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Abstract. We obtain exact high-level asymptotics for block and sliding-window ruin over a
fixed horizon in the Brownian risk model. Block ruin requires an exceedance in each reporting
block; sliding-window ruin requires one in every window of the same length. A first-passage
argument separates the first-block Gaussian cost from a finite-level crossing or Parisian-type
survival probability. We also establish simultaneous block-ruin asymptotics for correlated
bivariate Brownian risks in the binding regime. For a compound-Poisson risk model perturbed
by Brownian motion, non-negative subexponential claims give the same block and sliding
asymptotic, determined by the first reporting period.

1. Introduction

Let B = {B(t), t ≥ 0} be standard Brownian motion. The Brownian risk model has reserve
Ru(t) = u + ct − B(t), where u > 0 is the initial reserve and c > 0 the premium rate. We
work with the corresponding loss process

X(t) = B(t)− ct, t ≥ 0,

so that X(t) > u means ruin at time t.
The classical finite-time ruin probability

ψ(u, T ) := P
{

sup
0≤t≤T

X(t) > u

}
records whether the reserve becomes negative at least once before T . To distinguish an
isolated crossing from distress recurring across monitoring periods, we require exceedances
over prescribed reporting blocks or sliding windows.

Throughout, fix h > 0 and an integer m ≥ 2, and put T = mh. All model parameters are
fixed as u→ ∞. The block-window ruin probability is

(1) pblh (u, T ) := P

{
m⋂
k=1

{
sup

t∈[(k−1)h,kh]

X(t) > u

}}
.

Thus ruin is required to occur at least once in each of the m reporting blocks. The related
sliding-window ruin probability is

(2) pslh(u, T ) := P

{
inf

t∈[0,T−h]
sup

s∈[t,t+h]

X(s) > u

}
.

For continuous paths, the moving-window maximum is continuous in the window start. Thus
(2) means that every length-h window contains a ruin epoch, or equivalently that there is no
recovery interval of length h on which X ≤ u.
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The sliding requirement is related to, but distinct from, classical Parisian ruin, which
requires the reserve to remain below zero throughout an interval of prescribed length. Parisian
ruin for spectrally negative Lévy risk processes is studied in [2, 13]; Gaussian counterparts
for self-similar models and over finite horizons are treated in [3, 4]. Discrete monitoring of
Brownian ruin, including Parisian variants, is studied in [12], while [14] treats Parisian ruin for
locally self-similar Gaussian processes. Our sliding event instead excludes sustained recovery;
its post-hit constant has the Parisian-type survival representation (11).

Writing Ψ for the standard normal upper tail, our main results give

pblh (u,mh) ∼ 2Gm(h, c)Ψ

(
u+ ch√

h

)
, pslh(u,mh) ∼ 2Gsl

m(h, c)Ψ

(
u+ ch√

h

)
.

Conditional on a first-block exceedance, the first hit of u approaches h. The strong Markov
property at this hit reduces the remaining requirements to finite-level Brownian events, giving
the constants Gm and Gsl

m. The sliding argument also yields an exact one-dimensional integral
representation.

Related simultaneous-crossing problems belong to the theory of Gaussian conjunctions.
Exact asymptotics for finite-horizon conjunctions of independent Gaussian coordinates are
obtained in [6]. For correlated Brownian risks, infinite-horizon orthant hitting is studied in
[5], and finite-horizon bivariate simultaneous ruin in [7]. Finite-horizon simultaneous ruin
for classes of multivariate Gaussian risk models with stationary increments is treated in [1].
Related simultaneous-ruin asymptotics for independent gamma-reflected Brownian motions
are obtained in [11]. These events require the coordinates to cross their respective levels at a
common time; our block event requires such a simultaneous crossing in every reporting block.

We then consider two extensions. For bivariate Brownian risks with correlation ρ and
thresholds u, au, we treat simultaneous block ruin in the binding regime ρ < a ≤ 1. The
first-block contribution is the bivariate finite-time ruin asymptotic, while later blocks give a
finite-level simultaneous-crossing factor. For a compound-Poisson risk model perturbed by
Brownian motion, with non-negative subexponential claims, both repeated-ruin probabilities
are asymptotic to λhF̄ (u), because one sufficiently large first-block claim dominates. Proofs
are collected in Section 4.

2. Main results

In this section, X(t) = B(t)− ct, c > 0, with the fixed h,m, T specified above. Let

Ψ(x) := P{Z > x}, φ(x) :=
1√
2π
e−x2/2, x ∈ R,

where Z is standard normal.
The classical finite-time ruin probability is explicitly known:

(3) ψ(u, T ) := P
{

sup
0≤t≤T

X(t) > u

}
= Ψ

(
u+ cT√

T

)
+ e−2cuΨ

(
u− cT√

T

)
.

The following elementary comparison records the ordering of the repeated-ruin functionals.

Proposition 2.1. For every u > 0,

(4) P

{
m−1⋂
k=1

{X(kh) > u}

}
≤ pslh(u, T ) ≤ pblh (u, T ) ≤ P

{
sup
0≤t≤h

X(t) > u

}
.

Remark 2.2. The first inequality in (4) connects the sliding-window event to a finite-dimensional
Gaussian probability. The last inequality shows that both repeated-window probabilities
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are bounded above by the classical ruin probability over the first reporting period, giving a
sharper bound than the classical ruin probability over the full horizon.

For m ≥ 2, define

(5) Gm(h, c) := P

{
m−2⋂
k=1

{
sup

t∈[kh,(k+1)h]

(
B(t)− ct

)
> 0

}}
with the convention G2(h, c) := 1. This is the finite-level crossing probability for the limiting
post-hit process. The interval [0, h] imposes no condition in this constant, since Brownian
motion with drift has positive values arbitrarily close to zero almost surely.

Theorem 2.3. As u→ ∞,

(6) pblh (u, T ) ∼ 2Gm(h, c)Ψ

(
u+ ch√

h

)
.

For m ≥ 2, define the finite-level sliding constant

(7) Gsl
m(h, c) := P

{
inf

0≤r≤(m−2)h
sup

r≤s≤r+h

(
B(s)− cs

)
> 0

}
.

For m = 2, the infimum in (7) is over the singleton {0}, and hence Gsl
2 (h, c) = 1 by the

immediate upward oscillations of Brownian motion.
For m ≥ 2, define the finite-dimensional grid constant

(8) Jm(h, c) := P

{
m−2⋂
j=1

{B(jh)− cjh > 0}

}
,

with the convention J2(h, c) := 1. For m ≥ 3, the defining Gaussian vector is non-degenerate,
so Jm(h, c) > 0.

Theorem 2.4. As u→ ∞,

(9) pslh(u, T ) ∼ 2Gsl
m(h, c)Ψ

(
u+ ch√

h

)
.

The finite-level constants satisfy

(10) 0 < Jm(h, c) ≤ Gsl
m(h, c) ≤ Gm(h, c) ≤ 1, m ≥ 2.

Remark 2.5. The asymptotics in Theorems 2.3 and 2.4 share the classical first-block ruin
cost 2Ψ((u + ch)/

√
h). Their remaining factors, Gm and Gsl

m, describe the subsequent
finite-level requirements; neither probability is a product of one-block ruin probabilities.
For m = 2, both factors equal one. Conditional on first-block ruin, the first hitting time
τu of u approaches h. Measured from this hit, the second block is [du, du + h], where
du = h − τu tends to zero in conditional probability. Its crossing probability therefore
tends to P{sup0≤s≤h(B(s) − cs) > 0} = 1. The sliding requirement has the same limit by
right-continuity of its post-hit survival probability; see the proof of Theorem 2.4. Consequently,

pslh(u, 2h) ∼ pblh (u, 2h) ∼ ψ(u, h).

The constant in (7) is a finite-horizon Parisian-type survival probability. Indeed, if

τ−h := inf

{
t ≥ h : sup

t−h≤s≤t
X(s) ≤ 0

}
,

then
(11) Gsl

m(h, c) = P
{
τ−h > (m− 1)h

}
.
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3. Extensions and discussion

3.1. Simultaneous block ruin. Let ρ ∈ (−1, 1), let B1 and B2 be independent copies of B,
and put

(12) W1(t) = B1(t), W2(t) = ρB1(t) +
√

1− ρ2B2(t), t ≥ 0.

Fix c1, c2 > 0 and a ∈ (ρ, 1], and define

Xi(t) =Wi(t)− cit, i = 1, 2.

Set

(13) psblh,ρ(u, T ) := P

{
m⋂
k=1

{∃t ∈ [(k − 1)h, kh] : X1(t) > u, X2(t) > au}

}
.

Thus (13) requires simultaneous ruin at least once in every reporting block. The insurance
interpretation with two positive initial reserves corresponds to a > 0; the mathematical result
below also covers a ≤ 0 when ρ < a.

Let

φρ(x, y) :=
1

2π
√
1− ρ2

exp

{
−x

2 − 2ρxy + y2

2(1− ρ2)

}
be the density of (W1(1),W2(1)). Define

(14) λ1 =
1− aρ

1− ρ2
, λ2 =

a− ρ

1− ρ2
,

and the simultaneous-ruin constant

(15) Ca,ρ :=

∫
R2

P{∃t ≥ 0 : W1(t)− t > x, W2(t)− at > y}eλ1x+λ2y dx dy.

This is the constant in [7, Theorem 2.1(i)]. Its finiteness and strict positivity are proved
directly below, together with the simultaneous block-ruin asymptotic. Finally, for m ≥ 3, put

(16) Hm(h, c1, c2, ρ) := P

{
m−2⋂
k=1

{∃t ∈ [kh, (k + 1)h] : W1(t)− c1t > 0, W2(t)− c2t > 0}

}
and set H2(h, c1, c2, ρ) = 1. For m ≥ 3, requiring both coordinates to be positive at each
time h, . . . , (m− 2)h gives a positive-probability Gaussian grid event contained in (16). Thus
Hm(h, c1, c2, ρ) > 0.

Theorem 3.1. For the model above, as u→ ∞,

(17) psblh,ρ(u, T ) ∼ Hm(h, c1, c2, ρ)Ca,ρ
h

u2
φρ

(
u+ c1h√

h
,
au+ c2h√

h

)
.

The restriction a > ρ isolates the bivariate binding regime, in which both coordinates
contribute to the leading Gaussian cost and the constant Ca,ρ appears.

3.2. Brownian-perturbed compound-Poisson risk model. To incorporate individual
claims alongside continuous fluctuations, we consider the classical compound-Poisson risk
process perturbed by Brownian motion, written here in aggregate-loss form; see [10, 8]. In
this subsection, let

S(t) =

N(t)∑
j=1

Yj, X(t) = σB(t) + S(t)− ct, t ≥ 0,
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where N is a Poisson process with rate λ > 0, the claim sizes Yj are i.i.d. and non-negative
with distribution F , and N is independent of the claims. Assume that B is independent
of S, σ ≥ 0, and c > 0. The reserve is Ru(t) = u −X(t); the Brownian component allows
continuous fluctuations between claim arrivals.

Write F̄ (u) = P{Y1 > u}, u ≥ 0, and assume that F is subexponential. Define pblh and pslh
by (1) and (2), now using this X. No finite-mean or net-profit condition is needed for the
fixed-horizon result below.

Proposition 3.2. For the model above, as u→ ∞,

pslh(u, T ) ∼ pblh (u, T ) ∼ λh F̄ (u).

3.3. Discussion. The scalar Brownian proofs share a first-hitting-time argument. Conditional
on a first-block exceedance, the first hit of u approaches h; the strong Markov property then
separates the first-block ruin cost from the remaining finite-level event. For blocks this event
has probability Gm(h, c), whereas sliding windows give the Parisian-type survival probability
Gsl

m(h, c). Thus the full horizon enters through these constants.
For simultaneous bivariate ruin, conditioning at the high endpoint at time h gives the same

factorisation into a first-block cost and the later-block factor Hm(h, c1, c2, ρ). The binding
regime changes the first-block Gaussian cost, which involves Ca,ρ and a bivariate normal
density.

In the perturbed model, the subexponential tail of the total claims in the first block
determines the asymptotics. Once these claims keep the process above u throughout [h, T ],
every length-h window is covered. Bounds using the Brownian extrema show that the
perturbation changes neither the order nor the constant λh. In all three models, dependence
across windows is essential: the repeated-ruin probability is not a product of one-window
probabilities.

4. Proofs

We first establish first-passage localization and continuity of simultaneous-crossing proba-
bilities. We use the usual augmented Brownian filtrations throughout. For the scalar proofs,
let X(t) = B(t)− ct, with c > 0, and define the first hitting time

τu := inf{t ≥ 0 : X(t) = u}.
In expectations below, products containing 1{τu<h} are understood to be zero on {τu ≥ h}.
Immediate upward oscillations after τu imply that {τu < h} = {sup0≤t≤hX(t) > u} almost
surely.

Lemma 4.1. As u→ ∞,

(18) P{τu < h} ∼ 2Ψ

(
u+ ch√

h

)
, τu | {τu < h} −→ h in probability.

Consequently, if q : (0, h] → R is bounded and measurable and q(d) → q0 as d ↓ 0, then

(19)
E{1{τu<h}q(h− τu)}

P{τu < h}
−→ q0.

Proof. The first assertion follows from (3) and Mills’ ratio. For every δ ∈ (0, h), the same
formula gives

P{τu ≤ h− δ | τu < h} =
ψ(u, h− δ)

ψ(u, h)
−→ 0,

because the numerator has a strictly larger Gaussian exponential cost. This proves the
conditional convergence. Boundedness of q and its limit at zero then give (19). □
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For the following lemma, let Yi(t) = Wi(t)− dit, i = 1, 2, where d1, d2 ∈ R and ρ ∈ (−1, 1).

Lemma 4.2. If 0 < r < s, then

(20) P

{
sup
t∈[r,s]

min{Y1(t), Y2(t)} = 0

}
= 0.

Consequently, if ηn = (ηn,1, ηn,2) → (0, 0) and Ij = [rj, sj], j = 1, . . . , ℓ, with rj > 0, then

P

{
ℓ⋂

j=1

{∃t ∈ Ij : Y1(t) > ηn,1, Y2(t) > ηn,2}

}

−→ P

{
ℓ⋂

j=1

{∃t ∈ Ij : Y1(t) > 0, Y2(t) > 0}

}
(21)

as n→ ∞. Moreover, for every s > 0,

(22) P{∃t ∈ [0, s] : Y1(t) > ηn,1, Y2(t) > ηn,2} −→ 1

as n→ ∞.

Proof. For I = [r, s], set

FI(η) := sup
t∈I

min{Y1(t)− η1, Y2(t)− η2}.

Then

(23)
∣∣FI(η)− FI(ϑ)

∣∣ ≤ ∥η − ϑ∥∞.

To prove (20), condition on the increments of (W1,W2) after time r. Given these increments,
define

gi(v) := Yi(r + v)− Yi(r), 0 ≤ v ≤ s− r, i = 1, 2,

and set

z = (Y1(r), Y2(r)).

Thus, under the conditioning, g = (g1, g2) is a deterministic continuous function. Moreover,

FI(0) = fg(z),

where
fg(z) := sup

0≤v≤s−r
min{z1 + g1(v), z2 + g2(v)}.

Since
fg(z + t(1, 1)) = fg(z) + t, t ∈ R,

the zero set of fg meets each line parallel to (1, 1) in at most one point and therefore has
two-dimensional Lebesgue measure zero. The vector (Y1(r), Y2(r)) is independent of the post-r
increments and has a non-degenerate Gaussian density. Hence, conditional on the post-r
increments,

P
(
FI(0) = 0

∣∣ post-r increments
)
= 0.

Integrating over the post-r increments proves (20). The convergence in (21) now follows
from (23), the no-atom statement, and dominated convergence.
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It remains to consider an interval starting at zero. A non-degenerate two-dimensional
Brownian motion is regular at the origin for every nonempty open cone. Indeed, in the
zero-drift case the events

An :=
{
∃t ∈ (0, 1/n) : (W1(t),W2(t)) ∈ (0,∞)2

}
have the same strictly positive probability by Brownian scaling. Their intersection belongs to
the Brownian germ sigma-field, so Blumenthal’s zero-one law shows that it has probability
one. Adding a deterministic linear drift does not change this conclusion, because the drifted
and drift-free laws are equivalent on every compact interval. Thus F[0,s](0) > 0 almost surely,
and (23) gives (22). □

Proof of Proposition 2.1. On the grid event in (4), the finite minimum

η := min
1≤k≤m−1

{X(kh)− u}

is strictly positive. Every interval of length h in [0, T ] contains one of the points h, 2h, . . . , (m−
1)h, so its supremum is at least u+ η. This proves the first inequality. Each reporting block
is a particular sliding window, proving the second inequality; retaining only the first block
proves the last one. □

Proof of Theorem 2.3. Let Y (t) = B̃(t)− ct, where B̃ is a standard Brownian motion, and
define, for 0 ≤ d ≤ h,

Km(d) := P

{
m−2⋂
k=0

{
sup

d+kh≤s≤d+(k+1)h

Y (s) > 0

}}
.

On {τu < h}, the first block contains an exceedance almost surely. The strong Markov
property at τu therefore gives the exact identity

(24) pblh (u, T ) = E{1{τu<h}Km(h− τu)}.
Indeed, relative to τu, the remaining reporting blocks are [d+kh, d+(k+1)h], k = 0, . . . ,m−2,
where d = h− τu.

We claim that

(25) Km(d) −→ Km(0) = Gm(h, c), d ↓ 0.

Continuity of the paths implies, for each k,

sup
d+kh≤s≤d+(k+1)h

Y (s) −→Mk := sup
kh≤s≤(k+1)h

Y (s).

For k = 0, immediate upward oscillations give M0 > 0 almost surely. For k ≥ 1, write

Mk = Y (kh) + sup
0≤s≤h

{Y (kh+ s)− Y (kh)}.

The two terms are independent, and Y (kh) has a Gaussian density. Thus P{Mk = 0} = 0.
The indicators of the finite intersections converge almost surely, proving (25) by dominated
convergence. The equality Km(0) = Gm(h, c) follows by discarding the almost sure condition
M0 > 0.

Apply Lemma 4.1 with q = Km to (24). Equations (18) and (25) give

pblh (u, T ) ∼ 2Gm(h, c)Ψ

(
u+ ch√

h

)
.

Here Gm(h, c) ≥ Jm(h, c) > 0, since the grid event defining Jm(h, c) implies every required
block crossing. □
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Proof of Theorem 2.4. For R ≥ h, put

H(R) := P{τ−h > R} = P{QR,h > 0}, QR,h := inf
0≤r≤R−h

sup
r≤s≤r+h

Y (s),

where Y (t) = B̃(t)− ct. The second equality follows from continuity of the moving-window
supremum and compactness of the range of window starts. In particular,

H(T − h) = Gsl
m(h, c).

As a survival function, H is right-continuous.
We first establish the exact identity

(26) pslh(u, T ) = E{1{τu<h}H(T − τu)}.
The sliding event requires τu < h. On this event, use the strong Markov property to write
X(τu+ s)−u = Y (s). The windows starting at or after τu are covered with a uniform positive
margin precisely when QT−τu,h > 0. Almost surely, immediate upward oscillations also give
some s0 ∈ (0, h− τu) with Y (s0) > 0. The point τu + s0 belongs to every window [t, t+ h]
with 0 ≤ t ≤ τu. Hence, when QT−τu,h > 0,

inf
0≤t≤T−h

sup
t≤s≤t+h

X(s)− u ≥ min{Y (s0), QT−τu,h} > 0.

This proves both directions of the event equivalence and then (26) by conditional expectation.
The horizon T − h+ d approaches T − h from above, so right-continuity gives

H(T − h+ d) −→ H(T − h) = Gsl
m(h, c), d ↓ 0.

Apply Lemma 4.1 with q(d) = H(T − h+ d) to obtain

(27)
pslh(u, T )

Ψ((u+ ch)/
√
h)

−→ 2Gsl
m(h, c).

For the comparison of the constants, all three equal one when m = 2. If m ≥ 3, on the
event defining Jm(h, c), the finite minimum

η := min
1≤j≤m−2

Y (jh)

is positive. Every length-h window in [0, (m − 1)h] contains one of these grid points, so
Q(m−1)h,h ≥ η > 0. Thus Jm(h, c) ≤ Gsl

m(h, c). Evaluating the sliding condition at r = kh,
k = 1, . . . ,m− 2, gives Gsl

m(h, c) ≤ Gm(h, c) ≤ 1. Together with Jm(h, c) > 0, this proves (10)
and makes (27) the claimed asymptotic equivalence.

□

Remark 4.3 (Exact first-passage integral). Differentiating (3) with respect to the horizon
gives the first-passage density

P{τu ∈ dt} =
u√
2πt3

exp

{
−(u+ ct)2

2t

}
dt, t > 0.

Consequently, (26) also yields

(28) pslh(u, T ) =

∫ h

0

H(T − t)
u√
2πt3

exp

{
−(u+ ct)2

2t

}
dt.

Proof of Theorem 3.1. Write

b = (1, a)⊤, c = (c1, c2)
⊤, Σ =

(
1 ρ
ρ 1

)
, λ = Σ−1b.
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Both components of λ are positive in the stated range. Put

κa,ρ = b⊤Σ−1b =
1− 2aρ+ a2

1− ρ2
> 0, Du = u−2φρ

(
u+ c1h√

h
,
au+ c2h√

h

)
.

We first verify directly that 0 < Ca,ρ <∞. Let Zi(t) = Wi(t)− bit, and, for integers n ≥ 0,
set

Mn,i = sup
n≤t≤n+1

Zi(t), Sn,i = sup
0≤t≤1

{Wi(n+ t)−Wi(n)− bit}.

Then Mn,i = Zi(n) + Sn,i, and the vector (Sn,1, Sn,2) is independent of (Z1(n), Z2(n)) and has
the same law for every n. The reflection principle gives all positive exponential moments of
supt≤1Wi(t). Since S0,i ≤ supt≤1Wi(t) + |bi|, Cauchy–Schwarz shows that

J := E
{
eλ1S0,1+λ2S0,2

}
<∞.

Moreover, λ⊤Σλ = λ⊤b = κa,ρ, so

E
{
eλ1Mn,1+λ2Mn,2

}
= Je−nκa,ρ/2.

A union bound over the unit intervals and Tonelli’s theorem therefore give

Ca,ρ ≤
∞∑
n=0

∫
R2

P{Mn,1 > x,Mn,2 > y}eλ1x+λ2y dx dy =
J

λ1λ2

∞∑
n=0

e−nκa,ρ/2 <∞.

The negative quadrant contributes 1/(λ1λ2) already at time zero, proving strict positivity.
We next localize the first crossing near h. For 0 < r ≤ h, let

Au(r) = {∃t ∈ [0, r] : Xi(t) > biu, i = 1, 2}, τu = inf{t ≥ 0 : Xi(t) > biu, i = 1, 2}.
This entrance time into an open set is a stopping time. By continuity, Au(r) = {τu < r}, and
on {τu <∞} both Xi(τu)− biu are nonnegative. Define

qh = P
{
Wi(1) > ci

√
h, i = 1, 2

}
> 0.

On {τu < r}, the strong Markov property, Brownian scaling, and 0 < r − τu ≤ h imply

P{Xi(r) > biu, i = 1, 2 | Fτu} ≥ P
{
Wi(1) > ci

√
r − τu, i = 1, 2

}
≥ qh.

Here the middle probability is evaluated at the Fτu-measurable remaining time. Consequently,

(29) P{Au(r)} ≤ q−1
h P{Xi(r) > biu, i = 1, 2}.

For r ∈ [h/2, h], Gaussian integration with endpoint offsets z/u, z = (z1, z2)
⊤ ≥ 0, gives

P{Xi(r) > biu, i = 1, 2}

=
1

ru2
φρ

(
u+ c1r√

r
,
au+ c2r√

r

)∫
[0,∞)2

exp

{
−λ⊤z

r
− c⊤Σ−1z

u
− z⊤Σ−1z

2ru2

}
dz1 dz2.

For all sufficiently large u, the integrand is bounded, uniformly in r ∈ [h/2, h], by

exp

{
−

2∑
i=1

λizi
2h

}
.

Its difference from exp{−λ⊤z/r} tends to zero uniformly in r for each fixed z. Dominated
convergence applied to this supremum of differences shows that the integral equals r2/(λ1λ2)+
o(1), uniformly in r. Thus

(30) P{Xi(r) > biu, i = 1, 2} ∼ r

λ1λ2u2
φρ

(
u+ c1r√

r
,
au+ c2r√

r

)
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uniformly for r ∈ [h/2, h].
Fix K > 0, put ru = h−K/u2, and let

A(K)
u (h) = {∃t ∈ [ru, h] : Xi(t) > biu, i = 1, 2}.

The ratio of the Gaussian densities at times ru and h is
φρ((u+ c1ru)/

√
ru, (au+ c2ru)/

√
ru)

φρ((u+ c1h)/
√
h, (au+ c2h)/

√
h)

= exp

{
−κa,ρu

2

2

(
1

ru
− 1

h

)
− c⊤Σ−1c

2
(ru − h)

}
−→ e−κa,ρK/(2h2).

Since Au(h) \ A(K)
u (h) ⊆ Au(ru), (29) and (30) imply

(31) lim sup
u→∞

P{Au(h) \ A(K)
u (h)}

Du

≤ h

qhλ1λ2
e−κa,ρK/(2h2).

Let Eu be the block event in (13), and set E(K)
u := Eu ∩ A

(K)
u (h). Thus the crossing

required in the first block is restricted to [ru, h]; earlier crossings are allowed. Condition on
Xi(h) = biu+ zi/u, where (z1, z2) = (x, y), and set

X̂x,y
u,i (s) = u{Xi(h− s/u2)− biu}, 0 ≤ s ≤ K.

The conditional mean and covariance are

E{X̂x,y
u,i (s)} = zi

(
1− s

hu2

)
− bis

h
,

Cov
(
X̂x,y

u,i (s), X̂
x,y
u,j (t)

)
= Σij

(
min(s, t)− st

hu2

)
.

For L = hu2, the centered bridge has the law of (Wi(s) − (s/L)Wi(L))i=1,2 on [0, K]. Its
correction to W tends uniformly to zero in probability because (K/L)∥W (L)∥ → 0 in
probability. Hence

(32) (X̂x,y
u,1 , X̂

x,y
u,2 ) ⇒ (W1(s) + x− s/h,W2(s) + y − as/h)s∈[0,K]

in C([0, K],R2). Write

pu,K(x, y) = P
{
A(K)

u (h) | X1(h) = u+ x/u, X2(h) = au+ y/u
}
,

pK(x, y) = P{∃s ∈ [0, K] : W1(s) + x− s/h > 0, W2(s) + y − as/h > 0}.
For a continuous path w, the functional

Fw(x, y) = sup
0≤s≤K

min{w1(s) + x− s/h, w2(s) + y − as/h}

is continuous in the path and satisfies Fw(x + t, y + t) = Fw(x, y) + t. Its zero set is
therefore Lebesgue-null by integration along lines parallel to (1, 1). Fubini’s theorem gives
P{FW (x, y) = 0} = 0 for almost every (x, y). The continuous mapping theorem and (32) yield

(33) pu,K(x, y) −→ pK(x, y) for Lebesgue-almost every (x, y).

Let Ỹi(t) = Wi(h+ t)−Wi(h)− cit. Given the endpoint, the probability of the remaining
blocks is

qu(x, y) = P

{
m−2⋂
ℓ=0

{
∃t ∈ [ℓh, (ℓ+ 1)h] : Ỹ1(t) > −x/u, Ỹ2(t) > −y/u

}}
.
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The ℓ = 0 event has probability tending to one by (22); the intersection for ℓ ≥ 1 converges
by (21). For m = 2 the latter intersection is empty. Thus, for every fixed (x, y),

(34) qu(x, y) −→ Hm(h, c1, c2, ρ).

The endpoint density is

fh(v1, v2) = h−1φρ

(
(v1 + c1h)/

√
h, (v2 + c2h)/

√
h
)
,

and its ratio Ru(x, y) = fh(u+ x/u, au+ y/u)/fh(u, au) equals

(35) Ru(x, y) = exp

{
−λ1x+ λ2y

h
− c⊤Σ−1(x, y)⊤

u
− (x, y)Σ−1(x, y)⊤

2hu2

}
.

The bridge before h and the increments after h are conditionally independent. Changing
endpoint variables therefore gives

(36)
P{E(K)

u }
Du

=
1

h

∫
R2

pu,K(x, y)qu(x, y)Ru(x, y) dx dy.

Here is an integrable bound uniform in all sufficiently large u, for this fixed K. Take
L = hu2 ≥ 2K. Each centered bridge marginal GL(s) = B(s)− (s/L)B(L) satisfies, for v ≥ 0,

P
{
sup
s≤K

GL(s) > v

}
≤ P

{
sup
s≤K

B(s) > v/2

}
+ P{|B(L)| > vL/(2K)}

≤ 2e−v2/(8K) + 2e−v2L/(8K2) ≤ 4e−v2/(8K),

by reflection and the Gaussian tail bound. Put z−i := max(−zi, 0) and di = |bi|K/h. If
zi < 0, the conditional mean is at most −z−i /2 + di. A simultaneous crossing thus requires
the corresponding centered bridge to exceed z−i /2 − di. Using (r/2 − d)2+ ≥ r2/8 − d2, we
obtain, also for zi ≥ 0,

pu,K(x, y) ≤ Cie
−(z−i )2/(64K), Ci = 4ed

2
i /(8K), i = 1, 2.

Taking the geometric mean requires no independence and yields

pu,K(x, y) ≤ CK exp

{
−(x−)2 + (y−)2

128K

}
, CK =

√
C1C2.

Choose 0 < ε < min(λ1, λ2)/(2h). The quadratic term in (35) is nonpositive, and, for all
sufficiently large u,

Ru(x, y) ≤ exp

{
−λ1x+ λ2y

h
+ ε(|x|+ |y|)

}
.

Since 0 ≤ qu ≤ 1, an upper bound for the integrand in (36) is

CK

2∏
i=1

exp

{
− λi
2h
z+i − (z−i )

2

128K
+

(
λi
h

+ ε

)
z−i

}
, z+i = max(zi, 0).

This is integrable on R2, with exponential decay on the positive half-axes and Gaussian decay
on the negative half-axes. Dominated convergence, (33), and (34) now give

(37)
P{E(K)

u }
Du

−→ Hm(h, c1, c2, ρ)LK(h),

where

(38) LK(h) =
1

h

∫
R2

pK(x, y)e
−(λ1x+λ2y)/h dx dy.
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Substituting x = −hr, y = −hz, s = h2t, and applying Brownian scaling gives

LK(h) = h

∫
R2

P
{
∃t ∈ [0, K/h2] :W1(t)− t > r, W2(t)− at > z

}
eλ1r+λ2z dr dz.

Monotone convergence and (15) show that

(39) LK(h) ↑ hCa,ρ (K → ∞).

Finally,
E(K)

u ⊆ Eu ⊆ E(K)
u ∪

(
Au(h) \ A(K)

u (h)
)
.

Equations (31) and (37) therefore imply

Hm(h, c1, c2, ρ)LK(h) ≤ lim inf
u→∞

P{Eu}
Du

≤ lim sup
u→∞

P{Eu}
Du

≤ Hm(h, c1, c2, ρ)LK(h) +
h

qhλ1λ2
e−κa,ρK/(2h2).

Letting K → ∞ proves (17). □

Proof of Proposition 3.2. Put

ZT := cT + σ sup
0≤s≤T

|B(s)|.

Since the claims are non-negative,

(40) P{S(h)− ZT > u} ≤ pslh(u, T ) ≤ pblh (u, T ) ≤ P{S(h) + ZT > u}.
Indeed, on the event on the left, the margin η = S(h)− ZT − u is positive and X(s) ≥ u+ η
for every s ∈ [h, T ]. Every length-h window meets [h, T ], so its supremum is at least u+ η;
this also verifies the strict sliding infimum. The middle inequality follows by selecting the
reporting blocks. For the last inequality, X(s) ≤ S(h) + ZT on [0, h].

The compound-Poisson tail asymptotic [9, Theorem 3.37] gives

(41) P{S(h) > u} ∼ λh F̄ (u).

The variable ZT is independent of S(h) and has finite exponential moments. Since F is
long-tailed,

P{±ZT > u} = o(F̄ (u))

for either choice of sign. Apply [9, Corollary 3.19], which permits distributions on the whole
real line, with reference distribution F and summands S(h) and ±ZT . Their limiting tail
ratios are λh and zero, respectively, and hence

P{S(h)± ZT > u} ∼ λh F̄ (u).

The sandwich (40) proves the proposition. □
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