆j “ 0u “ 0, j “ 1, . . . , ℓ.

Consequently, we obtain

Pt∆j ě 0, j “ 1, . . . , ℓu “ Pt∆j ą 0, j “ 1, . . . , ℓu ą 0,

as claimed. □

Proof of Theorem 3.1. Lemma 4.2 yields

C :“ PtZpsq ą 0, s P P u ą 0

and almost surely no passive value is zero. When P “ ∅, these conditions are void and C “ 1.
For each i, choose

γi P pqi{2,mintqi, βiuq, Ni P 2N, γi ă βi ´ 1{Ni.

On sufficiently small relative neighbourhoods Ui of ti, the dominated-contact assumptions and Gaussian moment
estimates give

mpti ` hq ´ 1 ě λi|h|qi , E
␣

|Zpti ` hq ´ Zpti ` h1q|Ni
(

ď Ci,Ni |h´ h1|Niβi .

After shrinking Ui, the Kolmogorov–Chentsov theorem and Zptiq “ 0 therefore yield an almost surely finite rv
Ki such that

|Zpti ` hq| ď Ki|h|γi , ti ` h P Ui,

for the given continuous version.
For x P p0,8qk and z P Cra, bs, put

Hupx, zq :“ 1

"

inf
tPra,bs

„

utmptq ´ 1u ` zptq `
aptqJx

u

ȷ

ą 0

*

.

We claim that, for every fixed x P p0,8qk as u Ñ 8 we have

Hupx, Zq ÝÑ 1tZpsq ą 0, s P P u a.s.

Fix a residual path satisfying the preceding bounds and having no zero passive value. If Zpsq ă 0 at some
s P P , evaluating at s, where mpsq “ 1, shows that Hupx, Zq “ 0 for all large u.
Suppose instead that all passive values are positive. Near each active contact, continuity and aptiq “ ei give
aptqJx ě xi{2. Since qi{2 ă γi ă qi

sup
rě0

tKir
γi ´ λiur

qiu “ O
´

u´γi{pqi´γiq
¯

“ opu´1q.

Thus the expression defining Hu is bounded below by xi{p2uq ´ opu´1q ą 0, uniformly on a sufficiently small
relative neighbourhood of ti. Near each passive contact, continuity makes Z bounded below by a positive
constant; since m ě 1 and a is bounded, the same expression is positive there for all large u. The complement
of these relative open neighbourhoods is compact and disjoint from E. If nonempty, it has infpm´1q ą 0, while
Z and a are bounded. Positivity follows there as well, proving the claim.
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Using the conditional density fu and its unnormalised version gu from the standing notation, independence of
Z and XS gives

PupBuq “

ż

p0,8qk
gupxqEHupx, Zq dx

ż

p0,8qk
gupxq dx

.

The pointwise convergence above and 0 ď Hu ď 1 imply EHupx, Zq Ñ C. Since

0 ď gupxq ď e´θJx, gupxq ÝÑ e´θJx, u Ñ 8

and every θi ą 0, dominated convergence yields limuÑ8 PupBuq “ C. Finally since PpBuq “ PupBuqPpAuq the
claim follows. □

Proof of Remark 3.3. For each i, choose an even integer pi ě 2 sufficiently large that

pi

´

βi ´
qi
2

¯

ą d,

and then choose

γi P

ˆ

qi
2
, min

"

qi, βi ´
d

pi

*˙

.

Gaussian moment estimates imply

E
␣

|Zpti ` hq ´ Zpti ` h1q|pi
(

ď Ci,pi}h´ h1}piβi .

Writing NpK, } ¨ }, εq for the Euclidean covering number, every compact K Ă Rd satisfies

NpK, } ¨ }, εq ď CKε
´d, 0 ă ε ď 1.

Therefore, the standard dyadic-net proof of the multidimensional Kolmogorov–Chentsov theorem yields an
almost surely finite rv Hi such that

|Zpti ` hq| ď Hi}h}γi

for all sufficiently small admissible h. This is the only dimension-dependent step. Since qi{2 ă γi ă qi, the
remainder of the proof is unchanged, with relative Euclidean balls and norms replacing intervals and absolute
values. □

Lemma 4.3. Fix β P p0, 1s. Let D Ă r0, Rs be a nonempty compact set containing 0, where R ě 0. Let
G “ tGpxq, x P Du be a centred GP with continuous sample paths, Gp0q “ 0, and suppose that for some
0 ď A ă 8

EtpGpxq ´Gpyqq2u ď A2|x´ y|2β, x, y P D.

Then there exists a constant Kβ ă 8, depending only on β, such that uniformly in A, R, and D

E
"

sup
xPD

|Gpxq|

*

ď KβAR
β, sup

xPD
VarGpxq ď A2R2β.

Proof. If A “ 0 or R “ 0, the result is immediate from anchoring and continuity. Otherwise, the canonical
metric satisfies

dGpx, yq ď A|x´ y|β, NpD, dG, εq ď 1 `RpA{εq1{β.

Since Gp0q “ 0, the variance bound follows by taking y “ 0. Dudley’s entropy bound and Gaussian symmetry
give, with a universal constant K

E
"

sup
xPD

|Gpxq|

*

ď 2K

ż ARβ

0

b

log
`

1 `RpA{εq1{β
˘

dε

“ 2KARβ

ż 1

0

b

log
`

1 ` s´1{β
˘

ds ď KβAR
β.

The integral is finite for every β ą 0. □
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Lemma 4.4. Under the assumptions of Theorem 3.6, there exists r0 ą 0 such that, with ru :“ u´1{β, we have

lim
LÑ8

lim sup
uÑ8

P
"

inf
Lruďhďr0

“

u2tmpb´ hq ´ 1u ` uZpb´ hq
‰

ď 0

*

“ 0.

Proof. By (21), after decreasing r0 ą 0 if necessary, we may assume that r0 ď b´ a, that the local mean-square
Hölder bound holds for Zpb´ hq whenever 0 ď h ď r0, and that

mpb´ hq ´ 1 ě
λ

2
h2β, 0 ď h ď r0.

Split rLru, r0s into the nonempty intervals

In,u :“ rQnru, 2Qnrus X r0, r0s, Qn :“ 2nL, n ě 0,

and put Rn,u :“ mint2Qnru, r0u. By Lemma 4.3 and the increment bound

E

#

sup
0ďhďRn,u

|uZpb´ hq|

+

ď Kβ

?
C uRβ

n,u ď C2Q
β
n,

where C2 is independent of u, n, L. On In,u, the deterministic term is at least pλ{2qQ2β
n . Markov’s inequality

therefore gives

P
"

inf
hPIn,u

“

u2tmpb´ hq ´ 1u ` uZpb´ hq
‰

ď 0

*

ď P

#

sup
0ďhďRn,u

|uZpb´ hq| ě
λ

2
Q2β

n

+

ď
2C2

λ
Q´β

n .

Summing over the intervals yields

P
"

inf
Lruďhďr0

“

u2tmpb´ hq ´ 1u ` uZpb´ hq
‰

ď 0

*

ď
2C2

λp1 ´ 2´βq
L´β,

which proves the claim. □

Proof of Theorem 3.6. By the standing reduction, it remains to identify the limit of PupBuq. We use the one-
point overshoot convergence stated above and put

ru :“ u´1{β, Tu :“ sup
tPra,bs

´uZptq ´ u2tmptq ´ 1u

mptq
.

Since m ě 1 and Zpbq “ 0, we have Tu ě 0. Gaussian regression, compactness and continuity give the exact
identity

Bu “ tSu ą Tuu.

The rv Tu depends only on Z, so it is independent of Su and its law is unchanged under Pu.
We first verify that M ą ´8 almost surely. Since all processes in (22) are centred Gaussian, taking r Ó 0 in
the endpoint increment bound gives for some C ă 8

EtpW pxq ´W pyqq2u ď C|x´ y|2β, x, y ě 0.

Applying Lemma 4.3 on r0, 2n`1s and then Markov’s inequality, we obtain a constant c ă 8 such that for every
n ě 0

P

#

sup
0ďxď2n`1

|W pxq| ą
λ

2
22βn

+

ď c2´βn.

The right-hand side is summable. Hence, by Borel–Cantelli, almost surely, for all sufficiently large n and every
x P r2n, 2n`1s

W pxq ` λx2β ě
λ

2
22βn ą 0.

Continuity of W on compact intervals therefore gives M ą ´8. Since W p0q “ 0, also M ď 0.
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For every fixed L ă 8, the expansion (21) gives, uniformly on 0 ď x ď L

u2tmpb´ ruxq ´ 1u ÝÑ λx2β, mpb´ ruxq ÝÑ 1.

Indeed, the error in the first convergence is bounded by

L2β sup
0ăhďruL

ˇ

ˇ

ˇ

ˇ

mpb´ hq ´ 1

h2β
´ λ

ˇ

ˇ

ˇ

ˇ

.

Moreover, the finite-dimensional convergence (22) holds in Cr0, Ls. To see this, choose an even integer p with
pβ ą 1. The increment bound and Gaussian moments imply, uniformly for all sufficiently large u

E t|uZpb´ ruxq ´ uZpb´ ruyq|pu ď Cp|x´ y|pβ, 0 ď x, y ď L.

The Kolmogorov–Chentsov criterion therefore gives tightness. Setting

Tu,L :“ sup
0ďxďL

´uZpb´ ruxq ´ u2tmpb´ ruxq ´ 1u

mpb´ ruxq
,

DL :“ inf
0ďxďL

tW pxq ` λx2βu,

the continuous mapping theorem gives Tu,L ñ ´DL.
Choose r0 as in Lemma 4.4. Since E “ tbu,

d0 :“ inf
aďtďb´r0

tmptq ´ 1u ą 0.

As Tu,L ě 0, an outside point can change the supremum only if its numerator is positive. Hence, for all
sufficiently large u

PtTu ‰ Tu,Lu ď P
"

inf
Lruďhďr0

“

u2tmpb´ hq ´ 1u ` uZpb´ hq
‰

ď 0

*

` P

#

sup
tPra,bs

|Zptq| ě ud0

+

.

The last probability tends to zero by path continuity and compactness. Together with Lemma 4.4, this proves

lim
LÑ8

lim sup
uÑ8

PtTu ‰ Tu,Lu “ 0.

Since DL Ó M ą ´8, we conclude that Tu ñ ´M . Independence and the one-point overshoot limit therefore
give, under Pu

pSu, Tuq ñ pE ,´Mq,

where E is independent of M and is exponential with rate 1{Rpb, bq. In particular, PtE “ ´Mu “ 0, and hence

lim
uÑ8

PupBuq “ PtE ą ´Mu “ E exp

"

M

Rpb, bq

*

.

This proves the assertion. □

Proof of Corollary 3.7. For every fixed L ă 8, the quadratic expansion gives uniformly for 0 ď x ď L

u2tmpb´ x{uq ´ 1u ÝÑ λx2, u Ñ 8.

We also have

tuZpb´ x{uq, 0 ď x ď Lu ñ tηx, 0 ď x ď Lu in finite-dimensional distributions, u Ñ 8.

Indeed, for every fixed x ě 0

uZpb´ x{uq “ x
Zpb´ x{uq

x{u
ÝÑ ηx in L2,

with the value at x “ 0 understood as zero. This gives convergence of the finite-dimensional distributions.
Together with the assumed local mean-square Lipschitz bound, this verifies the tangent-critical assumptions.
Thus b is a tangent-critical endpoint contact with

β “ 1, W pxq “ ηx, x ě 0.
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Its variational term is

Msm :“ inf
xě0

tηx` λx2u “ ´
pmaxt´η, 0uq2

4λ
.

The conclusion of Theorem 3.6 therefore applies. Writing s :“ Rpb, bq, a standard Gaussian calculation gives
also when v “ 0

E
"

exp

"

´
pmaxt´η, 0uq2

4λs

**

“
1

2
`

1

2
E exp

"

´
η2

4λs

*

“
1

2
`

1

2

ˆ

1 `
v2

2λs

˙´1{2

.

This proves the assertion. □

Appendix A. Auxiliary Results

Let T be a nonempty compact metric space and let Xptq, t P T be a centred real-valued GP with almost surely
continuous sample paths and continuous covariance function R. For a finite signed measure η on T , define the
energy associated with the current covariance kernel R by

ERpηq :“

ĳ

T 2

Rps, tq ηpdsqηpdtq ě 0.

For µ P M1pT q define its potential and energy by

ϕµptq :“

ż

T
Rps, tqµpdsq, σ2pµq :“ ERpµq.

We call µ an optimal measure if

σ2pµq “ inf
νPM1pT q

σ2pνq.

We use the following standard optimality criterion for minimum-energy probability measures; see [3, The-
orem 3.1]. Related formulations appear in [4, Theorem 4.3 and Remark 4.5], [11, Theorem 2.1], and [12,
Theorem 1.1].

Lemma A.1. An optimal measure exists. A probability measure µ P M1pT q is optimal if and only if

ϕµptq ě σ2pµq, t P T .
For every optimal µ, equality holds on supppµq. If further ERpηq ą 0 for every nonzero finite signed measure η
with ηpT q “ 0, then the optimal measure is unique.

Corollary A.2. Let S “ tt1, . . . , tmu Ă T , assume that Σ “ pRpti, tjqqmi,j“1 is invertible and set

w :“
Σ´11

1JΣ´11
, c :“

1

1JΣ´11
, E :“

#

t P T :
m
ÿ

j“1

wjRptj , tq “ c

+

.

If all components of w are positive and
m
ÿ

j“1

wjRptj , tq ě c, t P T ,

then µ˚ :“
řm

j“1wjδtj is an optimal measure with support exactly S. If further either ERpηq ą 0 for every

nonzero finite signed measure η on T with ηpT q “ 0, or E “ S, then µ˚ is the unique optimal measure. Con-
versely, if an optimal measure has support exactly S, then it equals

řm
j“1wjδtj , and w has positive components.

Proof. Because Σ is an invertible covariance matrix, it is positive definite. Hence c ą 0, 1Jw “ 1, Σw “ c1,
and σ2pµ˚q “ c. The assumed potential inequality and Lemma A.1 give optimality; the strict-energy alternative
gives uniqueness.
Suppose instead that E “ S, and let ν be another optimal measure. Since ϕµ˚ ě c and both measures have
energy c

0 ď ERpν ´ µ˚q “ 2c´ 2

ż

T
ϕµ˚ dν ď 0
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and hence
ş

T pϕµ˚ ´ cq dν “ 0. Continuity and nonnegativity imply supppνq Ď E “ S. Writing ν “
ř

j vjδtj ,
we obtain

0 “ ERpν ´ µ˚q “ pv ´ wqJΣpv ´ wq

and positive definiteness gives v “ w.
For the converse, write the optimal measure as µ “

ř

j vjδtj and put d :“ σ2pµq. Equality of its potential and

energy on its support gives Σv “ d1. Together with 1Jv “ 1, this yields d “ c and v “ w. Exact support gives
vj ą 0 for every j. □
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